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SL(2, ©-representation varieties of periodic 
LINKS

Sang Youl Lee

Abstract In this paper, we characterize SL(2, C)-representations 
of an n-penodic link L m terms of SL(2, C)-representations of its 
quotient link L and express the SL(2, C)-representation variety 
72(E) of L as the union of n affine algebraic subsets which have 
the same dimension Also, we show that the dimension of 
is bounded by the dimensions of affine algebraic subsets of the 
SL(2, C)-representation variety R(L) of its quotient link L

1. Introduction

Let L be a tame link m the 3-sphere S3 and let G — 7Ti(S3 — L) be 
the fundamental group of the complement S3 — L. Let R(G) denote 
the set of all representations of G m the 2x2 special linear group 
SL(2, C) with entries m the field C of complex numbers Suppose we 
fix a finite system of generators of G, say (gi, •…,gm). Then a repre
sentation p G —스 SL(2, C) is uniquely determined by specifying the 
m-tuple (p(pi), ■ • • , p(gm)) We define 71(G) = {(p(gi), • • • , G 
SL(2, C)m I p G R(G)}. Then R(G) carries with it the structure of an 
affine algebraic set m C4m Throughout this paper we shall call it the 
SL(2, ^-representation variety of L and denote it by SL(2, C)- 
representation varieties of knots and links and their applications have
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been studied extensively by many mathematicians. For examples, see 
[2, 4, 5, 6, 7, 13, 14, 15] and therein.

A link L in S2 3 is said to have period n(n > 2) if there exists an 
n-penodic homeomorphism(/)from S3 onto itself such that L is in
variant under © and the fixed point set 尽 of the Zn-action induced 
by 0 is homeomorphic to a 1-sphere m S3 disjoint from L. By the 
positive solution of the Smith Conjecture [9],尽 is unknotted and 
so the homeomorphism(/)is conjugate to one point compactification 
of the 쯔-rotation about the z-axis m R3 Hence the quotient map 
q . S3 S3/Zn is an n-fold cyclic covering branched along the un
knot q(Ki) = Ky. Set L = q(L). Then the link =Ki U £ in the 
orbit space S3/Zn = S3 is called the quotient hnk of L. Some authors 
showed that a certain properties of periodic links can be characterized 
by their quotient links [3, 5, 8, 11, 12]. In this paper we are interested 
m studying the SL(2, C)-representation variety of an n-periodic 
link L in S3 m terms of SL(2, C)-representations of its quotient link 
Li m SL(2,C)

2. Representation variety of knots and links

Let C be the field of complex numbers An (affine) algebraic set 
in the affine space Cn(n > 1) is the set of zeros of some finite set of 
polynomials /i, ••- , fs m C[Xi,…，Xn] We denote it by V(/i,…,fs)

The paper is organized as follows In Section 2, we review a few 
basic terminologies concerning affine algebraic sets. In Section 3, we 
consider the SL(2, C)-representation variety R(L]) of a link L\ — K-^U 
L with unknotted component In Section 4, we show that SL(2, C)- 
representations of an n-periodic link L are completely determined by 
the SL(2, C)-representations of 'its quotient link Li and express the 
SL(2, C)-representation variety 冗(E) of L as the union of n affine 
algebraic subsets which have the same dimension. As a consequence, 
we show that the dimension of is bounded by the dimensions of 
algebraic subsets of the SL(2,C)-representation variety R(Li) of its 
quotient link 如 “
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or simply by V, i.e., V(/i, =

{(01, * ,«n) e Cn I /血 1,…，如)=0, V Z = 1,2,…，s}.

If U is the ideal of C[X” • • - , X打 generated by /i ? , /s, then the
set of all zeros of f^s is equal to the set of all zeros of every g G 
U and so we will denote )，(/，... ? fs) also by V(U)> A non-empty 
affine algebraic set is said to be irreducible if it cannot be expressed 
as the union of two proper algebraic subsets An. irreducible algebraic 
subset V = V(/i, • ■ - , /s) of Cn is called an affine variety defined by 
/i, • • - , fs Every affine algebraic set may be written canonically as a 
finite union of affine varieties； called its rrreduczble components. An 
affine algebraic set V has a well-defined (complex) dimenszon. denoted 
by dim(P) If V C Cm and W C Cn are affine algebraic sets, a map 
0 p —> W is said to be regular if it is the restriction of some map 
from Cm to Cn which is defined by n polynomials m m variables[10].

