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CONVERGENCE THEOREMS OF
MODIFIED ISHIKAWA ITERATIVE
SEQUENCES WITH MIXED ERRORS FOR
ASYMPTOTICALLY QUASI-NONEXPANSIVE
MAPPINGS IN BANACH SPACES

KwaNG Pak PArk, Ki HonGg KiM AND KYUNG S00 Kim

ABSTRACT In this paper, we will discuss some sufficient and
necessary conditions for modified Ishikawa iterative sequence
with mixed errors to converge to fixed points for asymptoti-
cally quasi-nonexpansive mappings in Banach spaces The re-
sults presented in this paper extend, generalize and improve
the corresponding results in Liu {4,5] and Ghosh-Debnath {2]

1. Introduction

Let E be a Banach space with [|- [, C be a nonempty subset of E,
N be the set of all positive integers and F'(T") be the set of all fixed
points of 7.

DEFINITION 1.1 Let T : € — C be a mapping.

(1) The mapping 7 is said to be asymptotically quasi-nonezpansive
if there exists a sequence {k,} in [0,00) with lim,_, kn = 0 such
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that
IT%z — p|l < (1 + kn)llz — pll,

for all z € C and p € F(T).

Ifk, =0forn=1,2,---, then the mapping T is said to be a
quasi-nonerpansive.

(2) The mapping T is said to be asymptotically nonexpansive if
there exists a sequence {k, } in [0,00) with lim,_,o ks, = 0 such that

[Tz — Tyl < (1 + kn)llz — ol

foralz,ye Candn=1,2,---.
If k, =0 for n = 1,2,---, then the mapping 7 is said to be a
NONErpansive.

REMARK 1.1. From Definition 1.1, it 1s known that, if T is an
asymptotically nonexpansive mapping and F(T') is a nonempty set,
then T is an asymptotically quasi-nonexpansive mapping But the
converse 1s not true in general.

DEFINITION 1.2. Let C be a nonempty subset of E, T : C — C
be a mapping and {an}, {Bn}, {1~} be three sequences in [0, 1].
(1) The sequence {z,} defined by

Zy € C)
(1.1) Tnt1 = (1 — @) Tn + @nT"Yn + Un,
yﬂ = (1 - ﬁn)xn +ﬁnTnxn + Un, V n E N

is called the modified Ishikawa iterative sequence with mwed errors,
where {u, } and {v,} are two bounded sequences in C.

(2) In (1.1), if B8, = 0, v, = 0 for all n = 1,2,---, then the
sequence {z,} defined by

T € C,
Tnt1 = (1 —an)zpn+anT"xn +u,, VneN
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1s called the modified Mann iterative sequence with muzed errors.

The concept of an asymptotically nonexpansive mapping was in-
troduced by Gobel-Kirk [3] in 1972. It is well known that, if E is
a uniformly convex Banach space, C is a nonempty closed bounded
convex subset of F, then an asymptotically nonexpansive mapping
defined on C has a fixed point in C (see, Browder [1}).

The iterative approximation problems for asymptotically nonex-
pansive mappings and asymptotically quasi-nonexpansive mappings
were extensively studied by many authors. In particular, in 2001, Liu
(4] obtained some sufficient and necessary conditions for Ishikawa
iterative sequences to converge to fixed points for asymptotically
quasi-nonexpansive mappings in Banach spaces. The later, Liu [5]
generalized his result [4] to Ishikawa iterative sequence with errors
for asymptotically quasi-nonexpansive mappings.

Motivated and inspired by Liu’s results [4,5], in this paper, we will
obtain some sufficient and necessary conditions for modified Ishikawa
iterative sequences with mixed errors to converge to fixed points for
asymptotically quasi-nonexpansive mappings in Banach spaces. The
results presented in this paper extend, generalize and improve the
corresponding results of Ghosh-Debnath {2], Gobel-Kirk {3] and Liu
[4,5].

2. Main results

In order to provel the our main results, we will first prove the
following lemma 2.1.

