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M-SYSTEM AND TV-SYSTEM IN 尸。-SEMIGROUPS

Sang Keun Lee

Abstract Xie and Wu introduced an m-system m a po-semi- 

group. Kehayopulu gave characterizations of weakly prime 

ideals of po-semigroups and Lee and Kwon add two charac­

terizations for weakly prime ideals. In this paper, we give a 

characterization of weakly prime ideals and a characterization 

of weakly semi-prime ideals in po-semigroups using m-system 

and n-system, respectively

Recently, Xie and Wu introduced an m-system in a po-semigroup 

([9]). The definition of m-system in a 7)o~semigroup is an extended 

form of the concept of m-system of semigroups without order (see the 

book of Petrich ([8])). Now we introduce the definition of n-system in 

a po-semigroup. Also, the definition. of n-system in a po-semigroup is 

an extended form of the concept of n-system of semigroups without 

order Giri and Wazalwar studied the properties of m-system and 

n-system in semigroups ([1])

Kehayopulu ([2, 3]) introduced the concepts of weakly prime ideals 

of ordered semigroups and gave the characterizations of weakly prime 

(weakly semi-prime) ideals of ordered semigroups analogous to the 

characterizations of weakly prime ideals of rings considered by Mc- 

Coy([5, 6]) and Steinfeld ([8]). And Lee and Kwon([4]) gave two 

characterizations of weakly prime ideals of ordered semigroups.
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In this paper, we give a new characterization of weakly prime 

ideals and a new characterization of weakly semi-prime ideals in a 

po-semigroup using an m-system and n-system, respectively.

A ^o-semigroup(: ordered semigroup) is an ordered set <) at 

the same time a semigroup such that: a < b => ca < cb and ac < 

be for all a,b^c E S.

Let S be a po-semigroup and A a nonempty subset of S. A is 

called a Z矶(resp. nght) ideal of S if (1) SA C A(resp. AS C A), (2) 

a E A^b < a for b E S =今 b e A. A is called an ideal of S if it is a 

right and left ideal of S([2, 3, 4]).

An ideal T of a po-semigroup S is weakly prime if and only if for 

each 眼 b £ S such that (qS이 C T〉we have a E T or 6 G T. T is a 

weakly semz-prime if and only if for each a E S such that (aSa] Q T, 

we have a G T([2, 3]).

For any subset H of S, let (H] denote the set of all element of X 

which are less than or equal to some h E H, i.e.,

(H] := {t W S\t < h for some h E H}

Definition 1. Let Af be a non-empty subset of a po-semigroup 

S. M is called an m~system if for every a,b E M there exists x E S 

such that (axb\「1 M 尹 0, and M is called a strong m-system if for 

every a,b £ M there exists x C S such that axb 6 M.

Let M be a non-empty subset of a po-semigroup S. N is called an 

n-system if for every a E M there exists x C S such that (axa] A N 丰 

0, and N is called a strong n-system if for every a E M there exists 

x E S such that axa e N.

The concepts of “m-system” and ^strong m-system" in a semi­

group (without order) are coincide

Remark. If M is a strong m-system, then (M] is also Indeed: 

If x^y e (M], then there exist m1?m2 € M such that x < mi and 

y < m2. Since M is a strong m-system, mizm2 6 M for some z E S. 

Thus xzy < mizm2 € 人幻 and so xzy E (M]. Therefore (Af] is a 

strong m-system.



m-SYSTEM AND n-SYSTEM IN po-SEMIGROUPS 235

We denote by 1(a)(resp. L(a), J?(a)) the ideal(resp. left ideal, 

right ideal) of S generated by a. One can easily prove that:

1(a) = (q U Sa U aS U SaS]^ L(a) = (a U Sa], R(a) = (a U aS].

We note the following lemma：

Lemma 1. ([2, 3, 4]) Let S be a po-semigroup. Then we have

1) A *C (A] for allAQS.

2) (A] C (B]诉 AJB JS.
3) (A\(B] 으 (A可 for all3 으 S
4) l(A\] Q~(A] for allAQS.

5) For every left ideal(resp. right ideal, ideal) T of S, (T] = T.

6) If A^B are ideals of S, then (AB], An B are ideals of S.

7) For a G S, (SaS] ts an ideal of S.

Theorem A. ([2, 4]) Let S be a po-semigroup and T an ideal of 

S. The following are equivalent.

(1) T is weakly prime.

(2) If a, b E S such that (aS 이 C T, then a ET or b eT.

From Theorem A, we have the following theorem 1.

Theorem 1. A proper idea,! A of a po-semigroup S is weakly 

prime if and only if S \ A is an m-system.