Let M(2, C) be the set of all 2 x 2 matrices with entries m C. 
Throughout this paper, we shall identify M(2, C) with C4 by simply 
writing down the rows of each matrix one after the other and so, for 
example, M(2,C)m is identified with C4m. The general linear group 
GL(2, C) is the group of all members of M(2, C) with nonzero de
terminant and the special linear group SL(2, C) is the subgroup of 
GL(2, C) with determinant 1

Let G be a finitely presented group A homomorphism p G —> 
SL(2, C) is called a representation of G m SL(2, C) Two representa
tions p and pf are equivalent^ denoted by p — if pf — Ap, where 
A is an inner automorphism of SL(2? C). Let R(G) denote the set of 
all representations of G m SL(2, C). Then it can be parametrized by 
points of an affine algebraic subset of C4m for some positive integer m 
as follows. Let P = V h足• • , | 七("• • • , j = 1? 2, • • • , n >
be a group presentation of G. Define P)=

{尸=(&,・••，心)£SL(2,C严 I %(P) -/ = 0j = l,2,…,n}, 

where R3{P}{j = 1, 2, • • - ,n) denotes the matrix 弓• • • , Am) ob
tained from the relator 弓(中广…,by substituting At for I 
denotes the 2x2 identity matrix and O denotes the 2x2 zero ma
trix. Then. is an. affine algebraic subset of C4m. For each
point P = (Ai,Am) E P)> we define a representation pP .
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G —스 SL'(2, C) by 辱(歸) = Az(l < t < m) Then. pP becomes a rep
resentation of G m SL(2, C). Conversely, for an arbitrary given rep
resentation p : G — SL(2, C), the point P = is an
element of R(G, P) such that pP = p. Therefore there is a natural 1-1 
correspondence between the points of R(Gand R(G). If Q is an 
another presentation of G, then there exists a canonical isomorphism 
《b . P) 一스 7Z(G, Q) as affine algebraic sets. We shall identify 
points in P) with the corresponding representations. Although 

P) is not a variety m general, we call R"Gthe SL(2, C)- 
representahon variety of G associated to P.

Now let L = Jfi U ■ ■ • U K卩 be an oriented tame link in S3 of 卩 
components(/z > 1) and let G = ^(S3 — L) be the link group of L, 
i.e., the fundamental group of the complement S3 — L with a finite 
presentation P. Then m what follows the variety T7) is called 
the SL(2, G)-representation variety of the link L associated to 1〉and 
denoted by R(L, P). Note that the isomorphism class，R(L) of 7Z(L, V) 
is an invariant of the link type L.

3. Representation variety of a link with one trivial com
ponent

Let L、= /Ci U K2 U • • • U be an oriented link m S3 of 〃 
components(〃 > 2) such that K、is unknotted For each 2 < z < fi, 
let Aii = the linking number of K\ and K%. Let Nz(z =
1, ••-，闵 be a small open tubular neighborhood of Kz in S3 whose 
boundary dNz = is a jtorus m S3. Let lt) be a meridian
longitude pair of Then (TJ is a free abelian group generated 
by and " and it has a presentation 们侦J =V 知 & * 力2&町'頒'>, 
where xx and & represent mz and 頫 respectively This presentation is 
called a canomcal presentation of (Ti).

For our simplicity, we assume that 卩 = 2 and A12 丰 0. Apply고ng an 
isotopy deformation if necessary, we can choose an oriented diagram 
D = DiU D2 in R2 of the link =K] U K2 which is of the form as 
shown in Figure 1, where = 1,2) denotes a diagram representing 
the component Kx.
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D2

W1 WJa_1 + 1 wJr+1 + i w3r Wn

Figure 1. D = Dr [J D2

Using Wirtmger presentation and Tietz transformations if neces
sary, we obtain a deficiency one presentation. V of the group G = 
%1(5'3 一 Li) which contains a canonical presentation of ^(Ti), which 
is of the form(cf. [1])

1기 =<切,2爲凹0如 & I 丁七矿

終q w ◎ -1),如1 V 顷-1) >,

where the generators q and w3 correspond to the z-th and j-th branch 
of the component Di and 7?2 of D> respectively, and & represents a 
longitude 虹 of D\ and

r' = 2仕12广£尸，

s' = &(Z% + 1 凹 2 + 1 . . . Wjr + l 凹二 I ..凹二严厂)T.

