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UNITARY INTERPOLATION
PROBLEMS IN CSL-ALGEBRA ALGC(

Young Soo Jo anND Joo Ho KaNG

ABSTRACT. Given vectors z and y in a Hilbert space, an interpo-
lating operator is a bounded operator T such that Tz = y. An
interpolating operator for n-vectors satisfies the equation Az; = y;
for 1 = 1,2,--- ,n. In this article, we investigate unitary interpo-
lation problems in CSL-Algebra Algl : Let £ be a commutative
subspace lattice on a Hilbert space H. Let x and y be vectors in
‘H. When does there exist a unitary operator A in Algl such that
Az =y ?

1. Introduction

Let C be a collection of operators acting on a Hilbert space ‘H and
let = and y be vectors on ‘H. An interpolation question for C asks for
which z and y is there a bounded operator T' € C such that Tz = y.
A variation, the ‘n-vector interpolation problem’, asks for an operator
T such that Txz; = y; for fixed finite collections {x1,z2,- - ,z,} and
{v1,92, -, yn}. The n-vector interpolation problem was considered for
a C*-algebra U by Kadison [5]. In case U is a nest algebra, the (one-
vector) interpolation problem was solved by Lance [7]: his result was
extended by Hopenwasser [1] to the case that U is a CSL-algebra. Munch
[8] obtained conditions for interpolation in case T is required to lie in the
ideal of Hilbert-Schmidt operators in a nest algebra. Hopenwasser [2]
once again extended the interpolation condition to the ideal of Hilbert-
Schmidt operators in a CSL-algebra.

We establish some notations and conventions. A subspace lattice £
is a strongly closed lattice of projections acting on a Hilbert space H.
A subspace lattice £ is a commutative subspace lattice, or CSL if all

Received November 30, 2001.
2000 Mathematics Subject Classification: 47L35.

Key words and phrases: unitary interpolation problem, subspace lattice, CSL-
algebra Alg/l.



208 Young Soo Jo and Joo Ho Kang

projections in £ are commutative. We assume that the projections 0
and [ lie in £. We usually identify projections and their ranges, so that
it makes sense to speak of an operator as leaving a projection invariant.
If £ is CSL, then AlgCL is the algebra of all bounded linear operators on
‘H that leave invariant all the projections in £ and called a CSL-algebra.
Let = and y be vectors in a Hilbert space. Then (z,y) means the inner
product of vectors x and y. In this paper, we use the convention % =0,
when necessary.

We investigate unitary interpolation problems in CSL-Algebra Algl
: Given two vectors z and y in a Hilbert space ‘H, when does there exist
a unitary operator in CSL-Algebra Algl such that Az = y?

2. Results

Let ‘H be a Hilbert space and £ be a commutative subspace lattice
of orthogonal projections acting on H containing 0 and I. Let M be a
subset of a Hilbert space H. Then M means the closure of M. Let N
be the set of all natural numbers and let C be the set of all complex
numbers. An operator U is unitary if UU* = U*U = I, where [ is the
identity operator acting on H.

THEOREM 1. Let L be a subspace lattice on a Hilbert space H. Let
z and y be vectors in H. If there is an operator A in Algl such that
Az =y, A is unitary and every F in L reduces A, then

I8 Byl

30y i iz
sup{ === ——— neN, o, €Cand E; €L} <00

and
(Ey,y) = (Ez,z)

for all E in L.
Proof. By Theorem 1 [4],

sup ——————“ Z;:l alEly“ ne N, Q; € (C and Ez € E <00
“ Zi:l OéiEix”
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and
i1 B
sup{@fi—i” :n€eN, o €C and Eieﬁ} < oo0.
|30 i By
Since Az = y and A is unitary, z = A*y. So (Fy,y) = (FAz,y) =
(Ex,A*y) = (Ez,z) for all E in L. O

THEOREM 2. Let L be a commutative subspace lattice on a Hilbert
space H. Let x and y be vectors in H. Assume that

Mo = {ZaiEia::neN,ai € C and E; €£}

i=1
and

i=1

M= {Z%Ely ne N,ai cCand F; € £}
are dense in ‘H. If

" oE
Sup{_‘lzz—:i:_l_a_ly_ﬂ neN,azeCandEZEE} <007

n i
wup {M  neN, o eC and Eieﬁ} < o0
1> Byl

and

(By,y) = (Fz,x)
for all E in L, then there is an operator A in AlgL such that Az =y, A
is unitary and every E in L reduces A.

Proof. By Theorem 2 [4], there are operators A and B in Algl such
that Az =y, x = By, A and B are invertible and every F in £ reduces
A and B. We want to show that A* = B. Since (Fy,y) = (Ez,z) for
all F in L,

<A(Z Q’Z‘Ei.’L'), y> = <Z az'Eiya y>
i=1 i=1
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n €N, € Cand E; € L. So (Af,y) = {f,z) for all f in M. Since
My is dense in H, A*y = z. So

A* (Z azE,y) = Z aiE,-A*y
i=1 i=1

n
= 2 aiEim7
=1

n € N,a; € Cand E; € L. Since M, is dense in H, A* = B. Hence A
is unitary. 1

THEOREM 3. Let L be a subspace lattice on a Hilbert space H. and
let 1,29, -+, Zn,Y1,¥Y2,"* ,Yn be vectors in H. If there is an operator
A in AlgC such that y; = Az;(j =1,2,--- ,n), every E in L reduces A
and A is unitary, then

my l

= s TR I TH

u { IIII gfn‘fl Ell_l k’lEk’lyZII: :m; €N, I<n, o ; €C and Ek’ieﬁ} < 00,
ket 2oim1 Ok, i Bk, 1%i

™my l

2 o B x;

sup f szn_; Z;_l ki Bk i %ill tm; ENJI<n,or; €ECand E; € £} < o0
I3y i1 ok, i B syill

and (Eyp,yq) = (Ezp,xq) for all E in £ and p,q =1,2,--- ,n.

