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CONJUGATE POINTS ON THE
QUATERNIONIC HEISENBERG GROUP

CHANGRIM JANG, JUNKON KiM, YEONWOOK KIM, AND KEUN PARK

ABSTRACT. Let N be the quaternionic Heisenberg group equipped
with a left-invariant metric. We characterize all the conjugate
points along the geodesics on N.

1. Introduction

Let M be a 2-step nilpotent Lie algebra with an inner product (,) and
N be its unique simply connected 2-step nilpotent Lie group with the
left invariant metric induced by (,) on /. The center of N is denoted by
Z. Then N can be expressed as the direct sum of Z and its orthogonal
complement Z+t.

For Z € Z, a skew symmetric linear transformation j(Z) : 2+ — 2+
is defined by j(Z)X = (adX)*Z for X € Z+. Or, equivalently,

<j(Z)X’Y> = <[X7Y]’Z>

for X,Y € Z+. A 2-step nilpotent Lie group N is said to be of Heisen-
berg type if
i(2)* = —-|Z|*1d

forall Z € Z.

The classical Heisenberg groups are examples of Heisenberg type.
That is, let » > 1 be any integer and let {X1,---,X,,, Y1, -+ ,Y,} be
any basis of R?" = V. Let Z be an 1-dimensional vector space spanned
by {Z}. Define
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for any ¢ = 1,2,--- ,n with all other brackets are zero. Give on N' =
V @ Z the inner product such that the vectors {X;,Y;, Z|i =1,2,--- ,n}
form an orthonormal basis. The simply connected 2-step nilpotent group
of Heisenberg type, N which is determined by N and equipped with a
left-invariant metric induced by the inner product in A is called the
(2n + 1)-dimensional Heisenberg group.

Another example is the quaternionic Heisenberg group of dimension
4n + 3. Let N = Z+ @ Z be a (4n + 3)-dimensional real vector space
with basis {X;,Y;, Vi, W;|1 < i < n} of Z+ and {£1,&2,&3} of Z. Define
a Lie bracket on N as follows:

[Xiay'i] = 51 = [V;aWiL [Y;aXz] = —él = [WMV;],
[X:, Vi] = & = [W,, Y], [Vi, Xi] = —&a = [V}, W],
[Xi,Wi] = 53 = [Y;a‘/lL [WzaXz] = —53 = [‘[L:KL

and all other brackets are zero. Define on A the inner product by giving
that
{Xiy Yvh ‘/i’ Wi7£1a§2’€3|1 S ? S TL}

forms an orthonormal basis. The simply connected 2-step nilpotent
group of Heisenberg type, N which is determined by N and equipped
with a left-invariant metric induced by the inner product in N is called
the quaternionic Heisenberg group.

We have another definition of the quaternionic Heisenberg group. Let
H be the quaternions, Z+ = H” and Z be the three dimensional vector
space spanned by {i,7,k}. For two vectors X = (z1,z2, - ,Z,) and
Y = (y1,¥2, -+ ,Yn) in H", define the Lie bracket of X and Y by

X, Y]=Im(X-Y)=Im(>_ z:%),
i=1
where I'm is the imaginary part and g; is the conjugate of y; and all other
brackets are zero. Denote 1,, the vector in H"”, the m-the component
of which is 1 and the others are 0 and denote %,,, j, and k,, similarly.
Define on N' = Z+ @ Z the inner product by giving that

{1m,im7jm, km,1, 7, kll <m< n}

forms an orthonormal basis. Then, the simply connected 2-step nilpo-
tent group N which is determined by N and equipped with a left-
invariant metric induced by the inner product in N is the quaternionic
Heisenberg group.
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In [1], Berndt et al. obtained some conjugate points on the group of
Heisenberg type with a left-invariant metric and characterized all the
conjugate points on the (2n + 1)-dimensional Heisenberg group.

THEOREM [1]. Let N be a 2-step nilpotent group of Heisenberg type
with a left invariant metric and N its Lie algebra. Let v(t) be an unit
speed geodesic in N with y(0) = e (the identity element of N) and
v (0) = Xo + Zy where X, € Z* and Z, € Z.

(1) If Zy = 0, then there are no conjugate points along .

(2) If Xy =0, then the conjugate points along vy are at t € 2nZ*.

(3) If Xy #£ 0 and Zy # 0, then every t € %ZT(—:TZ* U A determines a
conjugate point along vy where

Z* = {£1,42,.-}

and

A= {t eR— {0}|(1 — |zo|2)|Z20|t — tan 'ZQ"“}.