The relators and 吃 correspond to the crossings in D. The relators 
rfu correspond to the crossings incident to the component which 
have the form(cf. Figure 1)
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rn =踞济』凹—I?尸，r'l2 =约註心凹2+1石'，

rlr = Wjr+lZrW3r+lZr+l> rlr+l = WJr+ izr+lWjT^_1Zr+2^

rla-2 = 电“勺项〃；、出，丈一1 = 叽

馅”=凹i^z〃註]2广，• • • ,r'23r = WjrZ1w^i^\
r2,r+1+l =知咤+1 + 12广糾* , • • • J弘_|+1 = ZW知_1+12广後二1，

The relators 尸匕 correspond to the self crossings of the component D» 
which have the form:

r'2g = (u* 产迎 q(u匕)盘 1，1 <b-l with q^ji-!,■■■ ,ja-u

where wfq is a certain generator w7(l < j < d) and eq = ±1.
We modify the presentation 1기 of G as follows. Since Hi(S3 — Li) — 

G/G(히 is generated by 勺」吼 we have that q 三 与 (mod [G, G]),z = 
2, ••- , q, and w3 三 Wi (mod [G, G]),j = 2, ••- , 6, and & 三 w笋 = 
w^~2r (mod [G, 에). Introduce new generators Xi = Zi, x(2 <
2 < a},yr =皿，豹=凹&广(2 < j < 6), and 广".Using these 
generators, we obtain a new deficiency one presentation P of G

m V = <X1, •…,气,/,•••，統,/1 I r,s,
rizQ <i<a - l),r2/l <J <b-l)>,

where r, s, ru and r2j are obtained from r', s', r,lz and r% by rewriting 
m terms of the new generators xt}y3 and 齢 Precisely,
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r = a温1招2虹勺广"巳

s = &挤％幼"m幼2+筋-• •如+1缶£1 • • •:S*G丄皈勺；厂\

Hi = yr y31+1x1yJ1+1y1x1 rx2 ,

ri2 =虹勺急一许2：览幼2+1，1蚯0丁，

m = 虹侦二*3%尙+1协政느;"1, 
rlr+l = yjr+iy^r+iXiy^y^x^x-^,

% = y^x^y-^xi1,

7标=幼况/1旳奸%/二¥1蚯1, 
7%宀+1 =孙珈+1+1；1蚯侦丁紡二j,

7%a_】+l = an凱_1+1如珏勺「1豹乙 

7% =（叫沪伽専i（、Wq）F蓦七島、

Now let R(L\「P) be 나le SL(2,C)-representation variety of L\ as
sociated to the presentation V m (1)

Let& = (Xg：D+l X4(zT)+2)& = (乂4伉+广1)+1 ^4(a+j-l)+2\ , 
1 \^4(z-l)+3 Xs ) 5 3 \^4(a+；-l)+3 -^4(a+j) 丿，

Cx = f^4(a+6)+1 성"+2)6 M(2,c)for z = 1,2,■•- ,a, j = 
\、丿【4(时七)+3 丿〔40+中))

1,2,••- ,b Apoint/> = (&,&,••• ,&「&,• •，民,0) GM(2,C)a+b+i 
lies m R(Li,P))i.e., 난le map defined by x% -t 九(1 < z < a), %
B3(l < j < b), & h-> Gi is a representation of G in SL(2,C) if and
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det (Xx) = 1
det (A) — 1, det(3?) = l,det(Ci) = 1,2 < i < a.l < j < b,
R(P) 一 1 = 0 S(P) 一 1 = 0、RU(P)-I = O,l<i<a-l,
R/P) — — 0,1<j<6 — 1.

