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Abstract In this paper we prove the existence of mild and 

strong solutions of nonlinear delay mtegrodifFerential equations 

with nonlocal conditions The results are obtained by using the 

Schauder fixed point theorem and resolvent operator

고. Introduction

Byszewski([3]) has studied the existence and uniqueness of mild, 
strong and classical solutions of the following nonlocal Cauchy prob­
lem :

f ；)+ Au(t) = f (i, u(t)),t G [0, a]
< CLL
I Z雄 o) + g(匕 1,标，…，如,“(•))= uo

where 0 < to < < , , ,)ip —A is the infinitesimal generator of
a Co-semigroup in a Banach space X^uqEX and / : [0,用 x X T X, 
g : [0, a\p x X X are given functions. Subsequently, he has in­
vestigated the same type of problem for di铤호ent type of evolution 
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equations in Banach spaces ([4,5]). Ntouyas and Tsamatos ([11]) 
has established the global existence of semilinear evolution equations 
with nonlocal conditions. B alachandr an and Ilamaran (囲)，Bal- 
achandran, Park and Kwun ([1]) have studied the nonlocal Cauchy 
problem for nonlinear integrodifferential equations of Sobolev type. 
In Desh ([7])? he consider the following integrodifferential equation

=緋(t) + / F(t - s)x(s)]ds + > 0

or(0) = Xq.
These type of equation also occurs in the study of viscoelastic beams 
and thermo-viscoelasticity.

In this paper we consider the following integrodifferential equation 
with nonlocal condition of the form :

재짜，= A[x(t) + J F(t - s)矶s)赤] + /(i, xt)

(E) ft fs
+ / / A;(s,t5xT)dr)ds. t € [0,T] = J

Jo Jo
、x(t) + h(xtl,xt2^- 姬p)。) = 0(i)5 t C [一八이

whe호e A generates a strongly continuous semigroup in a Banach 
space X)F(t) is a bounded operator for i e J

f：Jx C([-r, 이: X) T X,
gtJxJx C([-r, 이: X) x X T X, 
妃 丿 x 丿 x 이 : X) t X,
化 :C([—孔 이 : X)，tX.

We prove the existence of mild and strong solutions of integrodif­
ferential equations with nonlocal conditions in Banach spaces. The 
results are obtained by using the Schauder fixed point theorem and 
the resolvent operator properties.
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2. Existence of mild solutions

In this section, we consider the following integrodifferential equa­
tion with nonlocal conditions of the form :

竺段=杈(t) + [ F(t - + f(tyxt)
dt Jo

⑵') + / g(t^ s, xs^ ( k(s1 t, x^dr)ds^ t E [0, T] — J
Jo Jo

< z(t)+ 如 …,％)(£)=的:)

where A generates a strongly continuous semigroup in a Banach 
space X,

f ： 丿 xQ([t, 이 : X)tX,

g : J x J x C([-r, 이 : X) x X T X,
k : " J x 이 : X) T X,
h:C([~r,0]:X)p -^X

are given functions, F(t) : Y Y and for x(-) continuous in F, 
AF(-)x^) E Z/1(J,X), where Y is the Banach space formed from 
D(4)? the domain of j4, endowed with the graph norm. For x E Xy 
I기(t)x is continuous in t E J. Then there exists a unique resolvent 
operator for the equation.

(2.2) '빠" = A[x(t) + [ F(t — s)x{s)ds\
dt Jo

The resolvent operator R[t) e B(X) for t G J satisfies the follow­
ing conditions ([8]):

(a) 7?(0) = I (the identity operator on X),
(b) for all x E X, R(t)x is continuous for t E
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(c) E(i) e B(y)5 t e J. For y € Y, R(t)y G Cl([0,T],X) A 
C([0,T],X) and

生R(t)g = A[R(t)y + [ F(t - s)R(s)gds] 
(2-3) dt ,

=R(t)Ay + / R(t — s)AF(s)gds) i G J.
Jo

In Grimmer ([8]), we have studied the existence and uniqueness 
of solutions via variation of constants formula and other properties 
of resolvent ope호ators. In this paper we shall study the existence of 
mild solution and strong solution of the integrodifferential equation 
by utilizing the techniques developed by Pazy ([12]) and Byszewski 
([3])-

Let Y = C(J〉X) and define the sets Xr = {x e X : \\x\\ < r} 
and Yr = {y e Y : \\y\\ < r} where the constant r is defined below. 
Assume the following conditions :

(Hl) The resolvent operator R(t) is compact and there exists a 
constant > 0 such 난mt ||_R(t)|| < Mi，

(H2) Nonlinear operator / : J x C([一?' 이 : X) —» X, k : J x 
J x C([一質, 이 : X) T X are continuous and there exist constants 
M2 > 0, M3 > 0 such that

