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ELEMENTARY TOPICS ON WEAK POLYGROUPS

B. Davvaz

ABSTRACT. In this paper, we further develop the weak polygroup
theory, we define quotient weak polygroup and then the fundamen-
tal homomorphism theorem of group theory is derived in the context
of weak polygroups. Also, we consider the fundamental relation 8*
defined on a weak polygroup and define a functor from the category
of all weak polygroups into the category of all fundamental groups.

1. Introduction

In [7], [8], & new class of hyperstructures called H,-structures, was
introduced. This class is larger than the known ones originated from
the hypergroup in the sense of Marty [6] and they satisfy the weak
axioms where the non-empty intersection replaces the equality. The
basic definitions on the subject can be found in [9].

In [4], [5], we studied the concept of weak polygroups which is a gen-
eralization of polygroups [1], [3]. We defined the fundamental relation
(3* on the weak polygroups in a similar way in the known hyperstruc-
tures (see [2]), and proved some results in this respect. Moreover, we
defined a semi-direct hyperproduct of two weak polygroups in order to
obtain an extension of weak polygroups by weak polygroups.

In this paper, we further develop the weak polygroup theory, we de-
fine quotient weak polygroup and then the fundamental homomorphism
theorem of group theory is derived in the context of weak polygroups.
Also, we consider the fundamental relation 3* defined on a weak poly-
group and define a functor from the category of all weak polygroups into
the category of all fundamental groups.
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2. Quotient weak polygroups

We recall the following definition from [4], [5].

DEFINITION 2.1. A multivalued system (P,-,e,”!), wheree € P, !
is a unitary operation on P, - maps P x P into the non-empty subsets of
P is called a weak polygroup if the following axioms hold for all z,y, 2
in P:
(i) (z-y)-zNz-(y-z) # 0 (weak associative),
(ii) ecx=x-e=rz,
(iii) z €y -z impliesy € z- 2z ' and z € y~ ! - z.
In the above definition if A, B C P and z € P, then

A-B= U ab, A-z=A-{z} and z-B = {z} B.
a€AbeB
The following elementary facts about weak polygroups follow easily

from the axioms:

ecz-zlnzloz, et=e () =2 and (z-y) L=y 27}

where A7 = {a~!| a € A}.

EXAMPLE 2.2. [5]. Let G be a group and 6 an equivalence relation
on G such that (i) zfe implies z = e, (ii) zfy implies 710y~ Let 6[x]
be the equivalence class of the element x € G. Suppose that G/0 =
{6]z] | z € G}. Then (G/6,®,0[e],”) is a weak polygroup, when the
hyperoperation © is defined as follows:

“0:G/0x G/ — P*(G/9),
Olz] © 0[y] = {0]z] | z € O[] - O[]},

and 9[z]~T = 9[z~1].

A non-empty subset A of a weak polygroup P is said to be a sub-
polygroup of P if, under the hyperoperation in P, A itself forms a weak

polygroup.

DEFINITION 2.3. If A is a subpolygroup of a weak polygroup P,
then we define the relation a = b (modA) if and only if there exists a
set {co,c1,...,ck+1} C P, where ¢y = a, cx41 = b such that

a'Cl_lﬂA#@, cl'cglﬂA;é(D, cery g bTTMAA£D.
This relation is denoted by aA%Lb.



Elementary topics on weak polygroups 3
LEMMA 2.4. The relation A} is an equivalence relation.

Proof. i) Since e € a-a"' N A for all a € P; then aApa, ie., Ap is
reflexive.

ii) Suppose that aA}Lb then there exists {cg, c1,...,cxs1} C P, where
co = a, Cx4+1 = b such that

a-cl_lﬂAséQ), cl-cglﬂA#(Z), ooy e bTINA£D.

Therefore there exists z; € ¢; - ¢, +11 NA (i=1,...,k) which implies

z;' € ¢ip1 - ¢t and 27! € A, this means that bApa, and so A} is

symmetric.

iii) Let aApb and bApc, where a,b,c € P. Then there exist
{co,c1,... k41t € P and {dy,d1,...,drs1} C P, where co = a,cpy1 =
b= dy,d,+1 = c such that

a i NA#D, c1-c;'NA#D, ..., e bINA#D,

b-di'NA#D, di-d'NAAD, ..., do-cPNA£D.

We take {cg,c1,...,¢k41,d1,d2,...,dr41} C P which satisfies the con-
dition for aA%c, and so A} is transitive.
Therefore A% is an equivalence relation. O

We denote A%[z] the equivalence class with representative .