COROLLARY (1]. Let N be the (2n+1)-dimensional Heisenberg group
and N its Lie algebra. Let ~(t) be an unit speed geodesic in N with
7(0) = e(the identity element of N ) and '(0) = Xo+ Zy where Xy € Z+
and Zg € Z. If Xy # 0 and Zy # 0, then all the conjugate points along
v are att € (ZZ_ZIZ* U A where

ZF = {+1,4£2,---}

and

Zylt Zylt
A= {t e R-{0}(1 - {Zolg)% = tan | 2Ol }
In this paper, we characterize all the conjugate points on the quater-
nionic Heisenberg group. In fact, we show that some conjugate points in
(3) of Theorem above are all the conjugate points in case of the quater-
nionic Heisenberg group.

MAIN THEOREM. Let N be the quaternionic Heisenberg group and N
its Lie algebra. Let y(t) be a unit speed geodesic in N with v(0) = e(the
identity element of N) and v'(0) = X+ Zy where Xo € Z+ and Z, € Z.
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If Xo # 0 and Zy # 0, then all the conjugate points along v are at
te %Z* U A, where
Z* ={£1,%2,---}

and

A= {t eR— {0}[(1 — |ZO|2)'—Z—§E - tan@}.

2. Preliminaries

Let «v(t) be a curve in N such that v(0) = e (identity element in N)
and 7' (0) = Xy + Zy where Xy € Z+ and Z, € Z. Since exp: N — N
is a diffeomorphism ([5]), the curve ~(t) can be expressed uniquely by

Y(t) = exp (X (t) + Z(¢)) with

Xt ezt, X'(0)=Xy, X(0)=0,
Ztye Z, Z'0)=2y, Z(0)=0.

A. Kaplan (3, 4] shows that the curve () is a geodesic in N if and only
if

X" () = j(Zo) X' (2),

Z') + %[X’(t), X(t)] = Zo.

LEMMA 2.1 [2]. Let N be a simply connected 2-step nilpotent Lie
group with a left invariant metric, and let y(t) be a geodesic of N with
v(0) = e and v/(0) = Xo + Zy where Xy € Z* and Z, € Z. Then

Y (t) = diy ) (X' (t) + Zo),t € R,

where X'(t) = e7(%0) X, and 1) is the left translation by y(t).

Throughout this paper, different tangent spaces will be identified with
N via left translation. So, in above lemma, we can consider v/ (¢) as

¥ (t) = X'(t) + Zy = %) X + Z,.

Let V be unique Riemannian connection on V.
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LEMMA 2.2 [2]. For a 2-step nilpotent Lie group N with a left in-
variant metric, the following hold.

(1) VxY = 3[X,Y] for X,Y € Z+.

(2) VxZ=VzX=-1j(Z)X for X€ Z* and Z € Z.

(3) VzZ*=0for Z,Z2* € Z.

The curvature tensor R on N is defined by

R(€1,§2)§3 = VEQ (Vg1€3) - v€1 (v52§3) + V[€1,§2]€3

for all £1,&5, &3 € V. And recall that the Jacobi operator along a geodesic
v is defined by

Ry (1) = R('(2),)7'(2).
Using Lemma 2.2, it is easy to show the following lemma.

LEMMA 2.3 [1]. If N is a group of Heisenberg type, then the Jacobi
operator R, is given by

R"/,(t) (X + Z)
3

=250, X ODX(0) + 1 (2)(Z0)X (1)

1 1
+ ZIZOIQX + 5(Z, Zo) X'(t)

- 21X(Z0)X (] + X (OPZ + 3 (X, X (0) 2o,

where X € Z+ and Z € Z.

The following Lemma is the elementary but useful properties of
groups of Heisenberg type.

LEMMA 2.4 ([2]). If N is a group of Heisenberg type with a left-
invariant metric, then the following hold.

(1) J(2)X,5(Z")X) = (Z,Z*)|X|* for all Z,Z* € Z and all X ¢
zt

2) (Z)X,HZ)Y) = |ZP(X,Y) for all Z € Z and all X,Y € Z*+.

(3) H(2)7(Z*) + §(Z*)5(Z) = —2(Z, Z*)id for all Z, 2" € Z.

(4) [X,j(Z)X]) =|X|?Z forall X € Z+ and all Z € Z.
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3. Proof of theorem

Assume that Xg # 0 and Zy # 0 and we start with the following
Lemma:

LEMMA 3.1. If Z, is orthogonal to Zy in Z, then there is an orthog-
onal basis {Zy, Z1, Z2} of Z such that j(Z2) = j(Z1)j(Zp).

