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FINITE METACYCLIC GROUPS WITH
FAITHFUL IRREDUCIBLE REPRESENTATIONS

Hyo-SEOB Sim

ABSTRACT. A metacyclic group is a group that has a cyclic normal
subgroup with cyclic quotient. We characterize finite metacyclic
groups that have faithful irreducible representations over a given
field.

1. Introduction

A metacyclic group is a group G that has a cyclic normal subgroup K
such that G/K is also cyclic. The purpose of this paper is to characterize
finite metacyclic groups which have faithful irreducible representations
over a given field.

Let G be a finite metacyclic group and K a fixed cyclic normal sub-
group such that G/K is cyclic. Let A := Cg(K) be the centralizer of K
in G. The largest normal subgroup of GG that is contained in a subgroup
L is called the core of L in G and is denoted by coreg L. We say that L
is core-free if coreq L = 1.

We shall first consider a necessary and sufficient condition for the
existence of faithful irreducible representations of a finite metacyclic
group G in terms of the abelian normal subgroup A. We shall prove
that the following result:

THEOREM 1.1. Let G be a finite metacyclic group and let A be as
above. Then G has a faithful irreducible representation over a field F if
and only if the characteristic of F does not divide exp A and there exists
a subgroup L of A such that A/L is cyclic and coreg L = 1.

The problem of characterizing the groups which have faithful irre-
ducible representations, was initially considered in Burnside [1]; subse-
quently it has been treated in several papers, for example Weisner [6],
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Kochendorffer (5], and Gaschiitz [3]. The common idea involves the
abelian part of the socle, that is, the product of all abelian minimal
normal subgroups.

Applying the general result, we can have an alternative condition for
the existence of faithful irreducible representations of metacyclic groups
as follows:

THEOREM 1.2. A metacyclic group G has a faithful irreducible rep-
resentation over a field F if and only if the centre of the group G is cyclic
and the characteristic of F does not divide the order of the Fitting sub-
group of G.

2. Preliminaries

We first recall some notation and terminology from representation
theory. Let F be a field, G a finite group and H a subgroup of G. By an
FG-module we always mean a right FG-module of finite dimension. The
kernel of an FG-module V is the subgroup kerV := {g € G : vg = v for
all v € V}. We shall denote by V|, the FH-module obtained by the
restriction of the operators on V to FH. For an FH-module W, we shall
denote by W1€ the induced FG-module W ®zg FG. If H is normal in
G, the conjugate of W by an element g in G will be denoted by W¥Y.
The subgroup T(W) :={g € G : W9 = W } is called the inertia group
of W.

Let G be a finite group and let U be a finite ZG-module. We shall
generalize the notion of duality of vector spaces to ZG-modules. Let F be
a field that contains all (exp U)th roots of unity and whose characteristic
does not divide the order of U as a finite abelian group. Set

U* := Hom(U,F*),

where F* is the multiplicative group of nonzero elements in F. Then U*
is also a ZG-module by means of the following natural construction:

(i) if @, 8 € U* then define a + 8 by u(a + §) = (ua)(upB) for every
u in U;

(ii) if g € G and « € U* then define ag as the map such that v +—
{ug™)a for every u in U.

The ZG-module U* is called the dual of U. In fact, U* consists of
all irreducible F-representations of U as an abelian group, and hence
|U*| = |U|. As a ZG-module, U** is naturally isomorphic to U. For
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every subgroup V of U, define V1 := {a € U* : va =1 for all v in V'}.
If V is a submodule of the ZG-module U, then V* is also a submodule of
U*. Moreover, V is a submodule of U* such that U*/V+ 22 V*. Indeed,
the usual relations between subspaces, quotient spaces and duality of a
vector space also carry over to this case.

The prototype for such a ZG-module in this paper is an abelian nor-
mal subgroup A of G, regarded as a ZG-module with respect to conju-
gation action. In this case, the action of G on A* will be written in the
form of o for a € A* and g € G.

We prove the following lemma.

LEMMA 2.1. Let a be an element in U*. Then coreq kerao = 1 if
and only if o generates U* as a ZG-module.

Proof. coreg kera = 1 if and only if ker & does not contain nonzero
ZG-submodules of U if and only if (@) does not contain nonzero ZG-
submodules of U™ if and only if (a) is not contained in a proper ZG-
submodule of U* if and only if () generates U* as a ZG-module. O

Let U be a finite semisimple ZG-module. Then U is a direct sum of
simple Z(G-modules and also U, as an abelian group, is the direct sum of
the Sylow subgroups U,. Let I, be the prime field of order p for a prime
p. Each simple submodule of U, may be regarded as an F,G-module
and so U, is a direct sum of irreducible F,G-modules.

By Theorem VII.4.13a in [4], the multiplicity of each irreducible E,G-
module V' as a direct summand in the largest semisimple quotient of
the regular module over F,, is the dimension of V' over the finite field
Endy,¢V. Denote the dimension by DimV and call it the absolute dimen-
sion of V. Each U, is generated by a single element as a F,G-module
if and only if each U, is a homomorphic image of the regular module
F,G. Therefore, U, is generated by a single element if and only if for
every simple G-module V, the multiplicity of V in U, is at most DimV'.
Moreover, if u, generates U, then ¥,u, also generates @p Up, while if
u generates (B, Up and u = E,up,u, € Up, then u, generates U,. We
then have the following fact.

