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EMBEDDING OF WEIGHTED U 
SPACES AND THE ^-PROBLEM

Hong Rae Cho

Abstract. Let 2? be a bounded domain m Cn with C2 bound­

ary. In this paper, we prove the following inequality

II이1卩2°2 W II이扇,+ IB니

where 1 < Pi < P2 < oo, % > 0, (n a^/pi = + a：2)/P2,

and l/p2 > 1/pi — l/2n

1. Introduction and statement of results

Let D be a bounded domain in Cn with C2 boundary. For z E D 
let 8{z) denote the distance from z to dD. For a > 0, we define 
a weighted measure dVa on D by dVa — Ca6a~1dV where dV is 
the volume element and Ca is chosen so that dVa is a probability 
measure. As q t Q+ the measures dVa converges as measures on 
dD to the normalized surface measure on dD which we denote d吨 

(or sometimes da). We will denote the Lp space with respect to 
dVoc by and the associated norm by || * We will den아te 
by (D) — Lg(D) D O(D) the subspace of L^(D) consisting of
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functions which are holomorphic on D, In particular, Aq(D) is the 
Hardy class usually denoted by HP(D), which we identify in the usual 
way with a subspace of Lq(D) = Lp(dD] da) (see [1 이). Beatrous [6] 
proved the following embedding theorem.

Theorem 1.1 ([6]). Let D be a bounded domain in Cn with 
C2 boundary and assume that 0 < pi < < oo, > 0)and
(n+&i)/pi = (n+°2)/但Then (D) C (D) and the inclusion 
is continuous.

In the case(功=0 the embedding in Theorem 1.1 will be

HP1 (Z)) C 4卷0)), where n/pi = (n + a；i)/p2-

This is a gene호alization of a well-known result of Hardy-Littlewood 
in the unit disc (see [13, p.87]). Beatrous [7] proved that the case 
Qq = 0 holds if D is strictly pseudoconvex domains. Recently, the 
author proved the case Qi — 0 in convex domains of finite type (see 
[9]). Moreover, it is proved that the case % = 0 holds in bounded 
domains with C2 boundary ([10], [11]).

In this paper, we extend Theorem 1.1 for (Z)) functions u with 
some growth condition of du^ and give some consequences for the 
3-problem.

Theorem 1.2. Let D be a bounded domain in Cn with C2 bound­
ary and assume that 1 < pi < < oo, % > 0, (n + %)/勿=

(n + o；2)/P2? and l/p2 > 1/pi 一 l/2n. Let u € £次(/)). Then u be­
longs to 乙餐(£)) under the extra condition that du € 匸辭十队以①).

In condition of du^ one recognizes the gain for the solution of the 
5-equation in strictly pseudoconvex domains. Let D be a strictly 
pseudoconvex domain in Cn with C2 boundary. Let f E 生+p/2(〃) 
be a 9-closed (0,1) form on D. In ([2], [1 이) it was proved that there 
is a solution u for du = f such that

II씨|饱° < &시|f||pq+p/2 for 1 <p < oo,a > 0.

모hus we get the following result.
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Corollary 1.3. Let D be a bounded strictly pseudoconvex do­
main in Cn with C2 boundary. Let 1 < Pi < P2 < >
0, (n + = (n +_以)/#2, and l/p2 > 1/pi 一 l/2n. Let
f E be a d-closed (0,1) form on D. Then there is
a solution u E (P) for du = f.

Remark 1.4. When 1 < pi < 2, if we take p = ai ~ 1 — 
and 见2 = 1, then Corollary 1.3 implies that for a S-closed (0,1) 
form f e LP(D) there is a solution u E Lq{D} for du — /, where 
1/q = 1/p — l/(2n + 2). The result is the optimal Lp-estimate for 
d proved in [14] when 1 < p < 2. For more recent results about 
estimates for d and by means of integral kernels we can refer ([1], 
[3], [4], [5]).

2. Proof oLTheorem 고.2

We shall rely on Bonami-Sibony^ ideas [8] for the proof of Theo­
rem 1.2. Before proceeding with the proof, we give the key lemma.

Lemma 2.1 ([8]). Let B be the unit ball, B its homothetic of 
radius Ro > 1, let 1 < p < r < 00. Then there exists a constant 
C > 0 such that for any f e LP(B) for which df belongs to Ll{B} 
with t > 1 and 1/r > 1/t 一 l/2n:

L\f\r dlj Lc(丄 |/r w)1/P + C (L I初 w)1A
Proof of Theorem L2. It is enough to prove the inequality

I \u\p^5a^-ldV < / I씨/ I质 
D JD Jd

For po E D sufficiently near dD^ we translate and rotate the coor­
dinate system so that z(但0) = 0 and the Im z± axis is perpendicular 



76 H. R CHO

to dD. Let Be(po) denote the non-isotropic ball
5 以烏"뿨衆』.