On the other hand, a presentation Q* of G* = 7Ti(S3 — JC2) is 
obtained from P by adding one relator = 1. Let 72(&"*) be the 
SL(2, C)-representation variety of K2 associated to the presentation

Proposition 3 1. R(JK%P) is an affine algebraic subset of ^(Li,P).

Proof A point P = 晶，…，砚,0) € M(2,C)a+w
lies m R(K» P+) if and only if it satisfies the equations (3), (4), (5), (6) 
and the equation & = I〉i.e )
⑺

冗(&,»*) = {(&,厶2, Bb,G) G R(金")I & = /}

This implies that R(K» »*) is an affine algebraic set defined by the 
defining polynomials of together with the polynomials X】—
1 = 0, X2 = 0, X3 = 0 and X4 — 1 — 0. □

Let 니(P) be the ideal of C[X1; X2, X3, X4, X5, ••- ,乂妇中)] gener
ated by the polynomials in (3) and (4) and the entries of the left hand 
side of the matrix equations m (5) and (6). Note that =
V(〃(0). Let 7t4 : M(2, C)a+6+1 —)M(2}C)a+6 be the projection map 
which sends …，&，㈤ …广* G) to (如，…，&,务，…，
玖,G) and let U^{P) = R(P) A C[X5, - ,乂雄+中)]be the 4~th 
elimination ideal of "(7그). Then it is well known that the projection 
7「4(72(£i,0) is given by

7「4(7201")) = {(&,・•・，&,%,•••，反，G) €，(％(»)) I
크 /4m M(2, C) s.t. (A1? … , A, 昌, … , Bb, G) e 7。(如 P)}

이id V(〃4(7>)) = 穴4(R(Li〉P))> the Zariski closure of m(冗(乙i, 7그)) in 
Q4(a+b)
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Let n be an integer > 2 and set < — exp(--------- ), a primitive n-th
— n

root of 1 Let y(L1,7?) be the affine algebraic subset of《貞어〜사D con
sisting of all points P = (Ai,A2j ■ • • , Aa,切，…,Bb, G) G M(2, C)a+6+1 
satisfying all equations in (4), (5) and (6). For each k = 0,1, •…,n— 1, 
let D* = {M e M(2, C) I Mn = I,det(M) = <"}. Then we define 

V\ 0 < /c < n — 1, to be 난】e subset of C4^a+6+1)given by

= U(金")A ㈣ x V(W4(P)))

and define
71—1

In particular, =

⑻ {(&, A2, ■ • • , AQ) Bi, • - - , Bb> Ci) G \ = 1}

Proposition 3.2. (1) For each k = 0,1, •…,n- 1,以(£“») is an 
affine algebraic subset of ©4(어%+1)an(j s0 1S 7端(丄1”尹)・

(2) If <n-l, then 斷金,P) A V3(LU ») = 0
(3) For each k — 1, ■■- }n— 1,以(金」P) is isomorphic to }%(金)R) 

as affine algebraic sets.
(4) CC R(MP) and ^n(L1; P)=

V0(Li,P)

Proof. Since 卩(丿〃，7)), Z平 and V(〃4(P)) are all affine algebraic sets, 
(1) follows immediately (2) follows from the fact that Cl— 0 if 
z * J・

(3) We consider the map <p :讯(L.P)—> 以(金,’P) defined by

©((&, A2j • ■ , Aa, Bi, • • , > 玖,G))

=(C2 Ms, , , , , • 7 玖)C*i)

for all (4/板 …，4〉Bb,C<) e V0(Li,P) By the defini
tion of y0(Li,P), it follows that P = (A2, • • • , Aa, • • • , Bb,Ci) G 
，(%(»)), det«Ui) = «det(&) = and (蒼禹尸 =〈쁭定 =

= I. Notice that either the relators r, s, rlz and r2j in (2) contain 
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both the generator and its inverse xf1 exactly once or they do not 
contain both and xf1 at all. This gives that

4. Represent at ion variety of an n-periodic link

Let Li = Ki U K2 be an oriented link in S3 with 2 components 
such that K\ is unknotted Let 卩，be the greatest common divisor of 
n and A12. For any integer n > 2, fet 7r: S3 —> S3 be the n-fold cyclic 
cover branched along K「Then K2 is covered by 〃 knots K\^ - - - , 
m S3. We give orientations to Ki, ••- , inherited from K> Then 
the oriented link L = ^-1(7<2)=方L U •…U is the n-penodic link 
in S3 with L as its quotient link. Note that every periodic links arises 
m this way

