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THE BESOV SPACES OF 
M-HARMONIC FUNCTIONS

Jinkee Lee

Abstract. We extend 나圮 산laracterization for 나le analytic 
Besov space obtained by Nowak to the invariant harmonic 
Besov space

1. Introduction

Let H(B) and h(B) denote the spaces of holomorphic functions 
and of invariant harmonic functions on the unit ball B of Cn, 호e- 
spectively. For Q < p < oo, the Bergman space the Hardy
space HP{B) and 나上e Besov space BP(B) in the unit ball of Cn are 
defined respectively as

L은(B) = {fE H(B) : |/(z)|Pd“(z) < oo},

段(3) = {feH(3)：|L%= sup [ |/«)|PMC)<M 
0<r<l JS

and

= {fe H(B) : ILfll員=/ 她z) < oo}
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where v is the normalized Lebesgue measure on B, 5 is the boundary 
of B, a is the normalized Lebesgue measure on S, A is the invariant 
measure on B and Qf is the maximal derivative of f with respect to 
the Bergman metric on B. We use the notations 乙％(B), hP(B) and 
MBp(B) in cases of invariant harmonic functions.

K. Stroethoff gave the following characterization for the Besov 
space on the unit disc D.

Theorem A [6]. If 2 < p < oo, then for an analytic function f 
on D,

Jd J d
f으)——以으씌''(1 시히 2)W(1 시씨 2) 号 入 (z) V OO.

2 I

Recently M. Nowak ([3]) extended the theorem to n > 2 case. In 
this paper we shall give an M-harmonic version of the above char­
acterization in the unit ball. The main result of the paper is as 
follows:

Theorem B. Assume that f e C，1(B) and 2n < p < oo. Then 
f € MBp if and only if

fB Z시은空쁴S - 渦% - W岡冲）皿） < OO.

2. Notations and Preliminaries

We introduce a few facts that we need in the sequel, most of 
which are well known. See [1] and [5] for details. For each a E 
the Mobius transformation 為：B —> B is defined by

(2.1) M)=亨尸件,% G B,

where sa = y 1 — |a|2, Pa is the orthogonal projection from Cn onto 
the subspace generated by a and Qa — I — pa i.e., Paz = 우声츠
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For a e B and z C 瓦

(2.2) 1 Is M|2 (1 一 I이2)(1 - |끼2)

The determinant Jr%(z) of the real Jacobian matrix of(pa satisfies 
the following :

(2.3)

JrWcl (之)=|丿(?9(1(2)|2 =
l-|a|2 \n+! = (1 _ |%(z)|2)E

|1- < z,a> I2/ E 1 — I히2 )

The following transformation formula holds underE Aut(B)

(2.4) 也/((缶(z)) = I 而％(z)|2(五/(z).

For 0 < r < 1,(pa is a biholomorphic map from the ball rB 二二 B(0, r) 
onto the ellipsoid jE(a,r) := {z € B : |(pa(z)| < r}. The invariant 
measure is given by

办⑵=(「_ E酉帀加(Z).

The invariant Laplacian A on B is given by

~ 1
△f (z)=云育△(/ ° 9z)(0) t L "j J.

= 云上(1 - I키2) £ (頌3 - 羽)으씞' f 6 S(B\

K7 = l 」

where △ = 4 £凑=］建技 is the usual Laplacian. An invariant har­
monic or simply M-harmonic function is a function in C2(B) which 
is annihilated by A in B. For a C1-function f the invariant gradient 
V is the vector field on B defined by

W） = v（/o^）（o）

으 十 으으 
dz3 dz3 dzt嵐-(2-5)
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直+ 2쓰、 
dzj dz3 dzz 丿"

where V is the real g호adient in J?2n. Then

〜 o 七
8/(2시2 = ；m(l - I히2) £ 0F -

為=1

The Laplacian A and the g호adient V are both invariant under the 
automorphisms of B. The Bergman metric 0 : B x Cn —> 丑 is 
defined by the differential form :.

n
^(*)= £\如(2)&&,

Z,J = 1

(i-kl2)KI2 + l<^OI2 ,…(2-6)
(1 -聞2)2

where

and
K(")=(i二 C>)如，"心

denotes the Bergman kernel of B. It follows from (2.6) that

拓馮財(北、%,心B.

Definition. Let f e CX(B) andg £ C*n. The maximal derivative 
of f with respect to the Bergman metric 月 on B is defined by

g = sup 譬匕히 , z 6 B

(2.7)

where

咨(砂 V = 史伝⑵& + 斜히
1=1

=df(z) - C + df(z) • 6
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The following identities are easily verified. For a C^^-function f in 
B and € Aut(B),

。(了。火)=(Of)。代

(2.8) 司 = 이寸打 J
厶

3. Proof of Theorem B

Proof. [Proof of the necessity of Theorem B]. The mean value 
property of / G A(B) implies that

= W [ —}dv{w\ zErB
厂 JrB r r

for the reproducing kernel Ktb{z^ w) = *Kr(角 끄) of tB. Using 
similar arguments as in the proof of (1.6a) [1], we have that

I▽行o)|< 이 I引 1乙叩旳) 

where C is a positive constant independent of f. Replacing f by 
"海一 yields

|V(/ O %)(0)| < C(L 1(/ ° 9a)(s) - /(a)pz/(w)) /P.

