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SOME INEQUALITIES FOR THE FINITE
HILBERT TRANSFORM OF A PRODUCT

SEVER S. DRAGOMIR

ABSTRACT. Some inequalities for the Hilbert transform of the prod-
uct of two functions are given.

1. Introduction

Let © = (—1,1) where 1 < p < o0, the usual £°—space with respect
to the Lebesgue measure A restricted to the open interval  will be
denoted by £ (Q2).

We define a linear operator T (see [24]) from the vector space £! ()
into the vector space of all A-measurable functions on 2 as follows. Let
f € £ (Q). The Cauchy principal value

f t—e
dT—hm[/ / ] ——=——dT
1Tt £]0 t+e 71'7'—t

exists for A-almost every t € 2.

We denote the left-hand side of (1.1) by (T'f) (¢) for each ¢t € Q for
which (T'f) (t) exists. The so-defined function T'f, which we call the
finite Hilbert Transform of f, is defined A-almost everywhere on ) and
is A-measurable; (see for example [1, Theorem 8.1.5]). The resulting
linear operator T" will be called the finite Hilbert transform operator or
Cauchy kernel operator.

It is known that £! (Q) is not invariant under T, namely, T' (21 (Q)) 7
£1 () [17, Proof of Theorem 1 (b)].

The following basic results are well known and their proofs may be
found in Propositions 8.1.9 and 8.2.1 of [1] respectively.

(1.1) PV
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THEOREM 1. (M. Riesz) Let 1 < p < oo. Then T (£F (Q)) C £° (Q)
and the linear operator

T, : f—=Tf, f e (Q)
on £P () is continuous.

THEOREM 2. (Parseval) Let 1 <p < oo and ¢ = ;2. Then

1
(1.2) /_ (fTg+gTf)dA =0

1
for every f € £F (2) and g € £7(Q).

We introduce the following definition.

DEFINITION 1. A function f : @ — C is said to be a—Hélder con-
tinuous (0 < a < 1) in a subinterval Qy of  if there exists a constant
¢ > 0, dependent upon g, such that

(1.3) [F(s) = f)l <cls—t%, st

A function on Q is said to be locally a-Holder continuous if it is
o-Holder continuous in every compact subinterval of 2. We denote by
H . (52) the space of all locally a-Holder continuous functions on (2.

The class of Holder continuous functions on §2 is independent because
the finite Hilbert transform of such a function exists everywhere on §2
(see [15, Section 3.2] or [21, Lemma I1.1.1]).

This is in contrast to the A-almost everywhere existence of the finite
Hilbert transform of functions in £! ().

There are continuous functions f € £ (Q) such that (Tf) (t) does
not exist at some point ¢t € . An example is given by the function f

defined by (see [24])

0 if —1<t<o,
f@)=

ey if 0<t<L

It readily follows that (7'f) (0) does not exist.
In paper [24] it is proved amongst others the following result.

THEOREM 3. (Okada-Elliot) The space £F () N HZ, () is invariant
under the finite Hilbert transform operator T and the restriction of T
to that space is continuous whenever 1 < p < co. This, however, is not
true when p = 1.
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We consider the finite Hilbert transform on the open interval (a, b)
v f(r)
a T— 1
The following theorem holds (see [11]).
THEOREM 4. Let f : [a,b] — R be a-H-Hdlder continuous on (a, b),
ie.,
(1.4)
lf@)—f(s)|<H|t—s|* forallt,se€ (a,b), a€(0,1], H > 0.

Then we have the estimate

(TF) (a,b;t) = %Pv dr, te(ab).

(1.5) (Tf) (a,b;t)—@mc‘t)

t—a

H H2l-«
< [t —-a)® -1 <
< Om[(t a)*+ (b-1)% < o

for all t € (a,b).

(b_ a)a’

The following result holds for monotonic functions (see [11]).

THEOREM 5. Let f : [a,b] — R be a monotonic nondecreasing (non-
increasing) function on [a,b]. If the finite Hilbert transform (T f) (a, b, )
exists in every t € (a,b), then

(16) T b0 2 () 1 0m (1)

t—a
for all t € (a,b).

Now, if we assume that the mapping f : (a,b) — R is convex on
(a,b), then it is locally Lipschitzian on (a,b) and then the finite Hilbert
transform of f exists in every point ¢t € (a, b).

The following result holds (see [11]).

THEOREM 6. Let f : (a,b) — R be a convex mapping on (a,b). Then
we have

(1.7) % 1) (b—t)+/tl(s)ds+f(t)ln (f:;)}
< TH@hy
< %:f(t)ln(—f:—:——:;)+l(t)(t—a)+/tbl(s)ds],

where [ (s) € [fL (s), f} (s)], s € (a,b).