THEOREM 2.5. Let P be a weak polygroup. If A is a subpolygroup
of P, then on the set [P : A] = {A}[a] | a € P} we define the hyperop-
eration ® as follows:

pla] © Ap[b] = {Ap[c] | c € Apla] - Ap[b]},

what gives the weak polygroup ([P : A],®, Aple],”!), where A%[a]~*
~ Apla].

Proof. For a,b,c € P, we have
(a-b)-cC (Apla] - Ap[8]) - Aplc],
a-(b-c) C Apla] - (Ap[b] - Ap[c]),
therefore ©® is weak associative. Now, we show that A is the unit element
in [P : A]. Obviously, we have A C A}[e]. On the other hand, suppose

a € Aple] then there exists a set {cp,c1,...,ch41} C P where cg =
a, Cp+1 = e such that

a~cl_lﬂA7é(i), cltcglﬁA#Q), sy Cnoe N A#D.
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So ¢, € A. Since ¢,_1 - c;l N A # 0, there exists £ € c,_1 - c;l NA
which implies ¢,—1 € z - ¢, and so ¢,—1 € A. By induction, we obtain
a € A. Therefore A}[e] = A. Now, we show that Ap[a]® Able] = Aplal.
Suppose Ap[z] € Apla] © Aple], we claim that A}[z] = Ap[a]. We have
z € Apla] - Aple]. Hence there exist z € Ap[a] and y € A such that
z € x -y which implies y € 7! - z then ™1 - 2N A # 0, and so Aplz] =
Apz]. Therefore Ap(z] = Ab[a]. It is easy to see that A%[a™!] is the
inverse of Apla] in [P : A]. Now, we show that Ap[c] € Ap[a] © Ap[b]
implies A}[a] € Apc] © Ab[b7!] and AL[b] € Ab[a™!] ® Ab[c]. Since
Aplc] € Apla]® Ap[b], we have Ap[c] = Ap[z] for some & € Aplal- Ap[b].
Therefore there exist y € Ap[a] and z € Ap[b] such that z € y - 2,
so y € z-2z7!. This implies that Aply] € Ap[z] ® ARz, and so
Apla) € Aplc] © Ab[b7!]. Similarly, we get AR[b] € Apla™!] © Ab[c].
Therefore ([P : A],®,4,”7) is a weak polygroup. O

If A is a subpolygroup of a weak polygroup P, then the weak poly-
group [P : A}, as in Theorem 2.5, is called the quotient weak polygroup
of P by A.

DEFINITION 2.6. Let (Py,-,e1,”!) and (Ps,*,e3,”!) be two weak
polygroups. A mapping p from P; into P; is said to be a strong homo-
morphism if for all a,b € Py,

i) p(e1) = ez,

ii) p(a-b) = p(a) * p(b).

Clearly, a strong homomorphism p is an isomorphism if p is one to
one and onto. We write P; = P; if P, is isomorphic to Ps.

Let p be a strong homomorphism from P; into P,. The subset K =
{z | z € P, p(z) is the identity of P»} is called the kernel of p.

COROLLARY 2.7. Let p be a strong homomorphism from a weak
polygroup Py into a weak polygroup P». The following propositions
hold:

i) For alla € P;, p(a™?) = p(a)™%;

ii) The kernel of p is a subpolygroup of Py;

iii) Let A be a subpolygroup of Py. The image p(A) = {p(z) | z € A}
is a subpolygroup of P,. For a subpolygroup B of P», the inverse
image p~Y(B) = {z | z € P, p(z) € B} is a subpolygroup of P;.

Let P1, P> be two weak polygroups and p a strong homomorphism of
Pionto P,. If K is the kernel of p then we can form [P; : K|. It is fairly
natural to expect that there should be a very close relationship between
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P, and [P; : K]. The fundamental homomorphism theorem, which we
are about to prove, spells out this relationship in exact detail.

THEOREM 2.8. (Fundamental Homomorphism Theorem). Let p be
a strong homomorphism from P; onto P, with kernel K. Then

{Pl :K] = P,

Proof. We define ¢ : [Py : K] — Ps as follows:
©(Kp [r]) = p(z) forall z € Py.
This mapping is well defined, because if Kp [z] = K} [y], then there

exists {29, 21,...,2k+1} C P where z9 = x, 2;4+1 = y such that

T2 K40, 212, ' NK£0, ..., zy 'NK #£0.
Thus €2 € p(l‘ : zl_l)a ex € P(Z1 : 22_1), ... ,€9 € p(zk . y—l) or
e2 € p(x) *P(Zl)_l7 ez € plz1) *plza)™t, ... ,ex € o(zk) * p(y)~1 and

so p(z) = p(y).
Now, for every K}, [z], Kp [y] € [P1 : K], we have
o(Kp [z] © Kp [y]) =»({Kp 2] | z € Kp[z] - Kp, [y]}
= {o() | z € K3, o] - K, o]}
p

= oK}, 2] - K, o)
= p(K}p [x]) * p(K}, [y])
= p(z) * p(y

and p(K) = ¢(Kp [e1]) = p(e1) = ea. Therefore ¢ is a strong homo-
morphism.

