
East Asian Math. J. 19 (2003), No. 1, pp. 63-71

ON DUDEKS PROBLEMS ON THE SKEW 
OPERATION IN POLYADIC GROUPS

Fedir M. Sokhatsky

Abstract In his invited lecture presented during the First Con­
ference of the Mathematical Society of the Republic of Moldova 
(Chi§mau, August 2001) W. A. Dudek posed several open prob­
lems on the role and properties of the skew element m the theory 
of n-ary g호。ups In this note we give 난partial solutions of some 
of these problems

1. Preliminaries

The non-empty set G together with an (n + l)-ary operation f : 
g is called an (n + l)-ary groupoid and is denoted by (G, /).

According to the general convention used in the theory of such 
groupoids the sequence of elements 4"知」,..,^x3 is denoted by 
In the case j <% this symbol is empty If 払+i =气+2 =..・=xi+t = x. 
then instead of a버:; we write In this convention /(xq, . ,xn) =
六瑁)and

f ("0 ' f 2,和,. . • , Zz + s + 1)• • • 3 ⑦?z) —~ f > 9《丄+)

t
If m = kn+ 1, then the m-ary operation g of the form

g(述*) =/四..，凡f(瑞)，球，)，嚟§)*)

k
is denoted by 了(先)・
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An (n + l)-ary groupoid (Q; /) is said to be polyagroup of the kmd 
(s,n), where 이zz if and only if it is a quasigroup and for all z, j such 
that z 三 项(mod s) the following the s-associativity law hold

⑴ f (端一', f (찌+”), 矽H+l) = /(琮 = f (a*"), Z當+1),

Theorem 1. [6] In an arbitrary polyagroup (Q; /) be the kind 
(s, n), where s < n, for any u E Q there exist exactly one triple of 
operations (+,(p} a) of the arity 2} 1, 0, such that (Q; +) is a group, u 
is its neutral element, (p is an automorphism of (Q; +) and

(2) 9并(必)+ a = q 士 皿 = *

(3) J：(端)=xQ + 9(0兀)+(p2(x2) + …++ a.

And conversely, if an automorphism cp and an element a of a group 
(Q;+) satisfy (2), then (Q, f) defined by (3) is a polyagroup of the 
kind (s, n).

The algebra (Q; +,(p? a) is called the decomposition algebra of the 
polyagroup (Q; /)

It is clear that in a polyagroup (Q; /) for any x e Q there exists 
only one element x (called skew to x) such that f(x, z,, z) — x. So, 
the map re x is a unary operation on Q, which is called the skew 
operation of (Q; /).

From Theorem 1 follows that x + cpx +(p2x + • •• +(pnx + a ~ x 
and(pnx + a = a + x. So

(4) x = —a —(广、—--- ipx.

Moreover, it is not difficult to see that

x + y = f(x, u u ,y),
(n-s—1) __ (s-1)、

(5) —⑦= /(% x x ,u),

a = . ,n).

According Post [5] (see also [1]) the (n + l)-ary power of an element 
a is defined as 加끼 = a)) for every natural m, where 시이 = a.
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The (n + l)-ary order of a is defined as a minimal m > 0 (if it exists) 
such that 次끼 = a and is denoted by ordn(tz).

Lemma 2. In any (n + 1)-group (Q /) the following conditions are 
equivalent:

1) 숴利 =

2) ordn(a;) is a divisor of m;
3) in (Q; +： 0 d) we have +(p2x + • • • +(pnx + a) — 0

Corollary 3. The identity 招?피 = x holds in an (n + 1)-group 
(Q; /) iff in (Q; +〉(/?, a) we have ma = 0 and tpx +(p2x + …• + 
(pmn~1x = 0 for all x E G

2. On the first Dudek's problem

W. A. Dudek posed in [이 (see also [4]) the following:

Problem 1. Describe the class of all (n+ l)-ary groups for which the 
skew operation is an endomorphism.

The partial answer for this problem is given in [4] Namely, in [4] 
are given conditions under which the skew operation is an endomor­
phism of a given (n + l)-ary group. We give the analogous answer for 
polyagroups.