R(<응，d, P) = R(Alt P) = I, S(〈力I” P) = S(Ab P) = I,

R교(券&, P) = 晶丄%, P) = I, R23(^Alf P) = 尸) = I-

Hence (C釘1/P) G Vk(Li, P). It is clear that </)is the restriction of 
a polynomial map from C4(a+d+x)to itself. Thus 0 is a well-defined 
regular mapping. Now let p :、\从1牛卩、)t be a map defined
by

=A2) • • • , Aa)Bi, • • •,瓦〉G一)

for all (&, 4幻…，瓦，务，…,Bb〉Cf)G Vk(L^P). By similar ar
gument above, is a regular mapping. It is easy to check that 
浙伸—诅八而(如,卩)and ©c邱=Therefore © is an isomorphism.

(4) It follows from (7) and (8) shows that 72(樓"*) C Vo(Li, V). 
By definition,讣(/』》) C R(Li「P)。只盘丄島卩、)Now let

P —以“/或 …,Aai Bi, •■-「％(&•)£ 72(金")「〕7Zn(Li,P).

Then P represents a representation of G into SL(2, C) and so P G 
V(L15 P) and det(Ai) = 1. Since P E 7?.n(Li, P), Ar € 以 for some k. 
By (2), Rn(Li「P) = UH 力0">) and hence P E M)(L"기. This 
completes the proof. □
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Let G = tti(S3 — L) be the link group of L. Then from the choice 
of the generators m the presentation P of G = %1(53 — L^) as given 
in (1), the group G has a presentation P of the form(cf. [11])

(P = < Xrk^k, ^(1 <i<a-l,l<j<b,l<k<n) \ rk,sk,
7七两j(l <t<a-l,l<j<b-l,l<k<n)>,

where

(10)
z成=瑚板+1：曜t),以=或1幼"I),% =挪尸知曜1) 

:评=1* N 1 for all k = 1,…,n — 1,

and
k_1 _(fc一1) fc_1 _(fc—1)

4 =硏广⑦] 撬k =工：5X/
-(/c-1) k _ "T y_(kT)/ Iz —丄]1 lz丄 1 " 2j 一 丄]1 2j^l

or equivalently, for each A: = 1, •■- , n,

(11)

rk = z 北京

Sk = 2僞(，处+ 1以/1&幼2 + 1奴/M * +

rn =，1；务1¥1成/ji+m+u/i%+卩温：

r12 =，1；务泰好 1 杪J2+m0M十成 2；'

(12) k- _1 —1 一 1
rlr = Vlk 务「+房％-以；以+ ，

k —1 _1 _1
rlr+l =幼「十仕如而10M+1，為

rla-l = ?加一1灿微a - 2此"+1务：罹+f"眼 

r2n =如物杪mL功1：2+卩
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r2jr = 仍 사由 WH+1 务;田+1，
k _ —1 —1

r2jr+i + l = 2/jr+l+M+U/Uc+U/狄务 r+德，

(13)
k —1 _1

r2ja_i4-l = 0心-1+1左+1切/+1；1"加7切 

r2q =(3qk)kyqkSk(3qk'注亦的加討*

We shall introduce some notations for the following theorem. Let 
Pi = (Mi, ■ * * 3 Mmi)y P2 = (Ma • • • , Mm2),…,Pn ~ (A/m： • * * , 
Mmn) be n points m M(2, C)m, where m is an integer > 1 and M巧 E 
M(2, C) Then. (F1} P財… , Pn) denotes 나le point (Mn, •…, 肱⑵
• • • , Mt* • • • , Mln, ■ • ■ , Mmn) m M(2, C)mn. For a matrix N E M(2, C) 
and an integer k. NkP.N~k(l < 1 <n) denotes the point (NkM1QN~k, 
…，NkMm3N~k) m M(2, C严 ~

Theorem 4 1. Let = K] U K? be an oriented link m S3 such 
that Ki is unknotted and A12 = lk(K"()尹 0 and let P be the 
presentation of G = ^(53 — LJ as given in (1). For any integer 
n > 2, let L be an n-periodic link m S3 with the quotient link L\ 
and let TZ(L} P) be the SL(2, C)-representation variety of L associated 
to the presentation P m (9) Then a point P = (F\ 3,…,Pn) E 
M(2, C)W加 lies in R(乙 F) if and only li Py eV (W4(P)) and for each 
k = 2, •■- , n, Pk — for some matrix M 6 GL(2, C)
such that (M,FT) e RnCJP).

