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ON THE STABILITY OF THE JENSEN’S
EQUATION IN A HILBERT MODULE

CHUN-GIL PARK AND WON-GIL PARK

ABSTRACT. We prove the generalized Hyers-Ulam-Rassias stability
of the invertible mapping in a Banach module over a unital Banach
algebra, and prove the generalized Hyers-Ulam-Rassias stability of
the Jensen’s functional equations in a Hilbert module over a unital
C*-algebra.

Let E; and FE; be Banach spaces. Consider f : Ey — FEs to be a
mapping such that f(tz) is continuous in ¢ € R for each fixed z € F;.
Assume that there exist constants € > 0 and p € [0, 1) such that

I1f(z +y) — f(z) = FI < e(ll=]l” + 19ll”)

for all z,y € E;. Th. M. Rassias 5] showed that there exists a unique
R-linear mapping 7" : E; — E5 such that

2¢
2—2p

|l[[P

If(z) = T(z)|| <

for all z € E;.

In this paper, let A be a unital Banach algebra with norm |- |, A; =
{a € A| l|a| = 1}, and sH a left Banach A-module with norm || - ||.
Throughout this paper, assume that F, G : 4H — aoH are mappings such
that F(tz) and G(tx) are continuous in t € R for each fixed z € 4H.

We are going to prove the generalized Hyers-Ulam-Rassias stability
of the invertible mapping in a Banach module over a unital Banach
algebra.
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LEMMA 1. Let F: gsH — a'H be a mapping for which there exists a
function ¢ : 4H X aH — [0,00) such that

(i) B(z,y) =) _ 3 Fp(3"z,3%y) <oo,
k=0
12F(EEE W) _ oF(z) - aF (y)]| <¢(z,)

2
for all a € A, and all z,y € sH. Then there exists a unique A-linear
mapping T : sH — aH such that

(i) |F(z) = F(0) - T(z)]l <

for all z € s H.

Proof. By [2, Theorem 1], it follows from the inequality of the state-
ment for a = 1 that there exists a unique additive mapping T : s H —
aH satisfying (ii). The additive mapping T given in the proof of [2,
Theorem 1] is similar to the additive mapping T given in the proof of
[5, Theorem]. By the same reasoning as the proof of [5, Theorem], it
follows from the assumption that F(tz) is continuous in ¢ € R for each
fixed z € 4H that the additive mapping T : 4 — 4 is R-linear.

By the assumption, for each a € A,

|2F(3"az) — aF(2-3"1z) —aF(4-3" 1z)|| < p(2-3""'2,4-3""'2)

for all z € 4H. Using the fact that there exists a K > 0 such that, for
each a € A and each z € 4H, |laz|| < Kla| - ||2||, one can show that

(#(=, —z) + (—<, 32))

Wl —

||%aF(2 .37 1g) + %aF(4 .37 1g) — aF(3"2))|
< %Klal 2F(3"z) - F(2-3"'z) — F(4-3"'2))|

< %w(z 3" 1,437 1)

forallae A; and all z € 4H. So
|F(3"az) — aF(3"z)|

< ||F(3"az) — %aF(2 3" 1) — %aF(4 .37 1)l
1
+ %aF(2 37710) 4 SaF(4- 37 0) — aF (3")|

< %w(z 371,437 1) + fz(-go(z 3" 1z 4.3 1)
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for all @ € A; and all z € 4 H. Thus 37"||F(3"az) — aF(3"z)|| — 0 as
n— oo forall a € A; and all z € 4 H. Hence

T(az) = lim F(3"az) = lim aof(3"z) = aT(z)

n—00 3 n—00 n

for each a € A;. So

T(az) = !alT(IZ—Ix) = |a;|;‘—l:r(x) = aT(x)

for alla € A\ {0} and all z € 4H. Hence
T(az + by) = T(az) + T(by) = aT'(z) + bT'(y)

for all a,b € A and all z,y € 4H. So the unique R-linear mapping
T: AH — 4H is an A-linear mapping, as desired. O

