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THE BESOV SPACES OF
M-HARMONIC FUNCTIONS

JINKEE LEE

ABSTRACT. We extend the characterization for the analytic
Besov space obtamed by Nowak to the mnvaniant harmonic
Besov space

1. Introduction

Let H(B) and h(B) denote the spaces of holomorphic functions
and of invariant harmonic functions on the unit ball B of C™, re-
spectively. For 0 < p < co, the Bergman space LE(B), the Hardy

space HP(B) and the Besov space Bp(B) in the unit ball of C" are
defined respectively as

LE(B) = {f € H(B) : |IfII%, = /B F(2)IP du(z) < oo},

HP(B) = {f ¢ H(B): ||flE = sup / £ Q)P do(¢) < oo}
0<r<l s

and

B,(B) = {f € H(B): |IfIl}, = /B (QF)P(2) dA(z) < o)
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where v is the normalized Lebesgue measure on B, S is the boundary
of B, ¢ is the normalized Lebesgue measure on S, A is the invariant
measure on B and Qf is the maximal derivative of f with respect to
the Bergman metric on B. We use the notations L%, (B), #(B) and
M By (B) in cases of invariant harmonic functions.

K. Stroethoff gave the following characterization for the Besov
space on the unit disc D.

THEOREM A [6]. If 2 < p < oo, then for an analytic function f
on D,

fe B,,@/D/D]ﬂ?i:%(“’)ru-pﬁ)%(1—;w|2)%dx(w)dx(z) < 0.

Recently M. Nowak ([3]) extended the theorem to n > 2 case. In
this paper we shall give an M-harmonic version of the above char-
acterization in the unit ball. The main result of the paper is as
follows:

THEOREM B. Assume that f € C'(B) and 2n < p < o0. Then
f € MB, if and only if

/ / f(Z) fz) — flw) P
B(z,r)' ]

2B 2\ E
—<rw> (1—-§2]*)2(1 — jw]®)2dA(w)dA(z) < oo.
2. Notations and Preliminaries

We introduce a few facts that we need in the sequel, most of
which are well known. See [1] and [5] for details. For each a € B,
the Mébius transformation ¢, : B — B is defined by

P,z —8,Q04,2

z€RB
1-<z,a> ’

(2.1) al?) = =

where s, = /1 — |a|?, P, is the orthogonal projection from C™ onto
the subspace generated by ¢ and @, = I — P, i.e., P,z = %iza.
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For a € B and z € B,

(22) L fou(ayt = A= laP 1)

1- < z,a > |?

The determinant Jry,(2) of the real Jacobian matrix of ¢, satisfies
the following :

(2.3)

1—lagl? n+1 1 - |g(2)|2\nt1
Jrpa{z) = 1JC§0a(z)lz = - < zl’al - |2) - (_]_|_(p_|z(«—1z2)_[“) ’

The following transformation formula holds under ¢, € Aut(B)
(2.4) dv(pa(2)) = |Jopa(2)*dr(2).

For 0 < r < 1, ¢, is a biholomorphic map from the ball rB = B(0, r)
onto the ellipsoid E(a,r) := {2 € B : |p,(z)| < r}. The invariant
measure is given by

1

P = Ty

dv(z).

The invariant Laplacian A on B is given by

Af(z) = = lA(fo ©:)(0)
T h+ 1(1 |2[) jZl(J i zlz))?’ fa(i), f € C¥(B),

where A = 423 1 az Bz, is the usual Laplacian. An invariant har-

monic or simply M- harmomc function is a function in C%(B) which
is annihilated by A in B. For a C*-function f the invariant gradient
V is the vector field on B defined by

Vi(z) = V(f ° ¢;)(0)

of 8 8f &8
(2.5) = (1—121)2 ny T 4dy (aiazJ“LcTizijc’ia)

z2,7=1
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where V is the real gradient in R?". Then

3 9 of 8f a8f 8fy\
9IEF = - 1) Yl - sl (L + 20T,

4,7=1

The Laplacian A and the gradient V are both invariaut under the
automorphisms of B. The Bergman metric 8 : B x C" — R is
defined by the differential form :.

ﬁz(za {) = Z sz(z)‘stgj!

1,)=1
(L= ]z)KP+ <2, >
. - 1 ’ B
(26) CEFRE ee
where 921 K(z.2)
og K(z,z _
bz.?( ) - aztazj 3 ( 3 1) 1n)
and :
K(z,w)= z,w € B

(1— < z,w >)n+1’
denotes the Bergman kernel of B. It follows from (2.6) that

ICI ICI

DEFINITION. Let f € C!'(B) and £ € C™. The maximal derivative
of f with respect to the Bergman metric 8 on B is defined by

St = |F(2) €
A A C R

where

df(2) - € = Z[ -2+ L ()E]
= 0f(2) €+ 8f(2) €
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The following identities are easily verified. For a C'-function f in
B and ¢ € Aut(B),

Q(f o) = (QF) o,

(28) VAR < Qr = 2951 < AR

3. Proof of Theorem B

Proof. [Proof of the necessity of Theorem B]. The mean value
property of f € h({(B) implies that

1) = [ Fw)Kp (%, Dyivu), z € 1B

for the reproducing kernel K, 5(z,w) = 2= Kp(%,%) of rB. Using

r?'r

similar arguments as in the proof of (1.6a) {1}, we have that

VIO < Cllfllotr.p)
where C is a positive constant independent of f. Replacing f by
fowa— fla) yields

V(7o wd @< o[ 1o paw) - s@Pavw) .
By (2.5) and (2.8),
@@ =c( [ 17opaw) - r@pan(u))””
(a change of variable)
1/p
= C w) — fla)|Pdv{p,(w
([, 1) = s@pasiosun)
(by (2.3) and (2.4))
‘ p_ (1—faf?)n*!
C(/E(a’r) [f(w) = f(a)] - <w,a > |22
C([E |f(w) — f(a)iP dv(w))”p_

{a,m) ll— <w,a > |ﬂ+1

dv(w)) r

IA
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Then we have

|f(w) — f{a)|?