The following more practical result also holds [11]:
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COROLLARY 1. Let f : (a,b) — R be a differentiable convex function
on (a,b). Then we have the inequality

(1.8) l[f(t)—f(a)+f’(t)(b—t)+f(t)ln(i’—t>-

< (Tf) (ab;1) "
< 1[f(t)ln(u>+f(b)—f(t)+f'(t)(t—a)

™ t—a

for all t € (a,b).

In this paper we point out some inequalities for the finite Hilbert
transform of the product of two functions.

For a comprehensive number of results on the numerical approxima-
tion of the Cauchy principal value integrals, see [2]-[10], [13]-[14], [16],
[18]-[20], [22)-[23], [25]-[27].

2. The results

The following lemma holds.

LEMMA 1. If f and g are locally Holder continuous on [a,b], then fg
is also locally Hélder continuous on [a, b] and:

(21) T(fg)(a,b;t)
= FOT@ @b +9OT (et - 270w (1)
Loy [ U0 10660 =00,
™ a

T—1

for any t € (a,b).
PROOF. Assume that for a subinterval [c,d] C [a,b], we have

(2.2) |[f(s)— f(u)| < Li|s—u|™ forany s,uc€lcd;

(2.3) lg(s) —g(u)] < La|s—u|™ forany s,u€]cd.
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Then
1f(s)g(s) = f (u) g (u)]
= [f(s)g(s) = f(s)g(u)+ f(s)g(u)—f(u)g(uw)
< f()llg(s) —g@l+1g]If (s) = f (v
< MiLyls—u|™ + MaLg|s — ul|™
< fs—ul" [MiLy|s —u|" " + MaLa|s — u|™ 7]
< Js—u [MyLy|d— ¢ + MpLy|d — c?™"]
= Mls—ul|",
where

M := sup |f(s)], Mz:= sup |g(u)|, r=min(r;,rs),
s€le,d] u€lc,d|
and
M = MLy |d — C|T1—T + Moo |d — C|T2—T s
proving that fg is locally Holder continuous on [a, b].
Now, for any ¢,7 € [a,b], we may write that

(Fm) = F)g(r) —g(®)
= fMgn)+f)gt)-F#)g(r)—f(r)g(t)
giving
f(M)g(m)

T—1

C 02 g 1) 100

(f(r)—f(#)(g(r)—g ()

_|_

T—1
for any t, 7 € [a,b], t # 7.
Consequently,
T (fg) (a,b;t)
_ Pv/f gT
b T
- if() /g()d +g ()%PV/ f(uidf
——f(t PV/ dT / T_t 9(r)=9®),,

= f®)T(9)(a,b5t) +g( )T(f)( bt
f(t)g(t) t 1 (f(T)~f(t))( (1) —9(®)
— n<t_a>+ PV/a

m T—1
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for any t € (a,b), and the identity (2.1) is proved. O
THEOREM 7. Assume that f is of Ly-ri-Hélder type and g is of La-

ro-Hélder type on [a,b], where L1,Ly > 0, r1,r2 € (0,1]. Then we have
the inequality:

(2.4) T (f9)(a,b;t) = F () T (g) (a, b; 1)

— g ()T (f) (a,b;t) + i—f(t)g(t)ln (f%;)‘
_Llﬂ__ T2 _ \ritre
m(r1+7rz) -1 e
L1L2 (b _ a)r1+r2
= m(r1 + r2)

for any t € (a,b).

Proor. Taking the modulus in (2.1), we may write

‘T (£9) (a,b58) — £ ()T (g) (a, i 1)

~g ()T (f) (a,b;t) + %f(t)g(t)ln(b-t)t

t—a

< %PV/I’ (f(T)—f(tT))_(s;(T)—g(t)){dT
< %PV/bLle |7 — ¢ T2 g

B L1L2 l:(b _ t)'r1+7‘2 + (t _ a)rl-l—rg}
™

1+ 712

and the first part of inequality (2.4) is proved. The second part is obvi-
ous. O

The best inequality we can get from (2.4) is embodied in the following
corollary.
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COROLLARY 2. With the assumptions in Theorem 7, we have

T(fg) (a,b; a—;r—b> —-f (a;b) T(g) (a, b; %ﬁ>

()T (a,b;“—;—b))

LiLy(b—a)t"
7 (ry 4 rg) 2r1tra—1’

(2.5)

The following corollary also holds.

COROLLARY 3. If f and g are Lipschitzian with the constants K
and K, then we have the inequality

(2.6) ]T (£9) (@, bit) — £ () T (g) (0, 1)

—g ()T (f) (a’b;t)JF%f(t)g(t)ln(b_t) ’

KK, |1 ) a+b\?| KKy 2
. < - — — < -
(2.7) <= [ 1(b—a)+ (t 5 <=2 (b~a)

for any t € (a,b). In particular, for t = %9, we have

(2.8) ’T(fg) (a,b; a—}é) —f (a;b) T (g) (a,b; %ﬁ)

—g<“;”)T<f> (a,b;‘%”)‘

(b—a)*.