LEMMA 2.1. Let E be a real Banach space, C be a nonempty con-
vex subset of E, T : C' — C be an asymptotically quasi-nonexpansive
mapping satisfying Y ., k, < co and F(T) be a nonempty set. Let
{2} be the modified Ishikawa iterative sequence with mixed errors
defined in (1.1). Then

(8) lznsr =2l € M+ Ep)?lzn = pll + 7, VneNVpe F(T),
where my, = con (1 + kp)[lonll + {Juall-



106 K P. PARK, K. H. KIM AND K. S. XIM
(b) There exists a constant M > 0 such that

nt+m—1
|#nim—pll < Mllza—pll+M Y m,, ¥Yn,meN, Vpe F(T).

J=n

Proof. (a) Since T is an asymptotically quasi-nonexpansive map-
pings, for all p € F(T), we have
(2.1)

”xn+1 _p” - “(1 - an)xn +anT"yy + up — p”
< (1~ an)|zn — pll + eallT"yn — pll + [Jual]
< (1= an)lizn = pll + an(l + kn)llyn — plf + {[un]

and

Hyn - p” = ”(l - ﬂn)xn + BT Ty + vn — P“
(2.2) < (1= Bu)llzn — pll + BallT"2n — pl| + [Juall
< {1 = Balizn — pll + Br(l+ kn)llzn — pll + {lvall.

Substituting (2.2) into (2.1), it can be obtained that

NZn+1 — 2l £ (1 — an}liza — pll
+ an (1 +En}{(1 = Ba)llzn — pll + Bn(l + kn)llzn — 2l
+{{onll} + Hunll

= (1~ an)llzn ~ pll + au(l + kn)(1 = Ba)l|zn — pll
+ anfn(l + kn)?llzn = pll + an (1 + kn)llvnll + lluadl

< (1= an)(1+kn)?llzn ~ pll + an(l = Ba) (1 + £a)?l|zn — |
+ anfn(l + ”‘?n)2“$n —pl| + ma

=1+ kn)anxn —pll +mq,

where m, = o, {14 ky,)||vn|l + ||usll. This completes the proof of (a).
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(b)Ifa > 0, then 1+ a < e and (1 + a)? < €22. Therefore, from
(a) we can obtain that

”xn-i-m - p“ < (1 + kn+m—1)2”£n+m—1 - pll + Mnym-1

< e2kn+m-1 ”:Un+m—1 - pll + Mpim—1

S ean+m—1 [(1 + kn+m_2)2“$n+m‘2 e p” + TTbn-i-m-—?]
+ Matm—1

S 62(kn+m—l+kn+m—2)I|$n+m_2 —_— p“
+ BZk"+"‘_lmn+m_2 + Mptm-—1

|
+etnim_t(m 1+ Mppm—2)

S ‘e

n4+m—1

< T R g, —pl| 4+ 2T R Y
j=n

n+m-—1
< Mz, —pl|+ M z my,
I=n
where M = 2252 % This completes the proof of (b). O

We also need the following lemma in the proof of our main results.

LEmMMA 2.2 [5]. Let {a,}, {bn} and {),} be three nonnegative
real sequences such that anyy < (14 An)an+bs, Ve N, 3 0 b, <
00, Do An < 0o. Then

{(a) limp oo an exist.
(b) If iminf,_, o an = 0, then lim, ,o a, = 0.

Now, we are in a position to prove the our main theorems. D(y, S)
denotes the distance of y to set S, that is, D(y,S) = inf{|ly — || :
se€ Sh
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THEOREM 2.1. Let E be a real Banach space, C' be a nonempty
convex subset of £, T : C — C be an asymptotically quasi-non-
expansive mapping satisfying > _>__, kn < 00 and F(T) be a nonempty
set. Let {z,} be the modified Ishikawa iterative sequence with mixed
errors defined in (1.1), where {u,} and {v,} are two summable se-
quences in C, that is, > oo lunl] < 00,3 ooo., lunll < co. Then the
iterative sequence {x,} converges to a fixed point p if and only if

lirginfD(:rm F(T)) =0.