Proof. By Theorem 3 [4],

[DIHEID D A |
sup = L tm; €ENJI<n,F; € Land o €ECH <00
130421 Xiet ki B izl

and

k1293 11

o - ag i FEg T

sup{ I E’fn‘fl ;‘1 ki B i tm; ENJISn,Er; € Land ag; € C} < 00.
1302 Yimt ki B sl

Since Az, = yp, A is unitary and every E in £ reduces A,
(Eyp,Yq) = (EATp, yg)
= (AEzp,yq)
= (Ezp, A"yq)
= (Ezp, zq)

forall Fin £ and all p,g=1,2,.-- ,n. O
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THEOREM 4. Let £ be a commutative subspace lattice on a Hilbert
space H. and let x1,--+ ,Zn, Y1, - ,Yn be vectors in H. Assume that

m; 1
s {Z > okiBizi imi €N, U< n,ap; € C and By € E}

k=1 i=1
and
vy !
L{1 = {ZZak,iEk,iyi tmy; € N,l S n, Oék,i & C and Ek,i (S L:}
k=1 i=1

are dense in H. If
i i ik,
up{ ”anzl 11_1 Qg i Lk i Y [ .
I ey 2 s ki Bk ii|
up{ I Z%l %:1 ok, By x| :
“ Zk:ll i=1 ak:,iEk,iyz‘”
and (Eyp,y,) = (Exp,x,) for all E in £ and all p,q =1,2,--- ,n, then
there is an operator A in AlgL such that Az; =vy; forall j =1,--- ,n,
A is unitary and every E in L reduces A.

Proof. By Theorem 4 [4], there are operators A, B in AlgL such that
Azq =yq, Yo = Bzg (¢=1,2,--- /n), A and B are invertible and every
E in L reduces A and B. We know that A~! = B. We want to prove that
A* = B. Since (Eyp,y;) = (Ezp,x;) for Ein L and p,j =1,2,--- ,n,

m; 1 m; 1
<A(Zzak’iEk,ifL'z’);yj> = <Zzak,iEk,z'Al‘i,yj>

m; EN,I<n, o ;€C and Ek,ieﬁ} < 00,

m; ENJl<n,a; € Cand Fy Gﬁ} < 00

k=1i=1 k=1i=1
m; l
= <Zzak,iEk,iyiayj>
k=1 i=1
m; l
= <Zzak,iEk,iwi7fﬂj> .
k=1 i=1
Since Uy is dense in H, (Af,y;) = (f,z;) for all f in H and all j =
1,2,---,n. So A*y; =z; forall j=1,2,--- ,n. Since
my l m; l
A*(Z Z o i Eiyi) = Z Z ak,iEy s
k=1 i=1 k=1 i=1
and U; is dense in H, A* = B. Hence A is unitary. a

If we modify the proofs of Theorems 3 and 4 a little bit, then we can
get the following theorems. So we omit their proofs.
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THEOREM 5. Let L be a subspace lattice on a Hilbert space H. and
let {z,} and {y,} be two infinite sequences of vectors in H. If there is
an operator A in Algl such that Az, =y, (n=1,2,---), A is unitary
and every E in L reduces A, then

™my !
up{ “ Zkzl =1 ak,iEk,ii’Ji“ .

= :
10y Yimt ki B il

mi,l €N,ap; € Cand B ; € L} < 00,

i {
sup{ DY DY P | :
20 pety Xt @i Byl

and (Ey,,y;) = (Ezp,z;) forall Ein L and allp,j =1,2,---.

mi,l €N,ay ; € C and Ey; € [,} < 00

THEOREM 6. Let £ be a commutative subspace lattice on a Hilbert
space H. Assume that

{Zzak,z-Ek,,-xi :m,l € N,ay; € C and Ey; € c}

k=11i=1

Ko
and
Ki= {Zzak’iEk’iyi my,l €N, O ; € C and Ek,i € ﬁ}
k=11i=1
are dense in H. If

sup ”Z‘I’cn‘—il é:l o, Er iyl .
”E;rlzil i:l ag,iBg,izil|

m;,l € N,Otk’i € C and Ey;: € [,} < o0,

up{ I Eg; %:1 a3 By 1| :
| X2y 2oim1 ki Bk, iyill
and (Eyp,y;) = (Exp,x;) for all E in £ and all p,j = 1,2,---, then
there is an operator A in Algl such that Az, =y, (n=1,2,---), A is
unitary and every E in L reduces A.

m;,l € N,ak,i € C and Ek,i € ﬁ} < o0

In the following theorem, we consider a “corona-type” version of uni-
tary interpolation problem in CSL-Algebra AlgL.

THEOREM 7. Let H be a Hilbert space and let £ be a commutative
subspace lattice on H. Let zy,--- ,x, and y be vectors in H. Assume
that

!
{ZaiEiy :leN,a;€C and Eieﬁ}

i=1
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and l
> aiEizy : 1€N,0;€C and E;€L
i=1

are dense in H for allk =1,2,--- ,n. If

!
wup [ Zli:l ailiyll leN,a;€C and E;€ L § < oo,
“ Zi:l aiEz':L'k“

|55 B
I35, Byl
and 5 (Ey,1) = Exy,zx) forall Ein L and allk = 1,2,--- ,n, then there

are operators A1, -+ - , A, in AlgL such that Ajz1+Asxo+ - -+ Anzn =y,
Ay, is unitary and every FE in L reduces Ay for each k =1,2,--- ,n.

sup :leN, 0,€C and E:€ £ ;<0
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