< KK,

(2.9) <=

The following theorem also holds.

THEOREM 8. Assume that f and g are absolutely continuous on [a, b] .
Then we have the inequality:

(2.10) T (f9)(a,b5t) — f (1) T (9) (a, b3 )

- g @) T (f)(a,b;t) + %f(t)g(t) In (H)’
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(2.11)
(|1 a+b\?2
[z =0+ (t= 252 ) 1 e
if f'€ Loo[a,b], ¢' € Loo [a,b];
6 1 1
77 (6= (=) 1 o 190
if fl€Lloolab], ¢ €lylab],v>1, 2+3=1
(b—a) ”f/H[a,b],oo ”g'H[a,b],l
if f'€ Lyla,b], g € Lya,b];
=" 4 (= )] 1 g 1)
B+1 [a,b],c g [a,b],00
) if f'€Lalab],a>1, 1+5=1, and ¢ € Lo [a,b];
< = x4
T B6 8+8 548
G5 =07 + (=) 1 o0 19
if f'€Lalab],a>1, z+5=1,
and ¢’ € Ly[a,b], v > 1, }Y+%=l,
1 1 ' !
=05+ (t= )| 1F a0 19 sy
if f'€Lala,b], a>1, L+5=1, andg € L[a,b];
(b - a‘) “f,“[a,b],l ”gl“[a,b],oo
if f'€ Lila,b], ¢ € L [a,b];
1 1
5 (6= 0™F (¢ = @) 31 a1 190
L iff’ELl[a,b],g'ELv[a,b],'y>1,%—%-%:1;

PROOF. Since f and g are absolutely continuous on [a,b], we may
write that

f(T)—f(t)=/tTf'(U)du and g(r)—g(w:[g'(u)du
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which implies:

15 1100 17 — 1
(212)  [fF M= FOI<] W gl —t7
[y

and
Ig'll}7,,00 17 — 2l
(213)  lg(r) =g @I < { gl T — 7

19" erg1 -

Using the identity (2.2), we get

(2.14) ’T(fg) (a,b58) — £ ()T (g) (a, i 1)

—g(t)T(f)(aab§t)+;1T—f(t)g(t)ln(

(f() = fE)(g(r) -9 @)

b
< v
T a

T—1t

if f'€Lla,b];

if f'€ Lalab],

1 1
a>1,5+3—1,

if ¢’ € Loola,b];

if ¢ € Lyla,l],
v >1, %+%=1;

b—t
t—a

dr =: 1.

)

47
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Then we have, by using (2.12) or (2.13), that
( b
PV [ 17l 0 1Ny I 1
b 1
PV [ 18100 19 17 = 1
b
PV [ 150001927
a
b 1
PV [ 1730 1y 7 — 117
1 ’ / / 1411
@15) 152X 8 PV [ 1l b — 034 ar
b ' / 11
PV [ 1810 19 gl = 813 r
b
PV [ 180 10 00

b 1
PV [ 180 1 17— 113"

b
PV [ 1519 gl — o~ .

However,

b
PV/ ”f/”[f,t],oo ||9/H[T’t]’oo |7 —t|dr

IA

(b= 2+ (t - a)’
1 o W | 225

1 a+b\2
= ||f,H[a,b],oo ”g/H[a,b],oo [Z (b - a)Z + (t - 2 ) :l ’
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b
N

IA

(b—t)'*s + (t — a)'t3
1 19 |

4]

I ”f/H[a’b]""’ ”g’H[a,b]ﬁ [(b — ) 4 (- a)1+3] ,

b
PV [ 17 e 19 g 07 < 1 Ny 0 16 N1 6= @)

b
1
PV [ 1719 g br = 117

< 1 Mo 19 a0 % (b= 4 (¢ —a)s ™
b
1.1
PV/Hf,H[Tat],aHg,“[T,t],'y |T”t|ﬂ+6 Lar

IN

1 141 141
Hf/”[a,b],a ”g/”[a,b],'y m [(b—" t)8+6 + (t - a)ﬁ+6:|

5 , " »
— % Hf’”[a,b],a Hg H[ﬂ,b],’y [(b — t) 3:‘-6 + (t - a) 1‘3-:6] ,

b
PV [ 17 19 17 =1

< | lapge 19l iaga 8 [(b —1)7 + (t~ a)%] ,

b
PV/”f,”[‘r,t],l Hg,”['r,t],oo dr < (b—a) ”f,“[a,b],l ”g,”[a,b],oo
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and

b
1_
N P
< ”f,”[a,b],l ||g/H[a,b],75 [(b - t)H% +(t - G)H%] .

