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LIE SEMIGROUPS IN 0(2,2)

Keunbae Choi and Yongdo Lim

Abstract. We study OFshanskn semigroups admitting triple 
decompositions m the Lie group 0(2,2).

고. Introduction

An impotent class of subsemigroups of Lie groups is OFshanskii 
semigroups that play the role of noncommutative analogue of tube do
mains in the harmonic analysis of hermitian semisimple Lie groups. In 
[4] the author gave some conditions for the existence of the OFshanskii 
type semigroup (a semigroup variant of the Cartan decomposition) m 
a Lie group, and in [5] the authors investigate some conditions for 
the existence of a triple decomposition (a semigroup variant of the 
Harish-Chand호a decomposition) from an OFshanskii semigroup. The 
class of semigroups for which the triple decomposition obtains contains 
symplectic semigroups, or more generally the conformal compression 
semigroup of a symmetric cone m an euclidean Jo호dan algebra (see [5] 
and [7])

The Lie algebra so(2, 2) of the Lie group Oo(2, 2), the connected 
component of the identity m the group of linear transformations of 
R4 preserving a metric of signature (2,2), is a symmetric algebra of 
Cayley type, q+ + f) + q-, with dim q± = 1 In this paper we show that 
this symmetric algebra induces an OFshanskii semigroup in 0(2, 2) 
admitting a triple decomposition.
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2. Lie semigroups with triple decompositions

Let G be a Lie group with Lie algebra £(G) and S be a closed 
subsemigroup of G with identity The tangent wedge of S is defined 
by

£(S) = {X f £(G) • exp(iX) e S for all t > 0).
Then it is a closed convex cone containing zero and is a Lie wedge, 
i.e.,

*£(s)= £(s), vx e r(s)n -£(S)
The systematic groundwork for a Lie theory of semigroups was worked 
out by K H. Hofmann, J. Hilgert and J. D. Lawson (cf. [1]).

Let G be a Lie group with Lie algebra g and let t * G —> G be a 
differentiable involution of G The pair (G,r) is called an mvolutive 
group Then the derivative of r at the identity e, dr(e) ‘ g T g, is 
a Lie algebra involution and leads to a decomposition of q into the 
4-1-eigenspace and — 1-eigenspace q, g = b + % which satisfies

忻，미 으 b,[O,q] 으 q,[q,q] 으 b-
Lie algebras with a given decomposition with these properties are 
called symmetric algebras. Let H be a subgroup of GT ~ {g E G . 
丁(g) = 9} containing the identity component of GT. If C is an Ad(H)- 
invariant cone in q and if S .= 7/(exp C) is a subsemigroup of G for 
which the mapping

(加X) 1 眼expC) : H x C —> S
is a homeomorphism, then S is called an OUshanskiz semigroup, and 
the factorization s =龙(exp X) for 5 G S is called the OUshansku polar 
factorization

The following appears at the Theorem 3 1 in [4].

Theorem 2.1 Let {G, r) be a finite dimensional mvolutive Lie 
group, and let 7/ C be a closed subgroup containing the identity 
component of GT Let g = + q be the corresponding symmetric
decomposition of the Lie algebra of G)and let 3 denote the center of 
g. Let C be a closed convex cone m q which is invariant under the 
adjoint action of H)and for which ad(X) has real spectrum for each 
X E C Then the following conditions are equivalent
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(1) (九 X) T /z(exp X) . H x C T H(expC) is a diffeomorphism 
onto a closed subset of G

(2) The mapping Exp : f) T G/H defined by Exp(X) = H(expX) 
restricted to C is a diffeomorphism onto a closed subset of G/H.

