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7, UNDER TIETZE TRANSFORMATIONS
YouNG-GHEEL BAIK AND Hyo-SEOB SiM

ABSTRACT. We study how the second homotopy modules of group
presentations are transformed by Tietze transformations and dis-
cuss some application

1. Introduction

Let P = (x, r) be a group presentation. G 1s (1isomorphic to) F/N,
where F" 18 the free group on x and N is the normal closure of r in F.
The relation module of G 1s the abelianization N/N' of N regarded as
a left ZG-module, with G- action given by WN - UN’ = WUW N’
(We F, Uec N) Let P be the free left ZG- module with basis
{tr | R € r} and consider the epimorphism

¢: P — N/N', tp—rN.
Then there 15 a short exact sequernce
0— wo(P) — P — N/Nr — 0,

where 72(P) 15 the module of Peiffer equivalence classes (o) of 1den-
tity sequences ¢ over P and ma(®P) — P 1s the evaluation map
(o) — ewal(o) Identity sequence over P can be represented geo-
metnically by objects called spherical pictures [4]. There are certamn
operations on spherical pictures called bridge moves, mnsertions and
deletions of floating circles, and nsertions and deletions of cancelling
pairs. Two spherical pictures are said to be equivalent if one can be
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transformed to the other by a finite number of the above operations.
More generally, if E is a set of spherical pictures then two pictures .te
said to be equivalent (rel E) if one can be transformed to the other by
a finite number of the above operations, and deletions and insertions
of E- pictures [4].

Given a presentation P = {x ; r), each Tietze transformation 77,7,
transforms 1t into a presentation @ in accordance with the following
definition.

(T1) If S is a consequence of r then let @ = {x; r, S).

(T2} If y 15 a symbol not 1n x and U 15 a word on x, then let
Q= (x, y; r,y U

To investigate the structure of the second homotopy module of a given
group presentation 1s very important and useful {4]. And also the
Tietze transformations are basis and applicable [2]. In this paper we
study how the second homotopy modules of group presentations are
transformed by Tietze transforms and discuss some application.

2. Main Theorems

LEMMA 2 1. Suppose P, = (s ; r, S} is obtained from P; = (x ; r)

by Ty where S is a consequence of r. Then
m2(Py) = mo(P1) @ ZG,

where (G 1s the group defined by P;.

Proof. Let X be a generating set for my(P1). Since § 18 a conse-
quence of r, S 1s freely equal to a product
e, W,R,“ W, (R.e€r, e,=x1, W, awordon x, i=1, 2,...,n).
Then there 1s a picture D over P; which consists of R,- discs and x-

arcs, and 0Dg = S Now we can construct a spherical picture Pg over
P, of the form dipicted 1n Figure 1,
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Py

FIGURE 1

where 2 1s a S- disc

Suppose a reduced spherical picture P over P; has some S-discs.
We draw a simple closed curve 3 such that 3 encloses only one S-disc.
Next we msert an element Pg of the set of all stereographic projections
of P, and their mirror irnages n inside 3. By bridges moves, the S-
disc mside 3 and the S-discs of Pg made a cancelling pair which can
be removed The subpicture of P which is outside § and Dg of Pg
make another sphencal picture P’ over P, with one fewer S- discs. We
can repeat the above argument with P’ i place of P and so on We
continue the above procedure until we get a picture P without S- discs.
Since we can consider as a spherical picture over P, P is equivalent
(rel X) to the empty picture. So mp(P,) 1s generated by X U {Pg}

Let {X) be the submodule of 75(P;) generated by X. Consider the
following diagram

To(P1) el @rer LGty
l L
Ta(P2) S BrerZGtr ® ZGts

where 117, (o are evaluation maps and ¢ is an embedding. Since the
image of (X)) under u, lies in D e, ZGEg and the 1mnage of {(Pg) under
1> has the form & — t, where £, € @pe.ZGtr, the images of (X)
and (Pg) under are mutually disjoint. So (X} and (Ps) mutually are
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disjomt in 7e(P2) because us 1s injective. Thus
71'2('P2) = (X) &b (IP5> = ?fz(?l) b ZG.
O

In the case T3, we will consider a more general situation.

Let P = (y ; t) be a group presentation defining a group G = F/N.
Let Py = (yo ; to) be a full subpresentation of P (i.e., yq is a subset of
y and tq consists of all relators involving yg). Let G = Fy/Np be the
group defined by Py. We say that Pp 1s an injective subpresentation
of 7 if the natural map Gy — G is injective. Let X, be the set of
all spherical pictures over Py, If P is a spherical picture over Py then
the element of ms(Py) represented by P will be denoted by (P)q. Of
course, P also represents an element of 75(P), which will be denoted

by (P).

