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CHARACTERISTIC FUZZY GROUPS

DAE Sic KM

ABSTRACT. In this paper, we define the notion of a characteristic
fuzzy subgroup which is the analogue of a characteristic group in
the ordinary group theory and derive various new ones from a given
characteristic fuzzy subgroup.

1. Introduction

The concept of fuzzy sets was introduced by Zadeh, and the notion
of fuzzy subgroups was introduced by Rosenfeld [7], who showed how
some basic notions of group theory could be extended in an elementary
manner to fuzzy groups. Since then the theory of fuzzy subgroups has
been developed further by many mathematicians such as P. S. Das [1], K.
C. Gupta and B. K. Sarma [2, 3], N. P. Mukherjee and P. Bhattacharya
[5], S. Ray and Liu and so on. K. C. Gupta and B. K. Sarma have
done the research on the fuzzy subgroup of a group which are invariant
under various operator domains [2]. Recently, Sidky and Mishref have
continued to investigate characteristic fuzzy subgroups and proved some
of their properties. In this paper we obtain new characteristic fuzzy
subgroups from a given characteristic fuzzy subgroup.

Throughout this paper, G denotes a group with the identity e and N
stands for the set of all positive integers. As usual, a fuzzy set X of a
set X is a map from X to [0, 1]. For two fuzzy sets A and pof X, A C u
means that A\(z) < p(z) for all z € X.

2. Preliminaries

We recall first the following basic definitions and results to be used

Received August 8, 2001.

2000 Mathematics Subject Classification: 20N25.

Key words and phrases: fuzzy subgroup, level subgroup, fuzzy subgroup generated
by a fuzzy set, commutator fuzzy subgroup, characteristic fuzzy subgroup.



22 Dae Sig Kim

in the sequel.

DEFINITION 1. Let A : X — [0,1] be a fuzzy subset of X and let
t € [0,1]. The set
At = {z € X|\(z) >t}

is called a level subset of A.

Let f be a map of X into Y, and A and p be fuzzy subsets of X and
Y, respectively. The image f(\) of A is the fuzzy subset of Y defined by
foryeY,

sup A(z), if f7'(y)#¢
S = <)

0, otherwise.

The inverse image f~!(u) of u under f is the fuzzy subset of X defined
by for z € X,

FH () = p(f(2)).

DEFINITION 2. Let G be a group. A fuzzy subset A : G — [0,1] is
called a fuzzy subgroup of G if

(1) AMzy) > min{A(z), M(y)} for every z,y € G.

(2) Az) > A(z™?) for every z € G.

It is easy to see that if X is a fuzzy subgroup of G, then for every
z € G, Mz) = Az ™) and Ae) > A(z). It is well known that a fuzzy
subset A of G is a fuzzy subgroup of G if and only if each level subset
Ae(t € [0,1]) is a subgroup of G. See [1]

DEFINITION 3. For an arbitrary fuzzy subset A of G, we denote the
least fuzzy subgroup of G containing A by [A], which is given by

A(z) = sup min{o(t1),0(t2),...,0(tn)},z € G,

r=tity...ln

where o(y) = max{\(y),\(y"1)},y € G. This fuzzy subgroup [}] is
called fuzzy subgroup generated by .
See [3] or [6].
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DEFINITION 4. For an arbitrary fuzzy subsets A and pu of G, the
sup-min product is the fuzzy subset of G defined by

Ao p(x) = sup min{A(a), u(b)}, z€G.

r=ab

For a group G, an operator domain on G is a nonempty class ® of
endomorphisms of G. In the ordinary group theory we call a subset A of
G admissible under D, or simply ®-admissible if f(A) C A for every f €
®. A subgroup H of G is said to be a characteristic (normal) subgroup
of G if it is admissible under Aut(G)(Inn(G)), that is, f(H) C H for
every automorphism (inner automorphism) f of G, respectively. As a
counterpart of a characteristic subgroup of a group G, we can define the
characteristic fuzzy subgroup of a fuzzy subgroup A in the fuzzy setting
as follows;

DEFINITION 5. Let © be an operator domain of a group G. A fuzzy
subset A of a group G is admissible under © (or simply D-admissible)
if, for every f € D, one of the following two equivalent conditions is
satisfied:

(1) fF)EA

(2) AC fHN).

In particular, a fuzzy subgroup A of a group G is characteristic (nor-
mal) if it is admissible under Aut(G)(Inn(G)) respectively (See [2]).