Theorem 4. In an (n + l)-ary polyagroup (Q; /) the following 
conditions are equivalent.

1) the skew operation is an endomorphism；
2) in (Q, +,0a) the mapping 6 = 6 + ^ + ^ + -- + <pn~2 is an 

anti-
endomorphism of (Q; +) and a+0(x) = 0(x) + a holds for all x E Q,
3) For all x^y^uEQwe have

⑹ f 伐,U, u、)、) = /(/(吳U, u),u),

⑺ ；),•••，jf(z,y), £))=

f(u, f(x,(u),f(x,(u), x, u),u).
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Proof. 1) => 2). If the skew operation is an endomorphism of (Q; /), 
then x — c + 0qX for some x E Q and an endomorphism 仇)of the 
group (Q; +). So, c + 0Qx = —a —铲〜亳;— cpx for all x € Q. 
If x = 0, then c = ~a. Thus 9q = 池 where I(x) = —x and 
0 = e + 9 + 02 + ・.・ +Since 0Q and ip are endomorphisms, 6 is 
an anti-endomorphism.

It is easy to see that tp commutes with Moreover, =(pl?岛 
by (4), so 1^0 = Q. Hence a + 0(x) = 0{x) + a for all x E Q.

2) => 1). Let 0q = I(pO and c = —a. then x = Lc9x by (4). Since 
a commutes with all elements of the form then — 0 and 
9q(P =Moreover,

OqQ — a — I(p(e + 9 + …. + y?n-2)a 一 0 = —(pa —妒tz---- -  — — a.

Since —c = a and <pna = a, then 仇1，一 a, =(pc +(p2c T----- 1-(pnc^ which
means that the skew operation of (Q; /) is an endomorphism.

2) => 3). Note that

0(x) + q = z + 9z + ・.. +(pn~2x + 9”—d +(pnu + a
⑶ (3) “(n-1)

=f{ x ,u,u).

Add a to the both side of (8) and using just obtained equality, we 
obtain

.“(nT) 、 *("1) \ ,

which, by (5), gives

(n+l)(5-1) _ (n-sT) /n-1)
U ,/( X .u,u))

/\($T)_ (魅tT) (n+1)
=/(/( X U 皿 U , U ),

i.e.

j(이, 我),(n-w-1), /(S조'), u,«))

= /(f ("/, u, u), 캬 f(u,(u), V)).

This proves (6).
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Now consider the identity 0(x + g) = 0(g) + Add to the both 
sides a and applying (8) we obtain

f(x + y,...,x + y,u^
⑼ (n-l) (n-1)

=f( y 饥 + f( X ,%«) + (-◎).

Computing the right side of (9) we get
----- (73_1)

f( y ,iz,u) + /( x ,u,u) + (-a)

희 /(/(%，% u), 當D, u,(n-u-1), f (f 性% u, u), ", u,u))

-u, /((u, u, u, /((u, u, 祈)))

=jdmf,祈)

Putting Ax = /(x,场))and replacing 4- by / we obtain

"\一1/、ST)"⑶-(n-s-L) "\-侦 \ 3-1) \=/(A L(z), U ,f(u,u, u ,y)) = /(A〔(£), u ,y)
So, (9) can be written as follows

/(/(A-1(a;),(nu\y),/ ()L (功,％*饥,岫)

(n—1) (n—1)
= /( y ,s/( % ,%히). 一

Now, replacing x by Xx we get

/(/(z,(nu\ f(x,(nw1),饥边,u)

=fd u, f(f(x,賢，. . , f(x,也),f(x, Z?), s u))

=f^nyl\ f(u, f{x,f(x,(u),x, u),/((w, tz)), 

which implies (7).
3) => 2). This implication is obvious □
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Corollary 5. In any medial polyagroup the skew operation is an 
endomorphism.

Corollary 6. In a ternary polyagroup the skew operation is its 
endomorphism iff the polyagroup is medial.

3. On the fifth Dudek's problem

The z-th skew element of x is denoted by 춰" and defined as the 
skew element to i e. 乏⑴ = 无In othe호 words: 춰。) = x, 
〒(1) 一 〒 亍(2) _ = 亍(3)—= JU JU , , JU ™ r r , ...