(苗(如))2 % €§{po)z 丿

Since dD is C2, it follows that there is an eo > 0 such that for pq 
sufficiently near dD and z € Beo (po) we have z e D and

(2.1) 禦 < 雄)< 25(p0).
厶

There is a compact subset if of P, a sequence {p3} in D\K^ and a 
positive integer N such that

(2-2)
the family { Beo/2(pj) } covers D \ K)and

(2-3)
each point of D lies in at most N of the sets Beo .

For brevity we denote by B3 the ball 瓦°/2(0)and by B3 the ball

By homogeneity, it follows from Lemma 2.1 that 

(2-4) I I씨所 dV 机 
功 J

a
\ P2/P1

； I 씨勿丿 批0）T”+1）贝加

a
\ P2/P1

伽dVj <5(^)P2/2~(n+1)P2/P1-

By (2.1), (2.2), and (2.3), we have to give a bound to

( I이m砂2T dV 〜 [ \u\P26a2~l dV
d 1 Jb, 

七 I이巧 dV\6（0）sT,
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where the summation is a finite sum.
Using (2.4), it is enough to show that 

(2.5) U I 이 pi dV\ 湖)-(n+i)di/m)+( WP2 < °。

and
(2-6)

“씨》1 dV j 严/2 — (九+1)(»叩1/卩2)+ (。2-1加/卩2 < co.

We note that —(n + l)(l —pi/p2)+ (Q;2 ~^)P1/P2 = °1一1. Hence the 
inequalities (2.5) and (2.6) follows from (2.3) and growth conditions 
of u and du, □

3. An example

In this section we give an example to show that the embedding in 
Theorem 1.2 is the optimal result in some sense for strictly pseudo- 
convex domains We restrict ourselves to the unit ball m C2

Lemma 3.1 ([15]). For z G Bn, c real, rj > —1, define

When c < 0, then JCjT} is bounded in Bn. When c > 0? then JCi7?(z)注 
(1 - I끼2广c. Finally, 丿師 w - log(l 一 |zp).

Theorem 3.2. Let 1 < Pi < P2 < oo, a3 > 0, and (2 + a；i)/pi = 
(2 + oi2)/p2- For any e > 0 there is uP1)aiie G Z岩(&) such that 
wP1,ai,e does not belong to L^+e(B2) or L^2_e(B2), while duP1>Qlje 
belongs to L^i+pi/2(B2).
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Proof. If 曲고一a】一刀i/2 = 2 — 卬 then 曲2一。2—卩2/2+网2/但i = 2.
So, we can choose d > 0 such that dpi — a고 一 但i/2 V 2, dp2 — 012 ~ 
但2/2 + € > 2, and dp2 — °2 —代/2 + €(d — 1/2)〉2.

Let uP1 ^2)=乏2/(1 — 21)屯 For simplicity of notation, we 
write u = uP1}a1}e and rZx =、/l 二|红卩.Then we have

(3.1)
II찌严 < f I치"。二 咼|2 - 끼2)：=L

< [ i쓰哈 / 肉"L - kxl2 - I쎄2严-部(如).

J|z고|V1 卩 — Z1| E J\Z2\<rzi

By the polar coordinate change |2이? = rez6，; we have

(3.2)
/(^i) = [ I끼%1 - kil2 一 I키2严-1也4(矣)

丿 I；시
广 t* / 2 \。门—1

=新（1一"严-/项+】（1一4下）dr

1 
（1 — $2严-1必 + 1在，

where we set s = r/y/1 — |^i|2. Note that

f\l - $2严一1必+俱=剥(写+ 1,也)，

where B(-, •) is the beta function. By (3.1), (3.2) and Lemma 3.2, it 
follows that

dA(zi)\u\\P1 < t ________________
P1，Q1 〜 /zi|V고 |1 —

dA{zi)
lim |21|<1 |1_2"|如1一处_孔/2

W 1, since dpi — % - 乌 V 2.
厶
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Similarly, we can prove that ||^w||P1,ai4-p1/2 W L 
Now we have

II 씨 I"

=Lyi SJge)扃<E

- & ( (上」쾨)竺쁘+2： - sVT必+】+也

f (1 — \z，|2、)Q2+(m+E)/2
> / 기스E…也雄 1)
山 Z1|<1 ~ '

" 也4(於) I체P*（l 一 团|2 一 I씽2）g-L也雄2）

hm /
IL

|1 一 zJdS+e)
(1_|21|2严+(如+司/2

|1 一 々"+£)—dA{Z1)

〜「 ______________ 1_____________ _
疽亍-(1 一 j~2)dp2 — «2 —P2/2+e(d—1/2)—2

since d(p2 + e) - at2 -(P2 + e)/2 = dp2 - -但〃2 + de — e/2 > 2.
Similarly, we can show that ||u||P2jQ2_e is divergent since dp2 一 

一 Ps/2 + € > 2. Thus we get the result. □
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