THEOREM 2.2. If P, is an mnjective subpresentation of P then the
submodule of mo(P) generated by X, is isomorphic to ZG ®g, ma(Po)
under the map

P) — 1@ (P (P € Xo)

Proof From [4], we get the standard injections

Ho - 71'2(7’) — (@TezoZGfT) P (@Set/toZGtS)
ps mo(Po) — Brew,ZGolr
If we apply ZG Q¢, —, then we get an embedding
1®u) : ZG ®g, ma(Po) — Dret, ZGir

where tp 18 1dentified with 1 ® ir.
Let (Xp) be the submodule of 73(P) generated by Xo. Then

1 ® p3(ZG @6, m2(P)) = pa({Xo))-
Since 1 ® p9 and py are injective, we get
<X0) = 7ZG Rce 7(2(7")

where the isomorphism is the composition of uy and (1® u$)~t.
O
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COROLLARY 2.3. Suppose that P, = (x, y ; r, ¥ 'U,) is obtained
from P = {x; r) by an operation Ty, where y Is a symbol not in x
and U, (y € y} 15 a word on x. Then

Ta(P2) & ma(P1).

Proof. Since every reduced spherical picture over P, has no y='U,-
discs (y € y), (X1) = m2{P2) where X 1s the set all spherical pictures
over Py. By Theorem 2 2, mo(P2) & ZG2 ®g, m2(P1). But ZG: ®g,
T2(P1) = 7o(P1) because G; = Gy, So we get the result.

!

THEOREM 2.4. Let a group G be defined by the following two finite
presentations

P1={a1, ..., Gn, B1, ..., Rp)
Po = (b], veey bk; Sl, ceny Sp)
where Py and Py are disjoint. Then
71'2(7:’1) & (@p+nZG) = 71'2('?2) & (®m+kZG).

Proof. The first part of our proof is taken from [2, Theorem 1.5]. Let
a—= {al, vesy (ln}, r— {Rl,..., an}) b= {bla ieey bk}', s = {S]_, ceay Sp}
Suppose that P, and P, are presentations under the functions a, —
g(v=1,.., nyand b, — h,(3 = 1,.., k) respectively. Since h, € G,
we can express b, in terms of g1, ..., g, So we get

hl = Bl(gz)a L) hk = Bk(g!)
By applying T, k-times, we get the presentation
Pz = <a) b » T bl = Bl(at)m EEEEY bk = Bk(a1)>-

We note that each S, (r =1, .,p) 15 a consequence of relators of Pj.
Thus by applying Ty p-times we get

Py={a, b; r, s b = Bia),.., b= Bila)).

Expressing gy, ..., gn In terms of Ay, ..., hy, we get g1 = As(Ry), ..., Gn
= An(h;). So we get a = Ay(b,y),.., an = An(b,). By applymng Ty
n-times, we get the presentation
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P* =(a, b ; I, 8, bl = B;(ai), ceey bk = Bk(a;),
ay = Al(bj),..., Qy = An(bj)>

Similarly, we can get P* from P, by applying 75 n-times and then
Ty {m + k)-times. Therefore by Proposition 2.1 and Corollary 2.3, we
get our result. O

Now we consider the relation module case. There are already alter-
native proofs, for example (3], but our result gives us the rank of the
free module explicitly

THEOREM 2.5. (1) If P; and P, are the same as in Lemma 2.1, then
M(p,) = M(P.).
(1) If P, and P, are the same as in Corollary 2.3, then
M(P3) = M(P1) ® (©y|ZG2)-

Proof. {1) It is clear because the normal closures of r and r U s 1n
the free group on x are the same.
(ii) Consider the following diagram of short exact sequences

S

00— 7F2('P1) GBRG,ZGlt}Z M('Pl) —{

o |

0 —— mo(P3) o (BrerZGotr) @ (ByeyZGiaty) —= M(Py) —> 0

where ¢ is an embedding given by tg > £r (since G; = G3) and «
is the isomorphism in Corollary 2.3. Then we have

M(Py) = coker ui"
M(P;) = coker
= (Bre,ZGotr/Im  pP) & (DByeyZGaty).
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Since Im ugl} = Im ugm and G; = (3, we have an induced iso-
morphism

@RE,ZGlt}/Im ,U,gl) ka4 @R.@-ZGgﬁR/Im #52)
So,

M(Py) = (BrerZG1ir/Im 1) @ (DyeyZGat,)
= M(P1) ® (®yeyZGaty)
O
COROLLARY 2.6. If Py and P, are the same as in Theorem 2.4, then
M(P) & (BxZG) = M(P2) = (6,ZG)
Proof. By Theorem 2.5 and the proof of Theorem 2 4 |

Remark. Theorem 2.4 s not cancellative.

We consider two presentations of the cyclic group of order 6.
P = (t, 1%
P ={a, b; a®, b*, ab=ba)
Then we can get
P ={t a b;t° a=13 b=t a2 b ab=ba, t =ab™?)

from P and P by two Tz's, three Ts and one Ty, three T}s, respectively.
Thus we get

m(P) ® (ZG) = m(P) @ (ZG)®,
M(P) ® (ZGY = M(P) & ZG.

If the result of Theorem 2.4 was cancellative, then we would have
T2(P) ® ZG = my(P ).

In particular, 75(?) would be generated by two elements, because
7o(P) is generated by only one picture. By Theorem [1] we can get a

generating set of mo(P') which consists of four free elements Therefore
1t is not cancellative.
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