E{a,r} Il_ <w,a > |n+1

(Qf)p(a) <C dv{w).

Integrating both sides of the inequality and using the fact that for
w e Ea,r)

(1- [wp)i
|1- < w,a > [#+1-p

~ (1 - w1 —|a?)E,

[ @nr@na

Blar) [1— < w,a > [*+!

/[,
S,

f(’w) fla)» (1 — |[w[?)n+!
- < w,a> |1—- <w,a> in+1-—pd/\(w)d)\(a)

(w) f(a) ] (1— ‘wl2)§(1 — |a|2)§d/\(W)d/\(a)-

1-<w,a>

The following lemmas will be needed to prove the converse part
of Theorem B.

LEMMA 3.1. For f e CY{(B),1<p< o0

|f(z) - f(0)|P (1 . Izl)g—nuldy(z)
B Alzl”
(Qf)p(z)(l — |z|)§—‘"—1dy(z)A

~ /B |z{ntp—2
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Proof. For z € B and a Cl-function f, we have by the proof of
Lemma 1.1 in [1]

1) - o1 =| [ Lkl

= l L dggz,)z)z Btz z)dt'

< /Ol(Qf)(tz) - B(tz, z)dt

L
1 — jtz|

Let ¢ be the conjugate exponent of p. By Holder inequality, for
1/p+1/q =1, we have

1 ~
(by (2.7)) < /0 (GN)(¢2)

1) =10
= f @t =t

{/ @) (=) )’ {/ ) ) )"

Thus

1
/ (z)mp f(Qf p(t"‘)( Tz 1) dt"{/o (5

By an elementary calculation in the second integral,

{/Ol(fm)%dt}% (| |) (1= 1) ™

Z

i 1%
——1 tz|> dt} |

Then

2

HEO <o)’ P [ @ ()
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In integrating both sides on the unit ball,

/ 1f(z) - f O)I”

|z}

. £
<o, / 12/ (lﬂlzl)*‘%“(Qf 76 (=)

(1 —2)) 37" Ldtdu(2)
f / QfP@E@a—1gEmt L
B FT-13)T S (- faE
- /H(Qf)P<z) avie) [ DT |-;(§1) niE

— ¥ tdu(z)

P12t i2l

Since

[y
—~
ok
~—

[
3
~~
o
!
v
s
b
|
3
|
e
|
1
X
o

we have

/B U-(z) - f({])ip (1 . 'zl)g.-n—ldy(z)

|2[P

@PPE (1
S/Bu!%(l—!zn%(H) ()

QNP (1-fl)* 7
= /B !z(|£+n~l) dv(z)

:/ (Qf)p(z)(l — |z|)§—n-1

272

dv(z).
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0

Let 2n < p < oo and —1 < a < oo and let v be a positive number
such that

1 -1
max(l—~—,1+-c~y—~—~)<'y<1+g.
P P p

LEMMA 3.2 [3]. For the Bergman kernel K(z,w), there exists a
constant C' > 0 such that for each z € B

(K e w)2(1~ fow ()
J,

oo W) = CK(z, 2).

LEMMA 3.3. Let 2n < p < oo. Then there exists a positive
constant C such that for every f € C'(B)

/ / (£ © 2) 1(;01),;_ f2)P (1_,w|)§‘“‘1dy(w)d)\(z)

<c /B (OF)P (w)dA(w).

Proof. Let f € C*(B). Lemma 3.1 with f replaced by f o ¢,
implies

| fows) {::])P f)P (1 = {wl)%_n—ldv(w)
Lo cor@(i-wl)

J B jwntP—2

By Lemma 3.2, we can proceed analogously to the proof of Lemma
3.6 in {2]. 0
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Proof. {Completion of the proof of Theorem B]. Let f € MB,,.

Then

JoJues

f(z) = flw) | (1— 121251 — jw) i dr(w)dA(2)

— < z, W >

/ / | f(2) - 10) |p(1“’|z|2)§(1—lez)gd/\(w)d)\(z)

W— Pywz — 84,Quw2
(by (2.1}))

/ /B |f(z) — f(w)[? (1— 2% - [w|2)§d,\(w)d)s(z)

low(2)[P - {1- < z,w > |P

(by (2.2))
/ / £ ]tpw(i)ﬁ:’)lp(l — Jpw(2)|?) 2 dA(w)dA(2)
- / = %);(zlp O 1 — ) B ar(wyaa(w)
/ I(fo ‘Pw)|(:|p PP | g da )
=C jB (QF)P (w)dA(w).
0
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