THEOREM 2. Let F,G : 4H — sH be mappings for which there
exists a function ¢ : sAH x 4 H — [0, 00) satisfying (i) such that

ar + ay
l2P(==

) —aF(z) — aF(y)|| < p(z,y),
126(22E ) _ oG(z) - aGly)|| < 9(z,v)

for all a € Ay and all z,y € s H. Assume that F(3"z) = 3"F(z) and
G(3"z) = 3"G(x) for all positive integers n and all x € 4H. Then the
mappings F,G : s.H — aH are A-linear mappings. Furthermore, if the
mappings F,G : s4H — 4H satisfy the inequalities

[FoG(z) —z| < oz, z),

|G o F(z) - ]| < p(z,2)
for all x € 4H, then the mapping G is the inverse of the mapping F'.

Proof. By the same method as the proof of Lemma 1, one can show
that there exists a unique A-linear mapping L : sH — 4H such that

16(@) - L@ < 5 (F(z, ~2) + B~z 32))

for all x € 4H.
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By the assumption,

T(z) = lim & (;f’Z””) - Fla),
L(z) = nll’ngo G(3:x) = G(x)

for all z € 4'H, where the mapping T : sH — aH is given in the proof
of Lemma 1. Hence the A-linear mappings T and L are the mappings
F and G, respectively. So the mappings F,G : 4H — sH are A-linear
mappings.

Now by the assumption,

IF 0 G(3") — 3] < p(3"2,3"),
|G o F(3"z) — 3"z|| < ¢(3"x,3"x)
for all positive integers n and all x € 4H. Thus
37"|F o G(3"z) — 3"z|| — 0,
37 "IGo F(3"z) — 3"z|| — 0

asn — oo for all r € 4H. Hence

FoG(z) = lim %}@: ,
Go F(z) = lim GOg—T(l?)w)=m

for all x € 4H. So the mapping G is the inverse of the mapping F. 0O

From now on, let A be a unital C*-algebra with norm |- |, A7 the set
of positive elements in A;, and s a left Hilbert A-module with norm
-1l

Now we are going to prove the generalized Hyers-Ulam-Rassias sta-
bility of linear functional equations in a Hilbert module over a unital
C*-algebra.

LEMMA 3. Let F: 4H — aH be a mapping for which there exists a
function ¢ : s4H x 4H — [0, 00) satisfying (i) such that

LWy _ oF(z) - aF(y)| < p(z,y)

[12F(

for all a € AT U {i} and all z,y € aH. Then there exists a unique
A-linear operator T : s H — a'H satisfying (ii).
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Proof. By the same reasoning as the proof of Lemma 1, there exists
a unique R-linear mapping T : 4H — aH satisfying (ii).
By the same method as the proof of Lemma 1, one can obtain that

F mn
T(az) = lim 292 _ i

Nn-—00 3n n—00

a_F(gST‘:‘_x)_ = aT(z)

for each a € AT U {i}. So

T(ax) = |a|T(II z) Hl T(z) = aT(z), VYac AT\ {0}, Vz € 4H,

|
T(iz) =iT(x), Vz € sH.

For any element a € A, a = %% 4+ 7222  where 2% and 2% are
y ’ 2 % 2

self-adjoint elements, furthermore, a = (“+“*) (‘“’a* )_ +i(“§;‘* -
i(%52)~, where (a525)F, (252, (%5 52°)*+, and (%5%)" are positive
elements (see [1, Lemma 38.8]). So

T(az)
= 7Sy - (L) e+ i e (25
= (28 1(@) + (D) 1(-2) + (L) )
+ (D) (i)
= (27 Gk (D) 1) + i S ) T(a)
- (2 ()
= () (O i) i C ) )T @) = o ()

for all a € A and all x € 4H. Hence
T(az + by) = T(az) + T(by) = aT(z) + bT'(y)

for all a,b € A and all z,y € sH. So the unique R-linear mapping
T: aH — aH is an A-linear operator, as desired. O
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THEOREM 4. Let F: 4 H — sH be a mapping for which there exists
a function ¢ : sH X 4 H — [0, 00) satisfying (i) such that

ar + ay

12F( ) — aF(z) —aF(y)|| < ¢(z,y)

for alla € A U{i} and all z,y € sH. Assume that F(3"z) = 3"F(z) for
all positive integers n and all x € 4 H. Then the mapping F : sH — a'H
is an A-linear operator. Furthermore,