Proof. We may assume that Z; and Z; are orthonormal. From the
definition of the quaternionic Heisenberg groups, it is easy to show that

3(&1)i(62) = 7(€3), 7(£2)5(&3) = §(&1) and j(€3)5(&1) = 5 (&2)-
Let Zy = Zy x Zp and A € O(3) such that

€1 Z
At & | =1 2
€3 2
Then, it is just a calculation to show that j(Z2) = 7(Z1)j(Zo). O

By Lemma 3.1, we choose an orthogonal basis {Zy, Z1, Z»} such that
3(Z2) = §(Z1)j(Zo) and denote

Xol? .
Ag = {XO + Zo, Xo — ﬁ)o"—zZoJ(Zo)Xo}

and
A1 ={Z1,22,5(Z1)X0,j(Z2) X0}

Then, the orthogonal complement of
Span{Xo, j(Zo)Xo, j(Z1)Xo,5(Z2)Xo}
in Z1 has an orthogonal basis of the form
Az = U2V, §(Z0)Ya}-

Hence, we have a basis
Ag U A U Az
of N=Z@ZzZt. ‘ '
Next, replacing again X, and Yi'’s by %(%0) Xy = X'(t) and e(%0)Y}’s
(which will be denoted by Yi(¢)’s) respectively, we have a frame along
Y(t).
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LEMMA 3.2. Let

|Xol?

Ao) = {x0)+ 20,0 - Bel 20 sz,
A4(0) = (20,20, (20X (), 5(Z2)X (),
A () = U {Y(2), 5(Z0) Y (1)}

Then, Ay(t) U A1(t) U As(t) is a frame along ~(t).

The calculations of the covariant derivatives of this frame along v are
easy.

LEMMA 3.3. Let Ao(t), Ai(t) and As(t) be stated in Lemma 3.2.
Then, the followings hold.

(1) Vo Z = *% H(Z)X'(t) foreach Zc€Z.

(2) Vi (Z1)X'(t) = 3 '(ZQ)X’(t) + —l-IXoI2Zl,
Voyi(Z2) X' (t) = ~—|ZOIQ (Z1)X'(t) + |X0|2Z2

(3) Voo Yelt) = %j(zom(w,

Vo) i(Zo)Yi(t) = -—%]Zolek(t) for each k=1,2,---,2n-2.

(4) Vo) (X'(t) + Zo) = 0,
[Xol?

Vo (X'(0) = [ o) = gi (o) X ),
V0 (20) X' () = =512 ) ~ 5 20).

Recall that a vector field J(t) along v(t) is said to be a Jacobi field if
(Vi/(t) -+ R,y/(t))c](t) =0

and a point «(t),t # 0 is said to be a conjugate point to (0) if there
exists a nonzero Jacobi field J along -y such that J(t) = J(0) = 0. For
each k = 0,1,2, a point ¥(t),t # 0 will be called .A.(t)-conjugate point
to 7(0) if there exists a nonzero Jacobi field J € Span.Ai(t) along v
such that J(t) = J(0) = 0. Then, by (1) of Lemma 3.4, Lemma 3.5 and
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Lemma 3.6 below, we have that ¥(t),t # 0 is a conjugate point to y(0)
along + if and only if 7(t) is a Ax(t)-conjugate point for some k. Hence
by (2) of Lemma 3.4, Lemma 3.5 and Lemma 3.6 below, conjugate points
to v(0) are at

2
te —7Z*UA,
|Zo]
where
zr={£1,£2,---}
and Zglt Zolt
A={teR-{0}(1 - |Z0|2)|—§’— = tan LTO‘—}

To complete the proof, it is sufficient to prove Lemma 3.4, Lemma 3.5
and Lemma 3.6. We give only the proof of Lemma 3.5 because Berndt
et. al. proved already Lemma 3.4 and Lemma 3.6 in [1].

Throughout this section, we mean (A (t)-) conjugate point by (A(t))-
conjugate point to v(0) and

(1 +120*)|Zo]

t
| Xol?

cos | Zy|t, sin|Zy|t and

are denoted by
C(t), S(t) and P(t),

respectively.

LEMMA 3.4.
(1) If J(t) € Span.Ay(t) is a vector field along ~y, then

(Vzl(t) + Rfyl(t))e](t) € SpanAo(t)

(2) The Ay(t)-conjugate points along v are at t € (_2Z7ETTZ* UA.