^t)l| < t E J〉Xt € X”
I |g(t, s, a%, g(s)) 11 V H3, (i5 5)C 丿 x / z；s, y £ X”
II硏私邑必)|| < N, (£, s) G J x J, xs e Xr,

(H3) h : Q(|— r, 이 : X)? 一> X is continuous and there exist a 
constant H > 0 such that

II硏％,…，:残)(圳I < H, xtl EYr (i = !,-■■ ,p) 

and
h(axtl + (1 - a)ytl, - • • ,axtp + (1 -価/如)(t)

=ah(xtl, - - •，:%,)(t) + (1 - …"/如)(t),
xtl, Vtt e Yr (» = !,••• /)•
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(H4) The set {y(0) : y e Yr, y(Q)=知一九(阳，…，饨卩)(。)} is 
precompact in X.

To simplify the notation, let us take

Q(i) — / k(t^ s, Xs)ds.
Jo

Definition 2.1. A continuous solution x(t) of the integral equa­
tion

= ^t(o) = B(t)[^>(0) - h(xtl,- • • ,%)(0)]
pt pt ps

+ / R(t - 5)/(s, Xs)ds + / R(t — s) / g(s, r, xTy Q(r)}drds 
Jo Jo Jo

is called a mild solution of the problem (2.1).

Theorem 2.1. Assume that the hypotheses (Hl) ~ (H4) hold.
Then the problem (2.1) has a mild solution on J.

Proof. Let us define the To in K by

& = 3 £ C([-r,7] : X) : 7/(0)=加0) - h，歸…,%)(0),
||77 —。+ 九(丑1，…，％)||c < r, 0<t<T}

where r > 0 and TAfi(M2 + TM3) < j. Clearly,赤 is a bounded 
closed convex subset of Y. For xt e C([0, T], X), defined a mapping 
女：[一尸,幻TXby

.-r <t <0
- I xt, 0<t<T.

Define a mapping 屮：Y —> *)by

^t(o) = R0)0(o) - h(xtl，•- - ,%)(0)]

+ [ R(t - s)f(s,xs)ds
Jo

pt 尸s
+ / R(t - s) / g丁/、Q(丁、)、)

Jo Jo
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For 更爲 € 气 if —尸 g t + 0 < 0, since

屯务(0) =(f)(t + 0) 一 h(xtl,- - - ,xtp)(t + 0)

we obtain
II史為-(()+ h(xtl，■ - - ,xtp)\\c < r.

If 0 < i + 0 < T, then we obtain

11英血)一 ©泌)—+ - - ,%)泌川

=I 团('+ °)泌(°) 一 h(xtl，•- - *如)(0)]

+ / R(t + 6>~ 5)/(s,xs)ds + / R(t + 0 — s)
Jo Jo
[g(，们 Q(丁、))dTds 一 认们 + h(xtl，…如卩)(。)|| 

Jo
T T T T

<- + 7 + 7 + 7 + TM1(M2 + TM3) < r5 5 5 5

Since ||巫初一© + 九3如--,^ip)||c < r, maps Yq into Yq. Further 
the continuity of 更 from Yq into Yo follows from the fact that /, k 
and h are continuous.

We prove that the set lo(i) = {屯匕宛:xt e Yq} is precompact in X, 
for every fixed 0 < t < T. Fo호 i — 0, the set 赤 (0) is precompact 
in X. Let t > 0 be fixed. Define, for 0 < € < i

史』:t(0) = R(t)0(O) - h(xtl,- • •，:%)(o)]
pt—€ pS

+ / R(t - s)[/(s,a?s) + / g(s,T, xT,Q(r^dr]ds.
Jo Jo

Since R(t) is compact for every i > 0, the set

K(i) = {^eXt\xt G Yq}
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is precompact in X for every e, 0 < e < i. Further, for x E Yo? we 
have

【闽;血)一更絶泌)11

<\\ [ R(t - s)[/(8,xs) + [ g(s,T,xT,Q(T))dT]ds\\
J t — E J0

V + TMs)^

which implies that YQ(t) is totally bounded, that is,珏("is precom- 
pact in X.