LEMMA 2.2. A finite semisimple ZG-module U is generated by a
single element if and only if for every simple ZG-submodule V, the mul-
tiplicity of V' as a direct summand in U is at most the absolute dimension
DimV.
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3. Proofs of main theorems

Let G be a finite metacyclic group and K a fixed cyclic normal sub-
group such that G/K is cyclic. Let A := Cg(K) be the centralizer of K
in G. The group A is a normal abelian subgroup of G with Cg(A) = A.
In particular A is maximal among the abelian subgroups of G.

We first need the following three lemmas for the proof of Theorem
1.1.

LEMMA 3.1. If L is a subgroup of A such that A/L is cyclic and
coreg L = 1, then Cg(A/L) = A.

Proaof. Since each subgroup of K is characteristic in K and so normal
in G, it follows from corec L = 1 that LNK = 1. Let N be the normalizer
of L. Since N/A acts faithfully on K and KL/L = K/(KNL) = K are
N-isomorphisms, the action of N/A on KL/L is faithful. As KL < A, it
follows that Cs(A/L) < A. The other direction of inequality is obvious,
so the result follows. 4

LEMMA 3.2. Let F be a field and G a metacyclic group with the
normal subgroup A chosen as before. Let V' be a faithful irreducible FG-
module, let W be an irreducible submodule of V | 4. Then coreg ker W =
1.

Proof. Let T be the inertia group of W. By Clifford’s Theorem (see,
for example, Theorem (B.7.3) in [2]), there exists an F7-module U such
that U1¢ 2 V and U] 4, = W®™, the direct sum of m copies of W for
some positive integer m. Set L := kerU, then coreg L = kerV = 1.
Each subgroup of K is characteristic in K and hence normal in G; we
have KN L = 1. Thus [K,L] = 1, and hence L < A, L = kerW.
Incidentally, we have proved coreg ker W = 1. a

LEMMA 3.3. Let F be a field whose characteristic does not divide
the order of A. Let W be an irreducible FA-module with core-free
kernel. Then every irreducible submodule of the induced module W1€ is
faithful. Conversely, each faithful irreducible FG-module is a submodule
of such a W1°.

Proof. Let V be an irreducible submodule of WTG. Since (WTG)l =
@ W9 where the direct sum is taken over all g in a transversal of A in
G, we have V| 4 = @ e, W So AnkerV < (ker W) for some go
in G. Because A NkerV is normal in G, this implies that A NkerV <
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kerW. So AnkerV < coreg ker W = 1. Since [A, ker V] = 1, we have
ker V < Cg(A) = A. Therefore ker V' = 1.

Given a faithful irreducible FG-module V, let W be an irreducible
constituent of the FA-module V| 4. Since V| 4 is a sum of G-conjugates
of W, we have coreg ker W = 1. By the Nakayama Reciprocity (see, for
example, Theorem (B.6.5) in [2]),

0 # Hompa (V'] 4, W) 2 Homge(V, W1°),
so W1€ has a submodule isomorphic to V. t

Proof of Theorem 1.1. Lemma 3.1 and Lemma, 3.2 prove the ‘only if’
part of Theorem 1.1; on the other hand, Lemma 3.3 proves the ‘if’ part.
Thus the proof of Theorem 1.1 is complete. a

We now turn to the proof of Theorem 1.2. We first state a gen-
eral condition for the existence of faithful irreducible representations for
groups, due to Gaschiitz (see also Theorem (B.10.9) in [2]).

THEOREM 3.4. (Gaschiitz [3]) Let G be a finite group and A the
abelian part of the socle S of G. Then G has a faithful irreducible rep-
resentation over a field F if and only if the characteristic of F does not
divide the order of A and A is generated by a single element as a ZG-
module with respect to the conjugation action.

Applying the above result, we here give a proof of Theorem 1.2.

Proof of Theorem 1.2. Since one direction of the result is well known
(see Theorem VII.13.4, Theorem VIII.3.2 in [4]), by Theorem 3.4 it
remains to prove that if the centre of a metacyclic group G is cyclic and
the condition for the field is satisfied, then the socle U of G is generated
by a single element.

Suppose that the centre Z of ¢ is cyclic and the condition for the
underlying field is satisfied. Let G = SK be a metacyclic factorization
with a cyclic normal subgroup K. Suppose there are two different min-
imal normal subgroups M;, Ms of G which are G-isomorphic. Since K
is cyclic, the subgroup M; x M; is not contained in K. Without loss of
generality, we assume that M is not contained in K; then

M, ¢ M, ¥ MyK/K < G/K.

So G acts trivially on M; x Mo, that is My x My < Z, a contradiction to
the assumption that Z is cyclic. Consequently, no two distinct minimal
normal subgroups are G-isomorphic.
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Let M be a minimal normal subgroup in GG. Since no distinct minimal
normal subgroups are G-isomorphic, the multiplicity of M as a direct
summand of U is 1. It follows from Lemma 2.2 that U is generated by
a single element and hence the proof is complete. O
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