Proof. Suppose that a proper ideal A is weakly prime and a.b E 

S\A Then a A and b A. By ⑵ of Theo호em A, (aS비 么 4. Now 

we show that axb E S \A for some x E S. Suppose that axb 6 A for 

all x e S. Then. aSb C A. Thus (0S이 C (A] = 厶 by (5) of Lemma 

1. It is impossible. Hence axb e S \ A for some x e S, and so 

(axb\ A (S \ ?1)尹 0. Therefore S \ A is an m-system.

Convers시y, suppose that S \ A is an m-system. Then for a.b E 

S \ A 난lere exists x E S such that [axb] A (S \ A) 尹 0. Thus there 

exists y in S such that ayb € (如이 C (S \ 4), and so ayb £ A. Hence 

aSb Z 4 and so (泌이 g A. This is the contrapositive form of ⑵ of 

Theorem A. Therefore A is weakly prime by (1) of Theorem A. □
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Theorem B. ([2]) If A is an ideal in a po-semigroup of S then 

the following are equivalent.

(1) 71 is weakly semi-prime.

(2) If (aSa\ 으 A, then a E A

From Theorem B we have the following theorem 2.

Theorem 2. A proper ideal A of a po-semigroup S is weakly 

semi-prime if and only if S \ A is an n-system.

Proof. Suppose that A is weakly semi-prime of S and a E S\A. 

Then a A. By (2) of Theorem B, (aSa\ g A. Now we 아low that 

axa G S\A for some x C S Suppose that axa € A for all x E S, Then 

aSa 으 A. Thus (aSa] C [A] = A by (5) of Lemma 1. It is impossible. 

Hence axa E S \ A for some x E S. Therefore (axa\ D (S \A)丰 0, 

and so S \ ^4 is an ?財system.

Conversely, suppose that S\A is an zz-system. Then for a e S\ A, 

there exists x E S such that (axa] C (S \」4)尹 0. Thus there exists 

y E. S such that aya G (axa\ n (S \ A), and so aya § At Hence 

aSa Z A, and so (aSa] g A. This is the contrapositive form of (2) 

of Theorem B. Therefore A is weakly semi-prime by (1) of Theorem 

B. □

Theorem 3 If (丿V] is a strong n-system containing a in a po- 

semigroup S, then there exists a strong m-system [M] containing a 

such that (Afj C (JV].

Proof. Let (TV] be a strong n-system containing a. Then there 

exists x E S such that axa e (TV]. Thus aSa A (TV]丰 0. We can take

6 aS a Cl (TV]. Since a± € (TV] and (TV] is an n-system, there exists 

工\ J S such that aix±ai C (IV]. Also we can take 鬼 € a±Sai n (N]. 

Since 如 E (N] and (N] is an n-system} there exists x》C S such 

that Continuing this process, we can take €

(如5니 Cl (TV]. Now we construct M as follows；

M := (a,ai,a2, •,如◎十，•••}
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Then (M] is a strong m-system. Indeed: Let bg C (M] and i < 

Then there exist a3 6 M such that 饥 < a% and b3 < a3. We have

Qg+i £ cljSGij g (q勺—一]Shj_i)SSzj g CLj_\Sa3

U (a3_2Sd3-2)Sa3 으 a3-2Sdj 으 . • • ； atSaj.

Thus Qj+i = azxa3 for some x E S. Therefore btxb3 < azxa3 = 

Qj+i € M. It follows that (M] is a strong m-system.

Finally, we note that q € 財 으 (丿V] Therefore (Af] 으 ((IV]] =

(旳 ~ □

A semigroup S is a po-semigroup with the partial order △:= 

((a, a) I Va e S}. Hence (A] = A for a subset A of a semigroup 

S, Since the concept m-system and strong m-system in a semigroup 

(without order) are coincide. Therefore we have the following corol­

laries.

Corollary 1. ([1]) A proper ideal A of a semigroup S is weakly 

prime if and only if S \ A is an m-system.

Corollary 2. ([1]) A proper ideal A of a semigroup S is weakly 

semi-prime if and only if S \ A is an n-system.

Corollary 3. ([1]) If N is an n-system in a semigroup S and 

containins an element a of S, then there exists an m-system M of S 
su사广that a e M and M C N.

Now we give a new concept in a po-semigroup.

Definition 2. The m-radical of an ideal 4 in a p。-semigroup S 

is the set consisting of those elements r E S with the property that 

every strong m-system M in S which contains r meets A (that is, it 

has nonempty intersection with A). It is denoted by y/A,

y/A = {厂 C S I MC\A 丰 0 for every strong m-system M containing 

x } (cf. [1])-

We give the following lemma.
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Lemma 2. Let A be an ideal of a po-semigroup S and x E S. If 

x E \/A, then xn e A for a positive integer n.