Proof Let

Pl — (&]” , • •)311,Bbl, G),
P2 =(厶 12, • • , , &T2, -S12), • , i Bb» O

(14)

Pn = (&m …,^-a-lrn -Bins …,玖心 G)

Suppose that P = 知 …,Pn) is a point of 7^(L, P), i.e., the 
mapping defined by ⑦成 i y3k 1 马切 2% 1 C" is a representation 
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of G m SL(2, C). Then

(15) det(Afc) = 1, det(Bjfc) = l,det(C,fe) = 1,
(16) RRP) - I = O,S］〈P、) — I = O,
(17) /奇(P) - J = O,砥(P) —J =。

for all 1 < z < a — 1,1 < j < b and 1 < k < n.
By (10), it follows that for all z, j and 4球=Mk~r B3k —

Mk~xB31M~^k~x\Ck = for some matrix M € GL(2,C)
such that Mn = /, i.e , for each k = L …m
(18) Pk = = MPk_\Mf

From (12) and (13), it follows that for each fc ~ 1, • • the rela
tors Ty sfc, t1如 and 7為 m V consist of the generators ⑦成 , a사:+、仍加 仍曷土 zk 
or 가:+i, where 1 < z < a — 1 and 1 < J < b. So all entries of the matri
ces Rk(P\ Sk(P\ R%(P) and I*(P) are polynomials with indetermi
nants which are the entries of the matrices 厶球，厶成+i,马切马如C" 
and Ck+i Hence we obtain that for each k = 1,… ,n,

R认P) =Tk(、P"須…,/%) =
Sk(P)=辣頒"履--)Pn) = s』P加 R+l),
C(P)=代(& 3, • • , Fn)=赤％ n+1),
r狙 P)=如r,尸2, • , R)=如％ n+i)

By (10), we have 난lat = 爲口"/刃 = 如 S = £i, where y3 
and are the generators of the presentation P m (1) and so it follows 
from (2), (12) and (13) that

Ti(P「&) = L(Pi, MPiMT) = r(M, R),

Si(Pi,P2) = si(Pi,MP〔MT) = S(MJP1),
此(％ P2)=此(％ MPJ") = mW，A),
仓(R, P2)= r.(Pi, MPSL)=由虬 Pi), 

where r, s, ru and r2j are the relators of the presentation P of G = 
7T1(S3 一 LJ m (1) By (16), (17) and (19), it follows that R)= 
7, s(M, Pi) = Pi) = 7,r2j(M, FJ = I and hence Pi G
V(〃4(»)) and (M,R) e 代”(金,:P)

(19)

(20)
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Conversely, let P = (R, be a point
of M(2,C)(어瑚仇 satisfying 난le conditions Since P\ 6 V(〃4(P)) and 
난le ideal contains all polynomials m (4), € SL(2, C)a+6 and
so Mf 그w-d)

e SL(2, C)a+b for all /c - 2, ■ • ■ , n Hence P e SL(2, C)(a+6)n. Since 
(虬 Pi) E 7Zn(Llj P), it follows from (19) and (20) that R“P)= 
L S\(P) = I, = L R%(P) = I. Then by (12), (13) and (19), 
we obtain that for each k = 2)…,n,

Rk(P)=Tk(P"%+\)
=Tk(MkT P\MTkf PzMTf

=M*TRi(P、)MTh-D
=1.