We shall show that ①(Kg) = {(更z) : x G Yo} is an equicontinuous 
family of functions. For 0 < t < s < T, we have

收外(。)一 W以圳
V +。) - R(s + 0))©(O)||
+ ll(R(*  + 0) — R(s + 0))h(xtl, • • , , ^tp)(0)||

+ II / (-R(t + — T)— R(s + ^ — T))[y(T, XT)
Jo

+ / xp,Q(p))dp]dr\\
Jo

广S+。 pT
+ II / R(s + e - T)[f(T,xr) + / g(r,p,xp,Q(p))dp]dT\\ 

Jt+e Jo
M||H(t +。)—R(s +0)||(|泌(0)||+ H)

+ (M2 + TM3) / \\R(t + 3-r) - R(s + e - r)\\dr
Jo

+ + T

The right hand side of the above inequality is independent of x 6 
Yq and tends to zero as s —> i It is also clear that ①Q%) is bounded 
in y. Thus by Arzela-Ascoli5s theorem,①Q%) is precompact. Hence 
by fixed point theorem,更 has a fixed point in YQ and any fixed point 
of is a mild solution of the nonlocal Cauchy problem (2.1).
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3. Existence of the strong solutions

In this section, we prove the strong solution of the equation (2.1).

Definition 3.1. A function x(t) is said to be a strong solution 
of the problem on J if a;(t) is differentiable almost everywhere on J, 
xf(t) C L'(J)X、) and satisfies

f dgc
瓦=A[x(t) + J F(t- s)x(s)ds] + /(t, xt}

' +/ / x^dr^ds,
Jo Jo

x(t) + h(xtl^ •,：]%)(£)= ©(£) a.e. on J.

Further assume that
(H5) X is a reflexive Banach space,
(H6) / : J x (?([—r, 이, X) T X is a continuous in f on J and there 

exists a constant > 0 such' that

一 /(5,2/JH < 肱4(|£ 一이 + \\^t 一 2시 led, 이 x),
h s C J, € Xy、

(H7) g : J x J x C([—r, 0] : X) x X T X is a continuous in t on 
J and there exists a constant > 0 such that

\\g{t.r, xr,y) 一 5(s,r, xr,y}\\ < Af5|t -^s|5 xT,ye X”

(H8)
頤) £。([-尸,이 : £)(/4)),
九(y ° 山)(" £。([-孔이 : 风4))・

Theorem 3.1. Assume that conditions (Hl)〜(H8) hold. If the 
function a?(i) is the unique mild solution of the problem (2.1), then 
x(t) is the unique strong solution of the problem (2.1).
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Proof. We shall show that is a strong solution of the problem 
(2.1) on J. For any i G J, we have

处+a —
=(R(t + <5)—氏(*)) 渺(0) — ,旺p)(0)]

+ [ R(t + 5~-s)[f(s,xs)+ [ g{s.r. xT.Q{r^dr\ds

+ / R(t - s)[f(s +(5, - /(s, xs)]ds

+ [ R서; 一 硏 I [g(s +(5, r, xr, Q(r)) - g(s, r, xT, Qir^drds 
Jo Jo

件 广s+8
+ / R(t — 5)/ g($ + 认 丁nQ(丁)、)did*

Jo Js

From our assumptions, we have

I + d +。)一缶(t +。) 11
M l|[R(*  + d + m) — R(t + o)]0(o)—龙3s---并礼)(0))||

+ 6Ml(M2+TM3)

+ / + ll^s^.5 — xs\\c)ds
Jo

广s 广七+。 广$+5
+ / Mx / M^6ds + / Mi / M38ds

Jo Jo Jo Jo "

< PS + / ||必+<5 - xs\\cds
J s

where

P =(|| 舞 II + ||4 이 |)(坯 + (t + 0)| 成 ||M) + Mi(M2 + M3T)
+ MiM5(t + 0) + M1M5T(t + 0) + MiM3T.

Therefore, we have
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Ik宛+5 - Xt\\c = sup \\x(t + S + 0) 一 x(t + 6)\\ 
-r<G<Q

< P16 + M1M4 [ II：如+a - xs\\cds 
Jo

where

R = (||"| + ||4 시 |)(泌 + 幻成I 网)

+ M^M2 + M3T) + M1M4T + m±m5t2 + m±m3t.

Using GronwalFs inequality, we get

||^t+<5 - xt\\c < Pi5e™1Mi, tE J.

Therefo호e xt is Lipschitz continuous on J・

The Lipschitz continuity of xt on J combined with conditions (H6) 
and (H7) imply that t —> /(i, t T g(t^ s, xSl Q(s)) are Lipschitz 
continuous on J. By Desh ([7]) and Grimmer ([8]) and the definition 
of strong solution, we see that the linear Cauchy problem

씌= A[v(t) + [ F(t 一 s)w(s)ds] + f(t, xt) 
at Jq

+ [ g(t,s,%Q(s))ds, t e [0,r], 
Jo

0(0) = 8(0) - h(xtl,- • • ,%)(0)

has a unique strong solution v satisfying the equation

u(t) = R@)0(0) —狀:％,…，:％)(0))

+ [ R(t - s)[f(s,xs) + [ g(s, 丁,:奸,(2(丁))]ds 
Jo Jo

=

Consequently, xt is the unique strong solution of the problem (2.1) 
on J.
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