PRrROPOSITION 6. Let ® be an operator domain on G. Then a fuzzy
subset A of G is D—admissible if and only if each level subset \; is D-
admissible for all t € (0, 1].

PROOF. Assume that a fuzzy subset A of G is D-admissible and let
z € X, t€(0,1], feD. Then A(z) > t, so we have A\(f(z)) > A(z) >
t, which implies that f(\:) C A for all ¢ € (0, 1).

Conversely, let level subset A; be D-admissible for all ¢ € (0,1]. As-
sume that A(f(z)) < A(z) for some f € D and z € G. Choose s € (0,1)
such that A(f(z)) < s < A(z). Then we have z € X, but f(z) ¢ A,.
This contradicts to the fact f(A;) € A; for all t € (0,1]. g

In a group G, the commutator of two elements a and b of G is the
element [a,b] = a='b7lab of G. If A,B C G, then the commutator
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subgroup of A and B is the subgroup [A, B] of G generated by the set
{la,blla € A,b € B}. K. C. Gupta and B. K. Sarma had defined the
commutator fuzzy subgroup as follows: See [3].

DEFINITION 7. Let A, u be fuzzy subsets of G. The commutator of A
and p is the fuzzy subgroup [\, u] of G generated by (), ), where

sup min{A(a),u(b)}, if x is a commutator in G

(@) = § ==le8
0, otherwise

for x € G.

DEFINITION 8. Let A be a fuzzy subgroup of G and let z be a fixed
element of G. The fuzzy subgroup A} of G, defined by \(g) = Mz~ 'gz)
for all g € G, is called a fuzzy conjugate subgroup of G determined by
A and z. The core of A, denoted by Corec), is the intersection of all
fuzzy conjugate subgroups of G determined by A, that is, Corec\ =

N Ax.
zeG T

3. Results

LEMMA 9. If X is D-admissible subset of a group G, then the fuzzy
subgroup [\] generated by X is D-admissible.

PROOF. See Theorem 3.8 of [2]. 0O

THEOREM 10. Let X be a fuzzy subgroup of G. We define recursively
A) = A, and Ay = [A(n—1),A] for n € N. Then for alln € N,

(2) If X\ is a characteristic fuzzy subgroup of G, so is A(ny for all
nenN.

ProOOF. (1) Let z € G. If z is not a commutator in G, we have

(AN (x) =0 < A(x).
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If z is a commutator in G,

A A)(z) = e min{A(a), A(b)}

= sup min{A(a"),A(6b™1), A(a), A(b)}

z=[a,b]

< sup Aa " 'b7tab) = A(z).
r=|a,b]

This means that (A, A) C A. Since [A, )] is the smallest fuzzy subgroup
containing (A, A), we have

)‘(1) = [/\’ AJCA= )\(0)7

and the theorem is proved for n = 1. Now we suppose that Ay C
An—1y for n =1,2,3,...,k. Since Ay C Ax—1), it follows easily that
(Ak)» A) € (A(k—1), A). Therefore we have

A1) = Ay Al € Ae—1ys Al = Ay

Hence by induction the result holds for all n > 1.

(2) Since X is a characteristic fuzzy subgroup of G, we get A(z) <
1) (z) = M(f(x)) for all f € Aut(G) and z € G. If z is not a com-
mutator in G, it is trivial that (A\,A\)(z) € f~H (M A))(z). If z is a
commutator in G, we have, for all f € Aut(G) and z € G,

(A AN)(z) = sup min{A(a), A\(b)}

z=[a,b]

< sup min{A(f(a)), A(f(b))}

z=[a,b]

= sup min{A(f(a)), A(f(8))}
Fz)=[f(a).f(b)]

< sup min{A(c),A(d)}
f(z)=[e,d]

= (AN (@) = £ N)(@).

Hence (A\,A) € f~H((\N)) for all f € Aut(G), that is, (A, A) is Aut(G)-
admissible. Therefore it follows from Lemma 9 that Ay = [A\ 2] is
a characteristic fuzzy subgroup of G. Now we suppose that ), is a
characteristic fuzzy subgroup of G forn =1,2,...,k. Similarly if x is a
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commutator in G, for every f € Aut(G) and z € G,

Ay, A)(x) = sup min{Ay,(a), A(b)}

z=[a,b]

< sup min{Ag,)(f(a)), A(f(b))}

z=[a,b]

= sup  min{Ak(f(a)), A(f(b))}
f(@)=[f(a),f(b)]

< sup min{A(c), A(d)}
f(‘r):[cvd]

= Aw V(@) = FTH{Aw), V) ().