By (2.5) and (2.8),

(0*) = C

(a change of variable)

(/ 1(/° %)㈣ - /("卩姒初))

= c([ I六如 T0)|出S(迪))广하

(by (2.3) and (2.4))
z r fi — |。|2)几+1 \ i/p

顼丄房g - /⑴乍느)) 

<c([ I IW)="河〃")/
一 V£(tt>r)|1- <w,a> K1 ))
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Then we have

彻阳） w/mE뽀느瀏鳥" •

Integrating both sides of the inequality and using the fact that for 
w G E(a, r)

（IT 피2尸+' *（1_"2）红1_|이2）名
|1— < w,a > 卩中一p

/ (Q/)p(a)rfA(a)
Jb

<C f [ _丄匝二J(지P
—Jb JE{a.r) |1— < w.a

=c f [ I
JB JE(a1ry 1— < W,fl >

4/
JB JE{a,r)

〉|n+1^(w)dA(a) 

f(u「) - /(a) p (1 — |w|2)n4-1

T(w) — 了(分 
1— < w,a >

Ii- <3 기心 M 시心시。) 

P(1 — |w|2) 2 (1 — |a|2) 2 JA(w)dA(a).

□

The following lemmas will be needed to prove 나le converse part 
of Theorem B.

Lemma 3.1. For f e 1 < p < oo

/ 也그㈣（】T끼）…一亳心）
J B I 시
”地씯늪掣二

丄히 n+p_2
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Proof. For z E B and a Cx-function /, we have by the proof of 
Lemma 1.1 in [1]

*1(이=仏'普히써

=1广零结
I Jo 地z,z) K J

< [(Qf)(获)• 0(0，z)出 
0

(by (2.7)) < (Q/)(获)1 目£严・

Let q be the conjugate exponent of p. By Holder inequality, for 
1/p + l/q= 1, we have

*\了0이 < /'(必0(坳]一^丑

1 P
-- ;一一r X
1 — "I

1

1 —脸I

1 
q

Thus

Lf(z) 一 /(0)|》V
即 一 WY份느

E q

By an elementary calculation in the second integral,

9 *（旨） 이히）효 £ q

Then

Lf(z) —7W 

I 히?

1 £.
顼自）*（1一|히广铲号 1

--- :一一r at.1 — I"
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In integrating both sides on the unit ball, 

/ 班그纹 （I 기）f 니心 

Jb \zv

<C 而二时（"岡（£”

（1 — J히） 号 一“一七法功（2）

= 广 /' 0）*）（1-1쥐）IT 1

JO JBt |f |1（1 - |f 1）^ ? • （1 - |z|）f T

=[妞勾「（如妇旦也匚.号
Jb >p（l - |z|）2 加

Since

1

we have

/ 些늒羿4 *）1" 心 
JB \Z\P
< f （Of）*）
~ Jb I히旨（1 - I히牌

_ r 前⑵（1-L히）

Jb |z|«+n~1

= [ 也曾）£기싀）i成⑵.

J B

J—n 
衫〃 （z）

---------- dv{z）

I 끼 心代-2
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□

Let 2n < p < oo and —1 < a < oo and let 7 be a positive number 
such that

1 , a -1\ 』 Qmaxi 1-----, 1 H-----------J < 7 < 1 H——・
\ p p / p

Lemma 3.2 [3]. For the Bergman kernel K(z^ w), there exists a 
constant C > 0 such that for each z E B

y |K(z,%)|2(l 一 |9s(z)|)
/「八"丄二石~一r《一d〃(幻=CK(z, z). gw(Z)2”+a+p(l-邛)-L 、丿

Lemma 3.3. Let 2n < p < <x>. Then there exists a positive 
constant C such that for every f € CX(B)

[ / M3叫%"g (…이)…爲(心*)

Jb Jb \w\p \ )

<C ((Of)p(s)d 시幻).
Jb

Proof. Let f 6 C1(B). Lemma 3.1 with f replaced by f o(pz 
implies

【B 匝空스)삐「•貝.킨P (1 _ ") 号一"一七知〃)
\w\p

C Q(f°9z)p(w)(l - H)2
< / ------ :一「스一5—— -----------dz/(w).

•A? I刎"+，-2

By Lemma 3.2, we can proceed analogously to the proof of Lemma
3.6 in [2]. □
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Proof. [Completion of the proof of Theorem B]. Let f G MBp. 
Then

[ [ 售스쁴 ”（1—|끼2）号 （1 — |刎2）号办（时力0）

< [ [ • /£.）二K씾一 "（1 -- I끼2尹 （1 _ 同2）钮入伽）办⑵
JB JB w ~ 尸%" — SWQWZ

（by （2.1））

=[[I （皆『繆沖 > 伊（1 — 14乎（1 一 "乎炳心人⑵
JB JB I火也（2시" - |1— < Z^W > \p

（by （2.2））

= [ / Lf흢二器）.卩（1 — "이2洗M”）%）

Jb Jb S〃（기I’

= [ / 卩。加沖（」l이2岡柚）d雄）
J B J B 丨 이

= fjB 1（/。加）£严沖 （1 _ I씨澎…瑚g ㈣

<c [ （Q/）P（w）dA（w）.
JB

□
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