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CONVERGENCE THEOREMS OF
MODIFIED ISHIKAWA ITERATIVE

SEQUENCES WITH MIXED ERRORS FOR 
ASYMPTOTICALLY QUASI-NONEXPANSIVE

MAPPINGS IN BANACH SPACES

Kwang Pak Park, Ki Hong Kim and Kyung Soo Kim

Abstract In this paper, we will discuss some sufRcient and 
necessary conditions for modified Ishikawa iterative sequence 
with mixed errors to converge to fixed points for asymptoti­
cally quasi-nonexpansive mappings m Banach spaces The re­
sults presented in this paper extend, generalize and improve 
the corresponding results in Liu [4,5] and Ghosh-Debnath [2]

고. Introduction

Let E be a Banach space with || -C be a nonempty subset of 玖 
N be the set of all positive integers and F(T) be the set of all fixed 
points of T.

Definition 1.1 Let T ： C -4- C be a mapping.
(1) The mapping T is said to be asymptotically quast-nonexpanswe 

if there exists a sequence {A林} in [0, oo) with ky = 0 such
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that
\\Tnx - p|| <(1 + 幻‘)]- 끼I，

for all x G C and p G F(T).
If A:n — 0 for n = 1,2, • * • , then the mapping T is said to be a 

quasi-nonexpansive.
(2) The mapping T is said to be asymptotically nonexpanszve if 

there exists a sequence {kn} in [0, oo) with kn =0 such that

||7% —侦以||<(1 +幻)Ik—训

for all x^y E C and n = 1, 2, ■•-.
If fcn = 0 for n = 1, 2, * • • , then 난le mapping T is said to be a 

nonexpanswe.

Remark 1.1. From Definition 1.1, it is known that, if T is an 
asymptotically nonexpansive mapping and F(T) is a nonempty set, 
then T is an asymptotically quasi-nonexpansive mapping But the 
converse is not true in general.

Definition 1.2. Let C be a nonempty subset of E", T ： C —> C 
be a mapping and (an}, {/3n}^ {yn} be three sequences in [0,1].

(1) The sequence {xn} defined by

(
xi C C)

= (1 —。如)"端 +。나①71 + tZ-n,

如=(1 _ Pn)xn + ^nTnxn + vn. V n G N

is called the modified Ishikawa iterative sequence with mixed errors^ 
where {un} and {爵} are two bounded sequences in C.

(2) In (1.1), if 偽三 0,揭三 0 for all n = 1,2,-— , then the 
sequence {xn} defined by

'm e C,

= (1 一 + °危흐 Xn + Un 5 V 72 C N
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is called the modified Mann iterative sequence with mixed errors.

The concept of an asymptotically nonexpansive mapping was in­
troduced by Gobel-Kirk [3] in 1972. It is well known that, if E is 
a uniformly convex Banach space, C is a nonempty closed bounded- 
convex subset of E> then an asymptotically nonexpansive mapping 
defined on C has a fixed point in C (see, Browder [1]).

The iterative approximation problems for asymptotically nonex­
pansive mappings and asymptotically quasi-nonexpansive mappings 
were extensively studied by many authors. In particular, in 2001, Liu 
[4] obtained some sufficient and necessary conditions for Ishikawa 
iterative sequences to converge to fixed points for asymptotically 
quasi-nonexpansive mappings in Banach spaces. The later, Liu [5] 
generalized his result [4] to Ishikawa iterative sequence with e호rors 
for asymptotically quasi-nonexpansive mappings.

Motivated and inspired by Liu's results [4,5], in this paper, we will 
obtain some sufficient and necessary conditions for modified Ishikawa 
iterative sequences with mixed erro호s to converge to fixed points for 
asymptotically quasi-nonexpansive mappings in Banach spaces. The 
results presented in this paper extend, generalize and improve the 
corresponding results of Ghosh-Debnath [2], Gobel-Kirk [3] and Liu 
[4,5].

2. Main results

In order to prove the our main results, we will first prove the 
following lemma 2.1.