Similarly, Sk(P) = 7, Ru(P) = I and R^(P) = I for all iyj and 
k = 2,…,n Therefore P G R(L P). This completes the proof. □

Let rj : G SL(2, C) be a representation of G m SL(2,(C) and 
let 0 : G —G denote the zz-periodic automorphism of G defined by 
€)(：诳)=%佚+1,0(幼人:)=y^k+i and O(zQ = Then it is immediate 
that 77 o 0 is also a representation of G m SL(2, C)

Theorem 4.2. Let :F(L P) denote the set of all points P = (% P2,
• * • ,Pn) in 720?»)such that r)P oQ = where r)p denotes tl^e rep
resentation of G corresponding to the point P、Then

(1) 戶(乙 P) is an affine algebraic subset of 7?,(L, V)
(2) 戶(E,为={(%%•• ,R) € R(L,P) I 3MeGL(2,C) s.t.

(M,R) e Rn(L3P),MR = P\M}.

Proof. (1) Let P = (P1, F須…〉Pn) be a point of •戶(Z, P), where 
RM須 …? Pn are points of M(2? C)a+6 as given m (14). Since P = 
(A, -^2, - - , > Pn) lies m 7?.(L,P), P satisfies the matrix equations m 
(15) and (17). It is clear that r)p o Q = rjp ii and only if

(21) 厶成+1 — Axk = 0 Bjk+1 — B3k = O, Ck+1 — Ck — O 
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for all 1 < z < a — 1,1 J and k = 1,2, •…This shows that P 
is a zero of the polynomials in (15) and the polynomials which are the 
entries of the left hand side matrix of the equations m (17) and (21).

(2) Let P = (Pi, , Pn) be a point of 1Z(L, P) such that 
r)p o Q ~ r)P} where 广…,Pn are points of M(2, C)a+6 as given 
m (14). By Theorem 4 1, € 卩(区(尸))and for each 人；=2： 3, •…,rz5
Pk = for some matrix M E GL(2, C) such that
(M, Pi) E 7?-n(Li, P). Since 驴 o ㊀=驴，it follows that = 
&加旦J妇= Bgis C上= Cfc and so MA^M ' = , MBjM '—

MCkM^~l = Ck for all k = 1,2, • • - , n — 1 Therefore R = 
Conversely, if F — (F\ P2,…,Pn) is a point of TZ(L,V} 

such that P\ = P2 = • = P街 then it is clear that the correspond
ing representation satisfies that 7]p o 0 == rjp. This completes the 
proof □

2tt y/— 1.
Let n be an integer > 2 and set < = exp(--------- ). For each k =

0,1, ••- , n — 1, we define 只认匚 P) to be the subset of《*(서或 glven 
by 1Zk(L,P)=

{(F, MPM~\ …，e 破乙 p) J det(M) = Ck}

and define (眼 讣(丄">) 一，M(2, C)"W(=(C*"사»)) to be the map
ping given by

MM, F)) = (F, MPM~\

for all (M,F) GVfc(Li,P)

Lemma 4 3 (1) For each A; — 0,1, • • , n — 1, is a regular map 
from W、LijP) onto 7^fc(L,P), i.e〉〈眼(叫(匕”》)) = %丄盘)

n—1
(2) Rue = \jRkUm

D
n—1

(3) 0o(W2)n))cZ(Z,P) c n^(L,P).
k=0
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Proof.⑴ Let M =(金;="'''，”屮)G M(2, C)^1, 

where = (서5」for each z = 2,…,a + 6.
UQ—)+3 X* 丿

Suppose that (M, P) E Vfc(Li,P). By Theorem 4.1, P))=
(RMPM—、…e R(Z,万).Since det(M)=〈气 it 
follows that ^((M,P)) E 冗”乙万).It is easy to see that 
= 1하

Now since M-1 = C~k ( § , we have the following equa

tions: for each 1 < m < n — 1^2 < t < a + b, =-

丄〈X】X2、「VX4(-i)+i X4St)+2)'X4
(km \^3 X4丿［乂4(1)+3 X4l 丿 \ —X3 Xi )

This 아lows that all entries of 나le matrix are polynomi
als m X” X2, X3, X4, X4(z—i)+i, X4(sl)+2, X4(zt)+3 and X，％. Therefore 
each (眼 is a regular map.