The 2-th skew element to x can be described by the left and right 
shift of x, i.e. by the mappings of the form

人 aS) = f (fl, , pa{u} = f(S (Z, . . . , (2).

Namely, the following Lemma is true.

Lemma 7. In any (n + 1)-group (Q; /) for all x e Q and z = 
0,1, 2,.・ we have

；*)=*"， PxM = Px~n)\ 次"=為；"(z)=z〔 n J .

Proof. The first formula for i ~ 0 is obvious. For z — 1, we have

시尸⑴ = /(/(聲-W), 骚图) = jf(人*-"), f (凱 动/) =

=/(財 q(w),*,'无))= •••=六％”勺摂,动=u.

Thus Xx = A^~n for all x E Q
If 人五0)= 人9一피 is true for some z, then it is true for z + 1 Indeed 

棚+)=号謂=(帰5)1 =喚")中.

This proves that the first formula is true for each natural z
The second formula is dual to the first. To the proof of third observe 

that, according to the definition of the z-th skew element, we have
"歹(z—l) _ 〒(z-l)J I丄 ,...,丄 ，丄 ) d丿 5
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which, by the previous part of our proof, implies

於)=£丄)(乏(7))=人丁—)'(护 f)

for all z = 1,2,.. . Therefore

护)=A；(1-n?-1 o A；(1-nr-2 o ■ • • o A；(1-n) o X~\x)

= 舄(i)i-(JE- TH(游 = 产哆브(游.

This completes the proof. □

In ternary (n = 3) groups we have x — x for all x. In some (n +1)- 
ary groups we have also x = x for all x. But there are (n + l)-ary 
groups in which 云=酉 for all x, y. Such groups are derived from a 
binary group of the exponent t\n — l (see [1]) and may be characterized 
as (tz + l)-ary groups in which there exists an element a such that 
/(a, x,. . — /(a, y, ., y, a) holds for all re, y (see [4]).

In connection with this fact W. A. Dudek posed in [4] the following: 

Problem 5. Describe the class of all (n+1)-groups m which 五⑴ —y(2) 
for all elements x7 y and some fixed z > 1.

For i ~ 1 this problem is solved in [3] We give the partial solution 
for z > 1.

Let 砂)=乡⑴=b for all x, y and some fixed b E Q and i > 0 
Then ?一니 二二 b. This implies

二의^]) 〃 = 从任二^二1] = 丄

Hence,

X
, \ 2Ik끄！二늬) 

丿=n i

i e
[仲二쏘느｝)느끄느] 

X V ) = X
It means the following Proposition is true.
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Proposition 8. If an (n+l)-group satisGes the identity^ =砂)， 

then it is torsion and its exponent is a divisor of the number

/(l-n)l-l\2 _ (1 f — 1
\ n / n

In this case in the corresponding decomposition algebra (Q; + ,饥 a) 
of (Q; /) we have

[(j)，시
b —湛"=qI n 」=Tfidy

where ma = a + a-\---- + a (m times) and m — ''끼 느.
Using the above method we can solve also the following

Problem 9. Describe the variety of (n + 1)-groups defining by the 
identity 徂"=x.

firstly posed in [2] and repeating in [4].
Indeed, using Lemma 2 and Lemma 7 we can prove the following 

result which is a partial answer to the above problem.

Theorem 9. In any (n + l)-group (Q; where n > 2, for any 
fixed element x E Q the following conditions are equivalent

1) 춰" = x,
2) 舟二믜느싀 = 气

3) ordn(x) is a divisor of(.上略二七
4) 〈느의스(尊 + 职X T-------卜(pnx + q) = 0 holds in (Q; +, q a) .

Corollary 10. For an [n + Ingroup (Q;/)? where n > 2, the 
following conditions are equivalent:

1) 쳐初 = x for all x G Q;
2) 느哗그] x for all x e Q;
3) a decomposition algebra (Q; +, (p, d) satisfies the equality

0.顼二& = o
n

and the identity x + cpx + 砂x +-----F = 0.
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