Lemma 2.1. Let E be a real Banach space, C be a nonempty con­
vex subset of E)T : C C be an asymptotically q uasi-nonexpansi ve 
mapping satisfying 辭二丄 < oo and F(T) be a nonempty set. Let 
{xn} be the modified Ishikawa iterative sequence with mixed errors 
defined in (1.1). Then

(a) —圳 V (1 + ^n)2||^n ~p|| + V G N, V J? G 
where mn = an(l + kn)\\vn\\ + \\un\\.



106 K P. PARK, K. H. KIM AND K. S. KIM

(b) There exists a constant M > 0 such that

n+m—l

\\xn+m-p\\ < M\\xn-p\\+M 叫，Vn,m e N, Vp e F(T).

Proof, (a) Since T is an asymptotically quasi-nonexpansive map­
pings, for all p 6 F(丁)〉we have
(2.1)

ll^n+l — 끼I = 11(1— ^n)^n +Vn + Z如 一，||

< (1 - oin)\\xn — p\\ + an\\Tnyn — p\\ + ||%』

< (1 - an)\\xn 一 p\\ + a:n(l + kn)\\yn-p\\ + ||wn||

and

II如-p\\ = 11(1 - ^n)xn + /3nTnxn + vn- p\\
(2.2) < (1 — 禺)]|站 — 끼I + ^n\]TnXn — 圳 + |jwn||

< (1 ~ 禹)||外 — 끼I + /3n(l + kn)^xn — 끼I + ll^nll-

Substituting (2.2) into (2.1), it can be obtained that

lkn+1 — P\\ < (1 - a：n)||^n - P\\
+ «n(l + fcn){(l - 缶)|扇 - p\\ + + 幻1)|篮 一 끼|

+ II?시 1} + llwn||
= (1 - %)|品 - 끼I + «n(l + 幻]) (1 一 M\\xn 一 p\\

+ ^■nPn (1 + 編)||：%1 —p|| + Qn(l + ^n) ||^n|| + ||%J|
< (1 - «n)(l + kn)2\\xn 一 冲 +an(l - 缶)(1 + kn)2\\xn 一 끼I

+ <&&(1 + kn)2\\xn -p|| + mn

=(1 + kn)2\\xn - p\\ + mn, 

where mn = Q«(l +編)||z시| + ||"n||. This completes the proof of (a).
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(b) If a > 0, then 1 + a < ea and (1 + a)2 < e2a. Therefore, from 
(a) we can obtain that

— p\\ < (1 + 綿+m—1) —1 — p|| + ^n+zn—1

< © ^n+m-i 一 p|| + 丁如+巾,—1

V e2/Cn+m-i [(1 + 幻+m-2)21商+m-2 — P|| + ?叫너_皿一2]

+ 1
< e2(k”+m-i+她+m-2)|曲+m_2 _冲

+ e n+m 1 mn^_m_2 + TTln+m—1

< e2&+”-i+綿+宀)脸”〃心-?||

+ e2kn+m^+ mn+m_2)

n+m —1 
京2£；%*,|商-冲 + €2£湾*，£ m3

j=n
n+m — 1

< M\\xn -p\\+M £： m3,
3=n

where M 二二 / £丄小 kj This completes 나le proof of (b). □

We also need the following lemma in the proof of our main results.

Lemma 2.2 [5]. Let (an}, {6n} and {爲} be three nonnegative 
real sequences such that an+1 < (l + An)an+6n, V n e N, £辭二】6n < 
°。，E^An < 8. Then

(a) lim^T8 an exist.
(b) If lim mf_XX)Q/i ~~ 0, ijh.sn huin一《q Qn ~ 0.

Now, we are in a position to prove the ou호 main theorems. S) 
denotes the distance of y to set S, that is, Z)(y, S、) = inf(||y — s\\ : 
s € S}.
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Theorem 2.1. Let E be a real Banach space, C be a nonempty 
convex subset of E, T : C C be an asymptotically quasi-non- 
expansive mapping satisfying £辭二 1 kn < oo and F(T) be a nonempty 
set. Let {xn} be the modified Ishikawa iterative sequence with mixed 
errors defined in (LI), where {un} and {vn} are two summable se­
quences in G that is, £辭口 仇시| < 8, 須勇、\\vn\\ < oo. Then the 
iterative sequence {xn} converges to a fixed point p if and only if

lim inf D(xni F(T)) = 0.
n—>oo

Proof. From Lemma 2.1 (a), we have

(2.3) 他”1一切<(1 +幻)제氣一끼|十77知 VpeF(r), VneN,

where mn = a“(l+綿)||&||+||偽』.Since 0 < o：n < 1, £嚣=】kn < oo, 
2辭M시I <。。and £辭』妇I < 8, we have EXi
From (2.3), we have

尸(幻)< (1 + kn^D(Xn,F(T)) + mn.