LEMMA 3.5.
(1) If J(t) € SpanA;(t) is a vector field along vy, then

(V?Y’(t) + R,y/(t)).](t) S Span.A1 (t)

(2) The A;(t)-conjugate points along 7y are at t € %Z*.
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Proof. Let
J(t) = a1 (t)Z1 + aa(t)Zs + Br(1)5(Z20) X' (t) + B2(1)j(Z2) X (t)

be a vector field in Span.A;(t). Then, using Lemma 2.3, Lemma 2.4 and
Lemma 3.3 we have that

(V2 + Ry ) J (1)
= {a](t) + | Xo[*81 (1)} Z1 + {a(t) + | Xo[* B3 () } Z
+{B7(t) — o (8) = 3|1 Z0* Ba(t) — (1 +120*) 51 (1) 13 (21) X (2)
+{B5 () — a5 () + 361 (t) — (1 + 1 20*)B2(1)}5(Z2) X' (8),
which shows (1).

If J(t) is a Jacobi field with J(0) = 0, then we have the following
differential equations:

() + | Xo|?B1(t) = 0,

5(t) + | Xo|*B5(t) =0,

BY () — 31 20| B4(t) — 22081 (t) — (4 (t) + [ Xo[*Bu(8)) = 0,
B3 (£) + 361 (t) — 2 Zo|*Ba(t) — (i (t) + | Xo[*B2(t)) =0
with  01(0) = a2(0) = 51 (0) = 2(0) = 0.

«
(0%

Denote
x(t) = Yar(t), aa(t)), y(t) = *(Br(2), Ba(2))
and
_d
==

Then, these differential equations are written as follows:

D(Dx + | Xol’y) =0,
(D — A)(D — 2A)y = Dx+ | Xol*y with x(0) = y(0) =0,

(0 |Zf?
A~<_1 o).

Dx + IX()|2y = ——2|Z0|2C3

where

Letting
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with
C3 € R2,
we see that
y(t) = ettey + e¥ey + c.
The initial condition that y(0) = 0 gives that ¢ = —c; — c2, and so, we
have that

y(t) = (e'* — I)ey + (€24 — I)ey,

where ¢, and c; are arbitrary constant vectors in R?.
And also, from

Dx + |X0[2y = —2[Zo[2c3 = 2[Z0|2(c1 + ¢3),
we have that
Dx = (=|Xo|?e™ + (1 + | Zo|*)I)e1 + (—|Xo[|*€®* + (1 + | Zo|*)])c2.

So, this equation with the initial condition x(0) = 0 gives that

x(t) = { Ia)z((?['; Al — D)+ (1+ IZOI2)tI} o

]X0|2 2tA 2
+{2|ZOI2A(6 I+ (14 |Zo|*)t] § co.

Hence, the solutions of the differential equations are given as follows:

where

G
etA -1 e?tA -7
= 2 2 '
( Sl AletA - D)+ 1+ 120t Rl A4 -1+ (1 + IZo|2)tI)

Note that y(t),t # 0is an A;(t)-conjugate point if and only if det G =
0 at t. So, to compute det GG, denote

X0

B =
| Zo|?

A = 1)+ (1 +|Zo|)tI
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and

_ [ Xo?
2|Zy|?

oo (€1 A -I\_ (et -1 0\ /(I et + 1
- B C - B IJ\0 C—-B4+1))"

Thus we have that

c A — 1)+ (1 4 |Zo|H)t].

det G = det(e4 — I) det(C — B(e!” + 1))
| Xo]?
2|Z,?

= det(e!* — I) det(e*) det( Al — e7 Y 4 (1 + | Zp|P)E).

Using that

“_ 54, [ CM) 1Zls()
=coreizia- (S o)

it is easy to show that

[ Xo|?
2| Zy|?

(1= C))(P{E) - 5(t))-

det(e* — I) det(e™) det( Al — ™) + (1 + | Zo|*)tI)

_2[Xo)?
|Zo]

Therefore, y(t),¢ # 0 is an A, (t)-conjugate point if and only if
(1 =CE)(P) - S(t) =0,

or equivalently, ¢ € rzz.—’;—IZ* since P(t) — S(t) = 0 if and only if ¢ = 0.
This completes the proof of Lemma 3.5. O

LEmMA 3.6.
(1) If J(t) € Span Ay(t) is a vector field along vy, then

(v5/(t) + R—Y/(t))J(t) € Span AQ(t).

(2) The Ay(t)-conjugate points along -y are at t € TzZ_Z]-Z*'
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