Hence (A(x),A) € f~1((Aw), A)) for all f € Aut(G), that is, (Akys A) 18
Aut(G)-admissible. Therefore it follows from Lemma 9 that A1) =
[Ak), A] is a characteristic fuzzy subgroup of G. Hence by induction the
proof is completed. O

DEFINITION 11. A fuzzy subgroup A of G is said to be of an isolated
tip if A\=1(A\(e)) = {e}. In this case, A(z) = M(e) = z = e.

DEFINITION 12. Let u be a fuzzy subgroup of a group G. For any

z € G, amap iy : G — [0,1] defined by fi.(g) = u(gz=") forall g € G
is called the fuzzy coset of G determined by = and u.

Let p be a fuzzy normal subgroup of a group G and F the set of all
the fuzzy cosets of pu. Then F is a group under the composition

ﬂx ﬂy = ﬂry

for every z,y € G. Define a map i : F — [0, 1] by

for every x € G. Then it is easily proved that fi is a fuzzy subgroup of
F (See Theorem 4.5 of [5].)

THEOREM 13. With the same notations as above, let p be a fuzzy
normal subgroup of G of an isolated tip. Then p is a characteristic fuzzy
subgroup of G if and only if [i is a characteristic fuzzy subgroup of F.
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PROOF. For f € Aut(G), we define a map ¢5 : F — F by ¢s(fiz) =
f¢(z)- Then we have

G5 (Bafiy) = Gf(fizy) = Bfwy) = P(x)f(y)
= fip (@) fif ) = B () Bs(fiy)-

It follows from the fact u is of an isolated tip that

Ker(¢s) = {ftc € Flos(fta) = lp(z) = fle}
= {/le} :
These facts yield ¢; is an automorphism of a group F. On the other
hand, let g € Aut(F). Then, for every z € G, there exists uniquely g, €

G such that g(fi;) = fis,. Hence we can define, for every g € Aut(F), a
map ¢, : G — G by ¢4(z) = g,. Since

Yy
= g(laz)g(ﬂy) = /:lg:z:ﬂgy = 'El'gacgy’

9zy = 9z9y follows from the fact p is of an isolated tip. Hence we have

wg(wy) = Gzy = G2Gy = "vbg(m)wg(y)v
and

Ke"'(¢g) = {:L‘ € Glg(fz) = fig, = fre}
= {z € G|ftz = fi.} since g is a monomorphism.

= {e} since u is of an isolated tip

and v, is clearly surjective. Hence we can deduce an automorphism ¢,
of a group G from an automorphism g of a group F. Now we suppose
that p is a characteristic fuzzy subgroup of G. Then we have, for every
g € Aut(F) and fi, € F,

Aliz) = plz
= u(gs), where g(ii,) = fig,
Alg,) = Alg(ie)),

) < u(vy(x)) since p is characteristic
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which implies that [ is a characteristic fuzzy subgroup of a group F.
Conversely, we suppose that i is a characteristic fuzzy subgroup of F.
Then we have, for every f € Aut(G) and z € G,

(fiz)
(¢£(fiz)) since [ is characteristic
= [fi(z)) = u(f())

I
=

()

IN
=

which proves that pu is a characteristic fuzzy subgroup of a group G. O

THEOREM 14. Let A be a fuzzy characteristic subgroup of a group
G, then so is the core Coregh of A

PROOF. Let g € G and t € [0, 1].
N X ) &inf {\(z™! = N >t
g e <z€G x>t in { (7 gx)|z € G} <x€G x) (g) >

e Mz lgz)>tforallz € G
erxlgrelforallz € G

agezhz tforallzeG

Mzt
&S gce IQGIL‘ T

Therefore we have { N A;) = Nz \z~ ! forevery t € [0,1]. Since Ais
el z€dG

fuzzy characteristic, A; is a characteristic subgroup of G by Proposition
6, and so a normal subgroup of G. Hence we get

flzxz™) = f(A) C A = Az ™!
for every f € Aut(G), which implies that z\;z " is a characteristic sub-
group of G for every z € G. Since the intersection of a family of charac-
teristic subgroups of a group is characteristic, ( N )\;) = N ahz !
z€G zeG
is a characteristic subgroup of a group G for all ¢ € [0,1]. Therefore,
again by Proposition 6, ﬂG)\; = Coreg] is a characteristic fuzzy
A4S

subgroup. 0J
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