(1) if the mapping F : s4H — 4H satisfies the inequality
|1F(z) — F*(@)|| < ¢(z,2)

for all t € oAH, then the mapping F : s/H — sH is a self-adjoint
operator,
(2) if the mapping F : s#H — a'H satisfies the inequality

|F o F*(z) — F* o F(z)|| < ¢(z,z)

for all ¢ € o'H, then the mapping F : 4H — sH is a normal
operator,
(3) if the mapping F : 4#H — a'H satisfies the inequalities

|1F o F*(x) — z|| < p(z, ),
[F* o F(z) — 2| < ¢(z,2)

for all z € oM, then the mapping F' : sH — s'H is a unitary
operator, and
(4) if the mapping F : sH — aH satisfies the inequalities

IF o F(z) - F(z)| < ¢(,2),
1F*(z) — Fz)| < ¢(z,2)

for all x € 4’H, then the mapping F : sAH — sH is a projection.

Proof. By the assumption,

T(z) = lim

T~ 00

F(3"z)
g = F(x)

for all x € o'H, where the operator T': 4H — 4H is given in the proof

of Lemma 3. So the A-linear operator T' : 4H — 4H is the mapping

F: H— 2H.
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(1) By the assumption,
| F(3"z) — F*(3"z)|| < ¢(3"x,3"x)

for all positive integers n and all z € 4 H. Thus 37*||F(3"z) — F*(3"z)||
—0asn— oo for all z € 4H. Hence
n %* n
F(z) = lim F8"z) _ lim -F—% = F*(z)

n—oo 3 n-—00

for all z € 4H. So the A-linear mapping F is a self-adjoint operator.
(2) By the assumption,

|F o F*(3"z) — F* o F(3"z)|| < ¢(3"x,3"x)

for all positive integers n and all z € 4H. Thus 37| Fo F*(3"z) — F*o
F(3"z)|| —» 0 as n — oo for all z € 4 H. Hence

* n * n
FoF*(z) = lim Lof 3"2) _ y, F7oF(3%2)

n—oo 3r n—oo 3r

= F* o F(z)

for all z € 4H. So the A-linear mapping F is a normal operator.
(3) By the assumption,

|F o F*(3"z) — 3"z|| < ¢(3"z,3™x),
|F* o F(3"x) — 3"z|| < p(3"z,3"x)

for all positive integers n and all z € 4H. Thus

37"||F o F*(3"z) — 3"z| — O,
37| F* o F(3"z) — 3"z| — 0

asn — oo for all £ € 4. Hence

FoF*(z)= lim _F_’iF:;nﬁ_x_)_ =z,
F*o F(z) = lim E—M=x

n—o0 3

for all z € 4H. So the A-linear mapping F is a unitary operator.
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(4) By the assumption,

|1F o F(3"z) — F(3"x)|| < ¢(3"z,3"),
1£7(3"z) — F(3"2)|| < ¢(3",3"z)

for all positive integers n and all x € 4H. Thus

37*||Fo F(8"z) — F(3"z)|| — 0,
37 *||F*(3"z) — F(3"z)|| — 0

as n — oo for all x € 4H. Hence

n n
n—o0 3n nSsoo 37
oy @) FE') _
)= lm 5 =g =f@
for all z € 4'H. So the A-linear mapping F is a projection. O

REMARK. When the inequalities

ar + ay

2F
l2F(*

) —aF(z) — aF(y)|| < ¢(z,y)

in the statements of the above results are replaced by the inequalities

[2aF(*2Y) - F(az) - F(ay)l < 9(z,9)
or the inequalities
12P(EFY) - F(a) - F)ll < (@, ),

|1F(az) — aF (z)]| < ¢(, 2),

the results do also hold. The proofs are similar to the proofs of the
results.
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