(2) Let P = (Pi, • * * j Pn) be a point of R(L 万)By Theorem 4.1, 
Pi 6 V(〃4(7>)) and there exists a matrix M € GL(2, C) such that 
Mn - I and P = (F1, MRM—…，Since Mn = 
/, det(M)n = 1. So det(M) must be a n-th root of unity, i e., det(M)= 
(k for some k(Q < k < n — l) Thus P E 爲:(乙 P) for some k(0 < k < 
n — 1)

(3) Let P = (&,&, •…，厶小曷，…,Br Ci) be a point of 7^(K2, P*). 
By (7), Ai = I. Set Pr = 7r4(P) = (&, •…，Aa} …，3知 Ci). Note 
that 80(F) = (Pi, ■ • • , Pi). By (4) of Proposition 3.2, P = (/, R) E 
Vo(^i,P) C Rn(L"). By ⑵ of Theorem 4.2,血(P) E 下(］盘)

Now let P = (F\ …，尸J be a point of :F(L 万)• By (2) of The
orem 4.2, there exists a matrix M G GL(2, C) such that (M, F\) 6

P) C Rn(Li「P) and MP、= P^M for some 0 < j < n — 1. For 
each A; = 0,1, • • • — 1, let M& =〈호그M. Then det(Mfc) = 空. Since
^(L.V) c 7^(L,P), by Theorem 4 2 Pi e V(W4(P)). It follows from 
(2) that (M加 Pi) satisfies the matrix equations in (4), (5), and (6) and 
so (Mk〉A) £ Vfc(Li,P) for each k. Note that = P\M^ for all k. 
NowP=(F1<-.=(幅(M"p £ MMQ打P、)、) = Rk(L"〉、) f価
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n—1
all A; = 0,1, ••- , n — 1. Hence P €P). Therefore〔F0 P) C 

k=0
n—1
P| 7^a：(Z/,P) This completes the proof.
fc=0

□

In view of (1) 고n Lemma 4.3, for each A; = 0,1, • • • ,n — 1, we obtain 
an affine algebraic subset 粼(以(金，’))of C4n(a+^. In the rest of this 
paper we denote it by R for simplicity, that is, Vk =(眼(以(시卩)) 二二 

Rk(L, P),0<A:<n — 1 Then we have the following theorem*
n—1

Theorem 4.4.⑴ Tl(L,P) = (J H
R=0

n—1
(2)枕URK2「P*)、) C 戸(乙P) C Pl Vfc

k=0

Proof.⑴ By Lemma 4 3, we obtain that 7喝匕 D)=瓜()40i")) U 
Vk and

n—l n—1
n(L,P)=\Jnk(L,P)C \Jvk.

fc=0 k=0
Note that 砍(丄斤)C and 7?,(L, P) is an affine algebraic
subset of《*3+4. Since Vk is the smallest algebraic subset of(〔*(어") 

containing 机(强(丄3卩)、)=7^fc(L, P), we have that 认 C P) for
n—1 /

all fc = 0,1, ••- , n — 1. Therefore [J 认 U P)-
为=0

(2) By (3) of Lemma 4.3,
n—1 n—1

c f(l p)c p Re p)c n vk.
k=0 k=0

This completes the proof. □

Corollary 4.5. (1)

dim(0)(氏(K2,7〉*))) < dim(戶(E,万))< dim(^(L,P))
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(2)

dim(S0,D)) < dim(R(我万))< dim(V0(^i,^))
< dim(穴，(金」P)).

Proof. (1) follows from Theorem 4.2 and Theorem 4.4.
(2) Since C 夂(0"), dim(攻< dim(R(Zn»)).

By Theorem 4.2, dim(•戶(乙 P)) < dim(7?.(L, P}) and, by Theorem 4.4, 
dim(7^(Z,P)) < max{dim(机),dim(爲)，…,dim(Pn_i)}. Since 饥:: 
Mc(L.P)t j人 is a dominating map, dim(Vfc) V dim(》％(Z"P)) for 
each k = 0丄…3 n — 1. By (3) of Proposition 3 2, dim(l，)0i)P))= 
dim(》％(虹》)) for all k = 1,…,71—1. Hence dim(H) < dim(%(金」卩)) 
for all A; = 0,1, ••- , n — 1. Therefore dim(穴，(五舟))M dim(Q)(M P)). 
This completes the proof. □
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