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A NOTE ON LATTICE DISTRIBUTIONS
ON THE TORUS '

CHoNG JIN PARk! AND KYU SEOK LEE?

ABSTRACT

In the recent papers by Harris and Park (1994) and by Hui and Park
(2000), a family of lattice distributions derived from a sum of independent
identically distributed random variables is examined. In this paper we gen-
eralize a result of Hui and Park (2000) on lattice distributions on the torus
using the Poisson summation formula.
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1. INTRODUCTION AND THE MAIN THEOREMS

In a recent paper by Hui and Park (2000), they examine a family of lattice
distribution derived from a sum of independent identically distributed random
variables having a probability density function of the form

o0
fle)= 3 ajxr (),
j=—oo
where {I;}52___ is a uniform partition of R with |I;| = |I], a; > 0 for each j,
VEN) [ole] J J

and 352 aj = [I|7h.

This paper extends the result of Hui and Park (2000) to a family of lattice
distribution on the torus. More specifically, let T;,+1 denotes the sum of m + 1
independent random vectors having a probability density function of the form

g(x) = Z hkxg, (%), x€R", (1.1)
kcZn
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where

n

3" he=HI™, Q= []la+kHla+ (ki + IH]),
kezn j=1
for k= (ki,kp,...kn) € Z", |Qx| = |H|".

Define a lattice distribution, g,,+1 on the torus derived from the probability
density function gr,,,, by

Im+1(x) = g1, (%), for x=(a+ 6 +Fki|H|,...a+dn + kn|H|),
= 0, otherwise. (1.2)

THEOREM 1.1. For0<§; < |H|,1=1,2,..,n,

> gmir(a+ 6+ ki|Hl, oy + 6, + ku|H|) = |[H| ™"
keZn

THEOREM 1.2. Let Wy, 41 5 be a random vector having the lattice distribution
gm+1 on the torus. For 0 < §; < |H|, i = 1,2,..,n and ly,la,...,ln such that
Z?:l l; =L <m,

E [W#LH,J] =E [Trﬁ+l] ;

where
WL, 5= WhWE - WE and Th,, =THTE .. T4,
2. PROOFS OF THE THEOREMS
Let

9Tnyi (8) = / ITir (£)e™ 250t (2.1)
Rn

be the Fourier transform of g7, ,,, wheres - t = E?=1 sjt;.

PROOF OF THEOREM 1.1. We apply the Poisson summation formula (see
for example Folland, 1984) to g7,,,, and obtain the following result:

1 k .
) - P &\ 2mik-8/{H|
3 meal64KHD = (i 3 i (I HI) .
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where § = (01,...,0,) and k = (k1, ..., k,). Since gr,,, is (m+ 1)-fold convolution

of g given in (1.1), we have g7, ., = g™*!. The Fourier transform of g can be
written as
n ) —2mikj|H|s; _ ,—2mi(k;+1)|Hls;
e SIS e i j
g(s)= ) h 2mis; 0 2.2
96 = > m]]e [ — } 22)
kezZ™ j=1

for s # 0 and §(0) = 1. We observe that

- L — M+l (__1_{___>:0 k
oo (3i) =9 (i) =0 10

and gr,, ., (0) = 1, because e"2/ =1 for all integer j. The proof of Theorem 1.1
is complete. 0

PROOF OF THEOREM 1.2. We apply the Poisson summation formula to
9T y1 (£)e 2T t0 obtain

D g1 (8 + k| H|)e 2 OHKIHD
keZ™

1 . kK \ oriks/iH]|
= — T . 2.

Let Q(TI:3+1(S) = <9Lng+l(s)/(asl11 .- 0sln), where Iy + -+ + 1, = L and I; > 0
for i = 1,...,n, be the Lt derivative of 0T (8). Since gr,,., = g™l
§(k[H|™") = 0 for k # 0 by (2.2), it follows that g%, (k|H|™) = 0 for k # 0
and L < m. Now differentiate (2.3) with respect to s and evaluate it at s = 0 to
obtain

and

n
: v 1
(—ZﬂZ)L Z H((SJ' + kjlﬂl)l] gm+1(0 + k|H|) = |H| g%n)ﬂ (0),
keZm j=1

which is a constant independent of §. Furthermore, for Iy, ...,1, such that I; > 0
and 377, I; = L < m, we have
1w
(Tg-;i—)ngmH(O) =E (T#H-l)
= > (+kH)" - g1 (5 +k|H|) - |H|"
keZn

=E (Wrﬁ+1,6) :

This completes the proof of Theorem 1.2. a
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