For the last inequality we cannot point out a bound as above.
Using (2.14) and (2.15), we deduce the desired inequality (2.10). O

The following lemma also holds.

LEMMA 2. Let f : [a,b] — R be locally Holder continuous on [a, b]
and g : [a,b] — R so that ¢’ is absolutely continuous on [a,b]. Then we
have the identity:

(2.16) T (fg)(a,b;1)
1 b—t
= fOT (@) (b)) +9OT(f)(abit) ~ —f(H)g(t)In (m>

v Uf(T)dT(ba)f(t)] g ()
- %PV]M </tT(u—T)g"(u)du) dr

for any t € (a,b).

PRrROOF. We use the following identity:

8 B8
[ ewdi=p@@-a)- [ -0 wa

«

which holds for any absolutely continuous function ¢ : (@, 8] — R.
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Then we have

b _
v (1)

b
PV [1£) =1 0]

3=

_ %PV b M([(U_T)g”(u)du>dr.

T—1
a

Using (2.1), we deduce (2.16). O
The following theorem holds.
THEOREM 9. Assume that f : [a,b] — R is of H-r-Holder type and

g : [a,b] — R is such that ¢’ is absolutely continuous on [a,b]. Then we
have the inequality:

(2.17) \T (9) (@) — £ () T (9) (@, b5 8) — g () T (F) (ay 55 )

b
Ff@am ({70 - [/f(f)dT%ba)f(t)} 40
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2y [0 =07+ (= @) 1 e

if " € Loo[a,b];

IA
3 |

b_tr+l+1 b r+i41] o
§ oA [0 = e

if ¢"€Lyla,b], p>1, %+%

R [ AR o inad | Pl T

:1;

PRrROOF. Using the identity (2.16), we deduce that the left side in
(2.17) is upper bounded by

I =—Pv/|f (0]

T —1
H T
< ?PV/|T~t|T"1 / (u—1)g" (u)du
| t
We observe that

[ =0 @

if " € Lo [a, 8],

’ / (u—7) g" (u) du

+1
19"] E‘i"i
I (g

if ¢ € Ly [a,b] and, finally,

dr

/ (-1 g" (u) du

dr =: J.

7 —1t)?
<[ "5

< “g”“[t,r],p

1

. 1

/ It —r|?9dr )
t

o=

/t (w—7)g" (wdu| < |t —7||lg"[|;1 11, -
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Consequently, we have

b 2
PV [t G g e dr
H J blr—¢ L. |t—'r|1+%
7 < Z3d py / : 19" ey, 47
m a (g+1)9 i
b -1
PV [ lr =t -t = 7lllg g 0 a7
L . [t,7]
( ” ”” (b _ t)'r'-f-Z + (t o a)?‘+2
I r+2
. H » 1 ” “ = t)r+§+1 (- a)r+%+1
A R Tt
Y (b - t)r+l + (t o a)r+1
\ ”g ”[a,b],l : r41 ’
which proves the inequality (2.17). O

The following lemma also holds.

LEMMA 3. Assume that f and g are as in Lemma 2. Then we have
the identity:

(2.18) T (f9g)(a,b;t)
- f(t)T(g)(a,b;t)+g(t)T(f)(a,b;t)—%f(t)g(t)ln((_’:>

t—a
_}___[/f T)dr —[g (b)g(a)]f(t)]

- %PV[f—(T—}_:—tf@)— </tT(u—t)g"(u)du)dT

for any t € (a,b).
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PRrOOF. In this case, we use the following identity:

B 8
/‘wwwu=¢WMﬁ—a%:/(u—ww%wdu

which holds for any absolutely continuous function ¢ : [a, 8] — R.

Then, as above, we have

T)dr — f

fior

fn-r@®
—PV/_TT

_ [/f ari
_PK/N?:TU

proving the identity (2.18).

/t " g () du] dr

/tT (u—71)g" (u) du} dr
b

t)PV/ (r)dr

a

( /t "u—t)g" () du> df}

g (b) —g(a)] f ()

(/t (w—1)g" (u) du) dT] ,

Tt

1
T—1

o/ (1) -

The following result also holds.
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THEOREM 10. With the assumptions in Theorem 9, we have:

@19) |7 (fa) (a.bst) ~ (T (6) @ bit) — ()T (1) (0,050
#2709 (7=1)

b
_% /f(q-)g’ (r)dr —[9(b) — g (@)] £ (1)

(i (0= (= ] 19" 0

if ¢" € Lo [a,b];

IN
3

r+i+1 141
< (rq+q+1q)(q+1)% [(b N t) ! + (t - a) ¢ :I “g”“[a,b],p

if ¢"€Lpla,bl, p>1, s4+2=1;

L w2 [e- 0 = @) g

ProoF. The proof follows in a similar manner to the one in Theorem
9 by the use of Lemma 3. We omit the details. O
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