(3) The mapping exp restricted to C is a diffeomorphism onto a 
closed subset of G

(4) If Z € 3 A (C — C) satisfies exp Z = e, then Z = Q. For each 
non-zero X e C「祯，the closure of exp(RX) is not compact

If these conditions hold, then S := H(expC) is a closed semigroup 
with the tangent wedge C(S) = f) + C

Let g be a symmetric algebra, q = f)+ q An element X E Qis called 
hyperbolic if the spectrum of ad(X) is real and ad(X) is semisimple 
(i.e., diagonalizable) as a linear operator If a closed convex cone C 
m q has dense interior m the vector space C — C, and if ad(X) is 
hyperbolic for each X m the interior of C, then the cone is said to be 
hyperbolic

The symmetric Lie algebra g is called a symmetric algebra of Cayley 
type if there exist abelian subalgebras q_ and q+ of g contained in q 
such that q = q_ ㊉ q+ Note that the triple (q_,加 q+) is a (—1,0,1)- 
graded Lie algebra Let H be a closed subgroup of G with Lie algebra 
* We define a smooth mapping by

© • q_ x H x q+ t G, ©(X, h, Y) = (exp X)/z(exp K)
The following is the principal theorem of [5]

Theorem 2 2. Let (G, r) be a finite dimensional ihvolutive Lie 
group such that the Lie algebra g = q_ + b + q+ is a symmetric 
algebra of Cayley type Let 77 be a closed subgroup of Gr with Lie 
algebra fj Suppose that C- is a cone m q_ and C+ is a cone m q+ 
such that C •— C+ + C_ is a hyperbolic Ad(/f)-mvariant cone. Set 
S := (exp C~)/i(exp C+) If any of the conditions (1)-(4) of Theorem 
2.1 is satisfied, then the mapping

4 C~ x H x C* T S) ©(X, h, Y) = (exp X)/z(exp Y) 
is diffeomorphism If further the set S is closed, then S is semigroup 
and equal to the OFshanskii semigroup H(exp C) The set S is closed 
and the conclusions follow in the case that C is pointed.
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3. Groups with Lie algebra type Dr

Throughout we fix n G N. Let Rn be the Euclidean n-space with 
the usual inner product〈・"〉. We define a matrix 2n by 2n matrix J by 
J = ? 告 ，where Z — Zn denotes the n x n real identity matrix. 

Note that J2 = Z2n and J-1 = J = J* We define the symmetric 
bilinear form on R2n by

⑴ (끼g) = x,ye R2n.

Let

G .= {M e GL(2n, R) • (M끼M初 = (끼g) for all x,y e R2n}.

E G, the inverse of M is given byA
CNote that for M =

M-1 'Dl Bl ' 
Ct At

Proposition Let M — 厂 r» £ GL(2n, R). Then the O U
following are equivalent*

(1) M E G, i e., M preserves (*| ).
(2) MlJM = J.
(3) 出G BlD are skew-symmetric and + C*B = I.
(4) DC气 BA1 are skew-symmetric and DA1 + CBl — L

Proof. Straightforward. □

Remark 3 2. Let O(n, n) be the group of all pseudo-orthogonal 
real matrices of signature (n, n). Then this group can be expressed as

。(払 끼 = {M e GL(2n,R) : = 孩詩 ,

where Inn £。and I is the identity matrix of size n x n.

The group O(n, n) has four connected components and the identity 
component of O(n, n) is equal to the identity component of SO(n, n)= 
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O(n, n) A SL(2n, R) (cf. [2]). Observe that RIn^nRrx = J, where R is 
the real Cayley transform, i.e ,

Thus we have G = R0(n,

We define an involution 丁 ： G G by

Then (0 丁) is an involutive Lie group with the fixed group

G' = { £(*T • AeGL(n,R)}.

Let q be the Lie algebra of G Then obviously, we have

q = {M e M2n(R) - JMlJ = -M}
={ , ；% 矽=_3。= 一(底)}

으 so(n, n)

and hence q is the classical Lie algebra type Dn with its dimension 
2n2 — n. If n > 3, 나len Dn is simple.

Furthermore, the differential dr[e) • g —> g at the identity e is given 
by

시 ,、B F A -B ' 
打⑹c —，牛]丿 一 [一°，_At

and it defines a symmetric algebra

g = b + q.
Furthermore, by setting

时={ g $ . X* = -x}, 

厂={ X o x—xj, 
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g = q+ + b + q— becomes a symmetric algebra of Cayley type. Let

Q+ = {告 ¥ : x* = —x} =expq+

D = { :? :Xt = _x}=exp「

H = £={ o PeGLSJ故)}.