Proof. If x & then Af Pl A 7^ 0 for every strong m-system 

M containing x. Consider B = {xz | i = 1,2, • • •}. Then for any xz 

and x3 in B, x%xx3 = z어€ B. Thus B is a strong m-system 

containing and so B D A 7^= 0. Hence xn E A for some positive 

integer n. □

Theorem 4. If A is an ideal in a po-semigroup S)then y/A = 

A Pa for all weakly prime ideal Pa containing A. 
a

Proof. Let be a weakly prime ideal containing A and x G \fA. 

Then by Lemma 2, xn E A C Pa for some positive integer n and 

for all a. Since each Pa is weakly prime, x E Pa for all a. Therefore 
\/A C n Pa for all weakly prime ideals Pa containing A 

a
Now we show that Pa Q vC4 for all weakly prime ideals Pa 

a —
containing A. Suppose x 牛 \rA. Then there exists a strong m-system 

M containing x such that MC\A — 0. Consider the set B of all ideals 

7 of S such that AC I and MCI = ©・ Since A Q A and Af A A = 0, 

we get A E and so B is non-empty. Then (B, C) is an ordered set 

Let C be a chain in 3. Then the set U C is an ideal of S and is an 
cec

upper bound of C m 3. By Zoin's Lemma, there exists a maximal 

ideal P such that AGP and M A P = 0 Since x G A么 we note 

that x P. Now we 사aim that P is weakly prime. If a, b P, then 

P C PuZ(a) and P C P{jl(b) Since Ful(a) and FUl(6) are ideals, 

M A (PU 1(a)) + 0 and Mn (Pul(6))尹 0 by the maximality of P. 

Hence there exist mi G M A (F U 1(a)) and m2 G M D (P U 1(b)). 

Since M is an m-system, m^zm^ G M for some z in S. Moreover 

心河 € 7(a)SI(&) 으 UI (a) 1(b) C F, then

mi^m2 e (FU Z(a))S(P U 1(b))

=PSP U I{a)SP U PSI(b) U I(a)SI(b)

C P.
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Thus mizm2 G M n F, and so M A F 7^ 0. It is impossible. Hence 

I (q) 1(b) P for a P and b P This is the contrapositive form

(3) of Theorem A. Therefore P is a weakly prime ideal by (1) of 

Theorem A. □

Theorem 5. If A and B are any two ideals in a po-semigroup S, 

then:

(1) 4 으 3 =二二＞ y/A C \fB,

(2) 5/\Za = y/A.

(3) AB = vCTTyB = \fA n \pB.

Proof. (1) Let x 6、「瓦 Then for every strong m-system M con­

taining a?, M Pl A 0. Since ACB, Therefore x e \fB

(2) Since A C yC4, y/A 으、J\「K by (1).

For the reverse inclusion, suppose that x 6 Then for every 

strong m-system M containing M D \fA 丰 0. Thus there exists 

y E Mr\\/A. Since y G J瓦 for every strong m-system Mf containing 

y such that M1 A A 0. Since M is a strong m-system containing 饥 
M D A 7^ 0. Therefore x E vC4. It follows that \/~A = y/A.

(3) Since A and B are ideals in S, we have AB C AS 으 A and 

AB C SB Q B. Thus AB C AD B, and so \[AB C \/ZnB by 

(1) Since A C\ B C A and A Q B C B, we have yj A QB C y/A 

and V A C] B C \fB. Hence \/AQB C \/A H \/B Therefore V AB 으 
Vaqb c v值(3百

For the reverse inclusion, suppose that x E \fA Pi、屈 Then for 

every strong m-system M containing rr, MnA 7^ 0 and Af Pl B 0. 

Now let y E M C\ A and z E M Q B, Since M is a strong m-system, 

ytz G M for some t E S Also ytz e ASB C AB. Thus AB 丰 0, 

and so x E VAB. It follows that \fAB = \/A r\ B = y/A H \[B. □

Theorem 6 Let {Pa} be a family of weakly prime ideals in a 

po-semigroup S which are totally ordered by the set inclusion. Then 

Q PQ is an weakly prime ideaL 
a
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Proof Let I and J be ideals of S. Assume that 丿丿 으 Q J* and 
一 Ct

/ Z Cl J%. Then for some I Pa and J 으 J% since Pa is weak!v 

prime. Thus 丿 으 知 for all (3 > a. Suppose that there exists y < a 

such that J Py. Then I Q Py and so Z C Pa. This is impossible. 

Thus J 으 f°r all 伙 Hence n Pa is weakly prime. □
a
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