Proof. From Lemma 2.1 (a), we have
(2.3) llents~pll < (1+ka)?llzn —pll+ma, Ype F(T), VREN,

where mp = 0 (14+kp ) |[un || +{un|]. Since 0 < an < 1,300,k < o0,
Yoot lunll < oo and 0% Jluafl < oo, we have 3.0 m, < co.
From (2.3), we have

D{zni1, F(T)) < (1 + kp)2D{(@n, F(T)) + mn.

Since liminf, ;00 D(zn, F(T)} = 0, by Lemma 2.2, we can obtain
that

lim D(z,, F(T)) =0.

L= CC
Now, we have to prove that {z,} is a Cauchy sequence. Let € > 0.
from Lemma 2.1, there exists a constant M > 0 such that

(2.4)
n+m—1

1Znem— 2]l < M|z, ~p||+M Z my, Vpe F(T), Vn,meN.

=n

Since lim, oo D{(x,, F(T)) = 0 and 5 oo, m, < oo, there exists a
constant N; such that for all n > Ny,

[s ]
€ €
wr 2 jZ:N ™5 < G

D{zn, F(T)) <
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So, D(zn,, F(T)) < 157-

We note that there exists p; € F(T') such that {lzn, — p1|l < 3357
From (2.4), we can obtain that for all n > Ny,

[|Tnem — Zoll < |Tnsm ~pill + llzp — pu|

Ni4+m-—-1
SMley, —pll+ M > m;+ Mljzy, — pill
=N
Ni+m—1
+ M Z m;
J=Ny

€ € € €
<M3—'M—+M6M—+MW+MW

= €.

Since ¢ is an arbitrary positive number, this implies that {z,} is a
Cauchy sequence. therefore, lim,, o Zn exists. Let limy o0 Tn = p.
It will be proven that p is a fixed point, that is, p € F(T). Let € > 0.
Since hm,, o, Zn, = p, there exists a natural number N, such that
for all n > Ny,

€
(2.5) lzn — pll < TR

limy, 00 D{zr, F(T)) = 0 implies that there exists a natural number
N3 > Nj such that for all n > Na,

€

D(iﬂn, F(T)) < m

Therefore, there exists a p € F(T') such that

_ €
(2.6) lzn, — 5l < CTCEE TS
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From (2.5) and (2.6), we have

1 Tp—pl S| Tp—p+p—Tan, + TN, — P+ P— T, +2n, — D]
< Tp -l + 2| Tzn, - pli + llzn, — Bl + llzn, — 2l
< (T +k)llp— Bl + 200 + ki )llzn, — Bl + llzn, — Bl
+ [N, — Pl
< (M +kllzng — 2l + (1 + k)llzn, — 2l
+2(+k)llzn, — il + llzn, — Bl + iz, — b
=2+ k)llzn, — ol + (4 + 3k)|lzn, — B

€ €
<@k gm oy e 3R sy

= €.

Since € is an arbitrary positive number, we can obtain that Tp = p,
that is, p is a fixed point of 7. This completes the proof of Theorem
2.1. a

THEOREM 2.2. Let E be a real Banach space, C be a nonempty
convex subset of E, T : C — C be an quasi-nonexpansive mapping
satisfying 377 | kn < co and F(T') be a nonempty set. Let {z,} be
the modified Ishikawa iterative sequence with mixed errors defined in
(1.1), where {u,}and {v,.} are two summable sequences in C. Then
the iterative sequence {x,} converges to a fixed point p if and only
if

ltrgng(mm F(T)) =0.

Proof. From the Definition 1.1(1), a quasi-nonexpansive mapping
1s asymptotically quasi-nonexpansive mapping. Therefore, Theorem
2.2 can be proven from Theorem 2.1 immediately. 0

REMARK 2.1. (1) Theorem 2.1 extends Theorem 1 in Liu 5], in
terms of mixed errors as more general errors.

(2) Theorem 2.2 generalizes and improves the corresponding re-
sults in Liu {4,5] and Ghosh-Debnath {2].
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