Then Q土 is a Lie subgroup of G with its Lie algebra q士，respectively 

[A BProposition 3.3. Let g = 。d £ G Then the following me 

equivalent:

(1) g e Q누HQ-
(2) D is invertible

Proof. If g £ Q+HQ_〉then the element g is of the form

* *
* (矿

for some F G GL(n, R) and hence D is invertible. Conversely, we note 
that if D is invertible, then

(p-i)t o 1 r I o'
O D J [ D-lC I

By Proposition 3.1, Bl = —DtBD~1 and = —D^CD1. It follows 
that

(BD-y = 0厂1)匕济=一 (1尸)叮尹田尸 =-BD~V

and
= C^D^y = -D-^CD^D-y = -D^C

Thus g G Q+HQ~ □

I BDT
O I(2) g =

Note: The factorization m the Proposition 3.3 is uniquely determined 
(see Theorem 5.2 in [디).
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Remark 3.4 The set P HQ~ is a closed subgroup of G. Let 
M ：= G/P. Then there is a canonical imbedding

r y j r t y
(3) Skew (払K) T q+j, 人勺 Xt o°)*서 O I P

If n = 2, then Skew(2, R) is one-dimensional and it contains the 
f T 0x1 ]positive cone Q < 「、 - x > Q> In the last section of this
니 f o」 J

paper, we will devote to show that the compression semigroup of Q 
defined by I、= {g € G | g • Q U Q} has an OFshanskii and triple 
factorizations

4. Factorizations of [圣

Throughout this section we denote by G the group of 4 by 4 real 
matrices M satisfying the condition

MlJM =丿，where J = O I
I O

Note that G is the group BO(2,
Let q be the Lie algebra of G Then g is the classical Lie algebra 

type D» It is well-known that

D2 으 so(2,2) 은 s((2, R) ® 必(2, R)

Lemma 4 1. Let A E GL(2,R) and let X E Skew(2,R). Then 
AXA1 = AlXA = det(A)X € Skew(2}R).

Proof For A e GL(2,R) and X = 

have

x
0

0
—x 6 Skew(2, R), we

AXAf = AfXA = 0
一 det(A)x

det(A)rr 
0

=det(4)X G Skew(2, IR).
□
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For convenience, we let

Skew+(2,]R) := { : a; > oj

Skew" (2, R) -=| _?板：CM。] 

and let

C+：={ g g : X cSkew+(2,IR) 

b := { ? g : Y e Skew- (2；R) 

c ：=c+ + b.
Then C~ is a cone in q_, C+ is a cone in q+, and we can easily show 
that C is a pointed closed convex cone in the Lie algebra g of G

Theorem 4 2. We have Ho(exp C) is an Ofshanskii semigroup 
with the following triple decomposition,

Ho(exp C) = (exp C+)H°(exp C~),

where Ho is the identity component of H.

Proof. In order to prove this theorem, we will show that our setting 
satisfies the conditions given in Theorem 2 2.

Step 1: The cone C is invariant under the adjoint action of the 
identity component Ho of H — GT.

We note that the identity component of H is equal to 

A O
O (/L)*Ho = G H det (A) > Ok

Let K = A O
O (A"1)4 € Ho and let C = 丫 © C. Then

KCK~l O AXA1
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and by Lemma 4.1,
AXA1 = detQ4)X G Skew+(2,R),

= detM-^K =、.*.、.¥ G Skew-(2,R). 
det (A)

Thus we have the cone C is Ad (7/o) -invariant

Step 2: For any C G C, ad(C) has a real spectrum. 
Let 

0 0 0 x
r 0 0 -x Q „

0 —y . 0 0
y Q Q Q

Then the characteristic polynomial of C is
p(시 = det (Al — C) = (A2 — xy)2

and hence C has a real spectrum. By Lemma 4.1 m [4], ad(C) has a 
real spectrum.