Since lim in^-^oo D(xn, F(T)) = 0, by Lemma 2.2, we can obtain 
that

lim D{xn, F(T)) = 0.
n—¥oo

Now, we have to p호ove that {xn} is a Cauchy sequence. Let e > 0. 
from Lemma 2.1, there exists a constant M > 0 such that 
(2-4)

n+m—1 
lkn+m-p|| < M\\xn~p\\+M £ mj, Vp e F(T), V n,m e N.

3=0

Since linin^oo D(xni F(T)) = 0 and < oo, there exists a
constant N\ such that for all n>

8
D(xn,F(T)) < and £ 叫.〈侖
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So,以环如E(幻)〈扁.

We note that there exists pi € F(T) such 난lat ||⑦m 一 mil < 我岸 
From (2.4), we can obtain that for all n > N\^

ll^n+m - Xn\\ < ||a；n+m -Pl|| + |杠林一勿||

Ni +m—1
< M\\xNl 一 Pill + M £ TYlj + M\\xN1 一Pill

3=Ni
M+m —1

+ M mj
，=N、

< M———F M———F M———F 흐 
3M QM 3M QM

Since e is an arbitrary positive number, this implies that {xn} is a 
Cauchy sequence, therefore, lir%—* exists. Let 血以*。= P- 
It will be proven that p is a fixed point, that is, p G F(T). Let e > 0. 
Since =饱 there exists a natural number M such that
for all n > ,

(2-5) 石으〒2(2 + fcij

lim^fx) D(xn^ F(T)) = 0 implies that there exists a natural number 
N3 > N2 such that for all n > 7V3,

以"叩))<双雨)

Therefore, there exists a p G F(T) such that

(2-6) "顼〈评느了
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From (2.5) and (2.6), we have

\\TP _ 끼I W \\Tp-p + p- TxNa + Txn3 -p + p- xN3 + xN3 — p\\ 
-\\TP ~ pH + 2||Z&3 - p|| + ||a?AT3 一 p|| + \\xN3 - p|| 

M (1 + + 2(1 + 幻)化貫& -P|( + 似次3 — ■前

+ 11^3 - 끼I
W (1 + ^1)1|^3 - P|| + (1 + 灼)脸村3 - @||

+ 2(1 + 妇)||：2&3 - 列 + ||zm - 副 + IMm - 끼I

= (2 + — Pll + (4 + 3人;1)|加% — ■히]

< "+ " 2(2 + 妇)* 0 + 3妇)次4 + 3人;]) 

=6.

Since e is an arbitrary positive number, we can obtain 나iat Tp = p, 
that is, p is a fixed point of T. This completes the proof of Theorem 
2.1. □

Theorem 2.2. Let E be a real Banach space, C be a nonempty 
convex subset of T : C C be an quasi-nonexpansive mapping 
satisfying £看，< oo and F(T) be a nonempty set. Let {xn} be 
the modified Ishikawa iterative sequence with mixed errors defined in 
(Ll)： where {un}and {vn} are two summable sequences in C. Then 
the iterative se이{xn} converges to a fixed point p if and only 
if

liminf D(xni F(T)) = 0.

From 사le Definition 1.1(1), a quasi-nonexpansive mapping 
is asymptotically quasi-nonexpansive mapping. Therefore, Theorem 
2.2 can be proven from Theorem 2.1 immediately. □

Remark 2.1. (1) Theorem 2.1 extends Theorem 1 in Liu [5], in 
terms of mixed errors as more general er호oes.

(2) Theorem 2.2 generalizes and improves the corresponding re­
sults in Liu [4,5] and Ghosh-Debnath [2].
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