Furthermore if (K} [z]) = »(Kp, [y]) then p(z) = p(y) which im-
plies z -y~ N K # §, and so Ky, [z] = Kp [y]l. Thus ¢ is a one to one
mapping. |

3. On the fundamental relation 3*

Let (P,-,e,”!) be a weak polygroup. We define the relation 3* as the
smallest equivalence relation on P such that the quotient P/3*, the set
of all equivalence classes, is a group. In this case 8* is called the fun-
damental equivalence relation on P and P/(* is called the fundamental
group. The product ® in P/j3* is defined as follows:

B (x) ® B7(y) = 57(z) forall z € f*(z) B°(y).
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This relation is studied by Corsini [2] concerning hypergroups, see also
(5], [9].

Let Up be the set of all finite products of elements of P. We define
the relation 8 as follows:

zfy if and only if {z,y} Cu for some u € Up.

Let us denote B the transitive closure of 3. Then we can rewrite the
definition of E on P as follows:

aBb if and only if there exist 21, 22,...,2n41 € Pwith 2; = a,2,41 = b
and uy,...,u, € Up such that {z;, 2,11} Cu; (i=1,...,n).

THEOREM 3.1. The fundamental relation 3* is the transitive closure
of the relation (3.

Proof. The proof is similar to the proof of Theorem 1.2.2 [9], also see
[5]. O

The kernel of the canonical map ¢ : P — P/3* is called the core of
P and is denoted by wp. Here we also denote by wp the unit of P/g3*.
We have the following statements (see [5]),

1) wp = B*(e),

ii) g*(z)~t =B*(z7!) forallz € P.

LEMMA 3.2. Let f : P, — P, be a strong homomorphism of weak
polygroups and (5, 35 fundamental equivalence relations on Py, Py re-
spectively. Then the map F : P1/8{ — P,/(5 defined by F(fi(z)) =
B3(f(z)) is a homomorphism of fundamental groups.

Proof. First, we show that F' is well-defined. Suppose that £ (z) =
O (y). Then there exist z1,22,...,Zn41 € P wWith 21 = 2,241 = ¥
and uy,...,un € Up, such that {z;,ziy1} Cu; (1 =1,...,n). Since f
is a strong homomorphism and u; € Up,, we get f(u;) € Up,. There-

fore f(z)B5f(y) which implies §5(f(z)) = 85(f(y)), and so F(f(x)) =
F(B3(y)). Thus F is well-defined. Now, we have

FBi(z) @ Bi(y)) =F(Bi(z-y)=06(f(z v))

= B5(f(x) - f(v)) = B3 (f(2)) ® B3(f ()
= F(Bi(z)) @ F(B7(v))-
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DEFINITION 3.3. Let f be a strong homomorphism from P; into Py
and let 3, 35 be the fundamental relations on P;, P, respectively, then
we define

ker f = {B{(z) | x € 1, B5(f(z)) = wr,}.

The next corollary summarize the results of Lemma 3.2.

COROLLARY 3.4. i) ker f is a normal subgroup of the fundamental
group Py /7.
ii) We have

(P1/B7)/ker f = Py /133,

Let P be the set of all weak polygroups and all strong homomor-
phisms. One can show that P is a category. We set Pg+ the category of
fundamental groups and homomorphisms of groups, then we have the
following theorem:

THEOREM 3.5. Let F be the function from P into Pg- defined by
F(P) = P/B* and when f : P, — P, is a strong homomorphism

F(f) - P/t — P2/ B3,
Bi(x) — B3(f(z)),

where (37, 35 are the fundamental relations on Py, P, respectively. Then
F is a functor.

Proof. Clearly, F is well-defined. Now, we have the following:

i) If P, € objP then P,/3} € objPga-.
ii) If f: P — P is a strong homomorphism, by Lemma 3.2, F(f)
is a homomorphism of groups.

iii) Suppose g5 is the fundamental relation on P3. If P 1, P, % py
is a sequence of strong homomorphisms in P, then

FlgHBi(z)) = B3(gf(z)) = B3(9(f(x))) = F(9)B:(f(x))
= Fl@)(F (N Bi()),
so F(gf) = F(g)F(f)-

iv) For every Pi € objP, we have F(1p,)(Bi(z)) = Bi(lp(z)) =
Bi(x), therefore F(1p,) = Lz(p,). Thus F is a functor. O
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