Step 3 The cone C is hyperbolic.
We note that C is a closed convex cone in q and C has dense interior 

in the vector space C — C By step 2, the spectrum of ad(C) is real 
for each C € C To show that ad(C) is semisimple for each C in the 
interior of C, it is s나flicieiit to show that C is semisimple ([3]) For 
x, ?/ > 0, let

0 0 0 x
r _ o 0 -rr 0 c

' 0 -y 0 0 6 c
i/OOO

Then we can easily show that the matrix

X 0 —x 0 一

p = 0 —x 0 X
0 、両 0 、［丽

_、両 0 V翎 0
diagonalizes C, i e.,

KCP = diag(\/虱 \/顽一、何,—、何).
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Thus C is a hyperbolic cone

Obviously, the Lie algebra q is semisimple and hence the center 3 
of g is trivial. By Theorem 2.1 and Theorem 2.2, the proof is now 
complete. □

Set
Q := { q : :0} = Skew+(2,IR) \ {(가,

Q := { q : z N 0} = Skew*(2JR)

By (3), the group G naturally acts on A4 = G/P We define a com
pression semigroup with respect to Q

「q .二二{g c G g，Q c Q}.

Theorem 4.3. We have I、= I나= 7/o(exp C), where I나 = 

exp C+ and r_ = exp C~

Proof. Obviously, the sets I나 and Ho are contained in Tp. To show 
that r+Hor~ C Tq, it is sufficient to 아low that r~ C Fq. Let

! ,, f 0 y 1 r 丿 cg = v T G 1 , where Y — for some y < 01 1 —y U

r n r 1 _
Note that I+ YX is invertible for all X — n C Q By Propo- x u
sition 3.3, we have

r I x(i+Yxyn
[ o I ]

'10' IX' ■ I X
Y I O I — Y I + YX

Since

X(/ + YX)t=

_ 1 一晩
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and ---------> 0 for x > 0, v < 0, we have1- xy ~ — —

g・X =X(/ + FX)T eQ.

Now suppose that

'AB] 「 
9=[c，이 £

Then since g • 0 € Q, g € Q+P. By Proposition 3 3, D is invertible 
and we have the following factorization

I BEL 1 f (d)t O
O I O D

I O
D^C I

with BD~V = g • 0 € Q. Thus the first term in the righthand of (4) 
belongs to「+, i.e ,

(5)
BD~X e r+.O

For convenience, we let Y = D~~YC =
)
g
o
 
-

0
 o

A B
C D

for all X = 0 x
—x 0

* *
CX+ D eQ+P

E Q By Proposition 3.3, CX + D is invertible

I X
O I

and hence

I + YX = I + D~lCX = D—'(D + CX)

I + YX is invertible for all X =

is invertible We note that
0 x

—x 0 G n

\l-xy 0
I 0 1 — xy is invertible for all rr > 0

y <o
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Thus we have that the last term in the righthand of (4) belongs to 
r_, i.e.,

e r-.(6)
I O 

D~XC I

Finally, to show that the middle term in the righthand of (4) is con
tained in H。, we have to prove that det(Z>) > 0.
By (4.1), • Q C Q implies that

■ g-X = B" + (少)TX(/ + YX)-lD~l e Q

foiLall X = 0 x
—x 0 e Q Since BD~l G Skew+(2,R), we can write

BD-1 0 z
-z 0 with z > 0.

a 
c

b 
dLetZ) = 

is of the form

.Then the matrix BD~r + X(I + Y

0 * x(ad — be) '
1-xy 

z 叭ad - be) 0
1 —印 -

Thus we have
z 戶쁜그"NW。顷心。.

It follows that det(Z)) = ad — be > 0. We have

G Ho.⑺

□

'(D-1)* O
O D

By (4), (5), (6), and (7), we have g e r+H。］。.

Theorem 4 4. We have & = {g € G ： g • Q U Q}.

Proof. Let S = {gcG:g・QuQ} and let g G Tq. Since g e I、= 

r+Hor~, the element g is of the form
'I A} \ (D-y O} \ I O '

O I B IO D
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g

By Theorem 3.3, we have
IX' u 'I 4 + (ZX)TX(/ + BX)&T -
O I O I P

for all
X = 0 x

—x 0 Qe
Let

A = 0 a
—a 0 and B = 0 b

~b 0
for some 
of the form

a > 0,d<0. Then g •* = 4 + (D^X(I + BX)^D^ is

■ n , xdet(D)'
0 a + ~T^T

2 +씌으의) o '
- 1 — xb -

Since det(D) > 0 and since rr > 0,

a + -一一으/ > 0 
1 — xb

Therefore g , X C Q and hence Fq G S.
Conversely, suppose that g E S Set for each n € N,

h”n = where Xn =
1- no

Then hn € Tq and /zn • Q C Q It follows that 
ghn QCg-QcQcQ

Thus we have ghn e Fq for all n 6 N. Since hn converges to the 
identity of G and since & is closed, we have

g = hm ghn € 】「q n—>oo
This completes the proof. □

Let
SL(2, R)+ = I :% e SL(2, R) ■ a, b,c,d>Q 
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Then SL(2, R)+ is a closed subsemigroup of SL(2, R) with the following 
factorization.

Lemma 4.5. We have SL(2,R)+ = UDL, where

U={[1 ?]->o}

and
P={[o，]项>。}

Proof. Proposition 3.2 in [6]. □

Now we let
h‘={[3 京人>。}

丑” = { O (建y、WSL(2,I빠.

Then H1 and Hn are subgroups of Ho with Ho = HHHl.

Theorem 4.6. We have
(1) Hf exp C = r+HT_ and is a subsemigroup of Ho exp C.
(2) is isomorphic to SL(2, R)+.

Proof. (1) Let gJiC r+HT~ Then

for some A, > 0 x. > 0 and y,yf < 0 with

9 =
⑻ ’

■ I X 一 XI o ' I 0
o I 0 Y I

h = ■ I 
o

X'
I

■ X'l 
0

o
如

'I O
Y' I

X
 

y

z
o
 
g
o

*
 o

矿o
 

O
,
T

,= 

-
xzw
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We have

(9) gh = I A
O I

O
O D B

O
O

where

0
"~~ 入2矿—xyx' + x

_ 1 — yx'

0
B 二二 9

人'勾_卯:寸+寸

. 1 - yx'

— xyx1 * + X

1 ~ yx> G skew(2,R)-
0

1~yx， G skew(2,R)+ 
0

A/2y 一 + 矿'

1 — yx1 T 1 — yxf
XXf ， AAZ

Thus we have gh G I나H'L Therefore, r^HT~ is a subsemigroup of 
Fq. Now since Hf is closed, r+7?T- is a closed subsemigroup of G 
By considering the tangent wedge of this semigroup, we conclude that 
Hl exp C C r+HT_ Conversely, suppose that g 6 r+HT_. Then 
since g € I、= Ho exp C, g = hexp C for some h € Ho, C G C. We 
show that h E Hl Let

八 O X uv 0@ 丫尸 0 ~yC —弋/ c with X = n ,Y= n > 0.Y O \ [ -x 0 J 7 [y 0 〉' 잉 —

Then by a direct matrix computation, the 7/0-part of expC is

h 一 sech(刼)*7 〜 0
0 cosh (典/)*/

Therefore hh^ E Hr which implies that h E Hf
(2) Define a mapping f : V+HT~ T SL(2,R)+ by

A 
o/(g)=

XI 
o

1 0
-y 1

for
I X
O I

o
V

I o
Y I9 = e r+H'r~,
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with
0 x

~x 0

Since the factorization of is unque and since the factorization
of SL(2, is unique, the map / is well-defined and is injective. 
Clearly, f is surjective To complete the proof, it remains that / is a 
homomorphism from I나HT」to SL(2,R)+.

Let C I나H'L be of the form (8)

X =

fW = o 1

Y =

P 0

where

u =

P =

Since

we have

where

0 y
一 y o

Then by (9) we have

1 0
~l 1

X2xf — xyx1 + 亿〉0
1 — yxf —

W 一 y时y‘ +矿

1 — yxl
AV 八 

---------> 0.
1 — yx1

< 0

旭）佃=:d

/(g)=
i

_ 0
X
1

A 
0

1 0
-y 1.

/(")=
_ i

0 1
■ X

0
0
1
V

'1 0
.~y' 1

1 
XV

c = -xy+x>Jyx'y-^y，^0

,A , 1 ,
b =护一 財g +

入 AA
一 人',1 ,

C A" ， AA- •
, 1 — yxf 八d =—二二一> 0.

a; > 0
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Since 涉 尹 0,

■f(9)/0)=
1 bd~l
0 1

d-1 o i r 1 o
0 d d~lc 1

and bd「i = s = —Z and d~x — p The proof now is complete □
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