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AN IDENTITY FOR n-TIME DIFFERENTIABLE 
FUNCTIONS AND APPLICATIONS FOR OSTROWSKI 

TYPE INEQUALITIES

N. S. Barnett and S S. Dragomir

Abstract An identity for n-time differentiable functions of a 
real variable in terms of multiple integrals and applications for 
Ostrowski type inequalities are given

1. Introduction

The following result is known in the literature as Ostrowski^ in
equality [1].

Theorem 1. Let f 叵 이 —> R be a differentiable mapping on 
(a, b) with the property that \ff (t)\ < M for all t G (a, 6). Then

(11)
E)" 3쎄』十 느꾐: 

b~ a Ja I 4 (6 - a)
(b — a)虬

for all x G [a, 이 The constant - is the best possible in the sense that 
it cannot be replaced by a smaller constant.

The following Ostrowski type result for absolutely continuous func
tions whose derivatives belong to the Lebesgue spaces Lp [a, 이 also 
holds (see [2], [3] and [4])

Theorem 2 Let , 血 이 T IR be absolutely continuous on [a, 이 
Theiij for all x G [a, b\, we have:
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(1.2) / (c)—洁云 /，(t) dt

I + (彳흐^) 0 - a) ll/lloo if f € Loo [a, 이 ；

K 7±I 电)眼+ (M)E 的-a)Wllq iff'eLq[a,b], 
(p+l)p 」 너

§ + § = 1, 0 > 1;p q 1 2 )
、§ + |彳죄]||州1,

where (r E [1, o。]) are the usual Lebesgue norms on Lr [a, 이, i.e.,

IbL ：= ess sup |g (圳
圮[q,可

and
패•=(/'” 이‘”) 技€卩，。。)・

The constants 土 一J and | respectively are sharp in the sense
(p+i)p

presented in Theorem 1

In [5], S.S Dragomir and S Wang gave a simple proof of the fol
lowing integral identity intimately connected with the Ostrowski in
equality (1.1)

Lemma 1. Let f [a, 6] -> R be an absolutely continuous mapping 
[a, 이 . Then we have the identity:

(13) f (i0) = [ j (圮 [ p (尬,打)j⑴(圮 dh;
o-dJa b-a Ja

for all t0 e [a? 이, where

{
ti — d if ti G [d, to]

切 一 b if ti G (to 5 이
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Proof Since we use this identity m proving one of the main results 
below, we give here a simple proof as follows.

Integrating by parts, we have

(机—a) fr (切)dti = (4 — a) / (to)—

and

(切一b) ff (ii) dti = (b — to) f (io)—

Summing the above two equalities, we get

广圮 广b
I (切—Q)fl (切)dti + / (ii — b) ff (切)dti
CL J tQ

=(b — a) f (*o) ~ f (如)如 
J a

and the equality (1.3) is proved □

For related results on this identity, see [6] and[7].
In this paper, a generalization of the identity (1 3) is provided. 

Some related inequalities generalizing Ostrowskfs result are also pointed 
out.

2. The Results

We are now able to state and prove the following generalisation of 
the above result for n—time differentiable mappings.
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Theorem 3 Let / : [缶이 一> 】R be a (n — 1) — time differentiable 
mapping (n > 2) on [a, 비 with . [a, 이 T R is absolutely contin
uous on [<z, 이 Then for all tQ E [a, 6] we have the identity:

1
(2.1) E) = b—Q

x宀广• 

(b 一 a)2 J a
1 冲 

+(^r
a

pb ,一?
I f (切)站 + [a, b; /D]
a z=l

/ 说 1 ...dt,
J a

(P (to, il) • • • P Gn-l^n) /(n)(in) . dtn,

a

where [国 b,产〜')]is the divided difference of f(i)in the points 
(a, b}, i.e.}

b — a

and p is as above.

Proof. Let us prove by mathematical induction
For n = 2, we have to prove the identity

1 rb I rb
(2.2) f (t0) = ------  / /(ti)dii + [a,b,f] ------  / 0(姑,切)明

0- a Ja b — a 恥
] b

+ (M 疔 P編圮P (以上沮⑵侦2)出八砒2

Applying (1 3) for the mapping f1 (•) we can write

] 广b 1 fb
/(1) °1) = E二 J f 02)dt2 + ■冨二 J p (t"2)/(2) (t2) dt2
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Again using (1 3), we have

d r (치她
f (*o) = 7------ [ f (圮州 + ---- [ P (to, il)

b _ Q Jq b ~ a Ja
1 fb 

+ k----- / P
b — Q Jq

1 fb 1 rb
=7------ / f (圮 dh + [a, b\ f]-——/ p (如圮 dtr

b~a Ja b~aja
I 1 b

+( 2 ⑵(i2) dtidh

(饥*2)/⑵(板)水2 dti

and the inequality (2.2) is proved.
Assume that (2.1) holds for a natural number %” and let us prove 

it for + T\ i e., we have to prove the identity

(2-3) f (t0) = -J—
b — a

X,1 / • • / P (to, ^1) ■ ■-p dti - - dtt

(b — CL J J a J a

+ —-------r^+T / '/ :P * …卩标、)P (七而 拍+1)
(b — Cb) J a J a

xV(n+1) (in+1) dti .. dtn+1.

Using Lemma 1, we can state that

役)(址=广丄—f/(n) (tn+i)dtn+1

。一 a Jq

] fb
+ 7------- / P (tn, Wl) /("+1)Gn+1)如+1

b — a J a

=[a, b, + 厂!一 [ p (tn, tn+1) /(n+1)(垢+1) dtn+1 
o- a Ja
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By mathematical induction hypothesis, we get

■f &) = -r^—-
b — a

X 〃 1、z [ ••- [ p(t0,tl)p(tl,t2') ■ --P tz)
\b — Cl) J a J a

+ (b _ q)71 / / ?切)’…但

1 /나＞
[q, b;广f] + 汇二嘉 J P (拍 Wi) /(n+1)(妇+i)如+iX

-i pb n
章y /(切)妬[q,"・/ed]

X 1 / ••- [ P S 圮 p (t"2)• • • P dti...此
\b — CL) J a J a

+ 77一、有[,•- [ p (io, il) • • - P (^n-l, in)p (in, ^n+1)
(b — 이 J a J a

X /(n+1)(知-1) dti... dtn+l 

and the identity (2 3) is thus proved □

Denote Rn (/, i0) •=

(足 ~Jn ] " ' * j P (*0, *1) ' * * P (^n—11 *n) 피 (*n) 出八 . . . dtn.

We are interested in pointing out some upper bounds for the absolute 
value of Rn (/,圮,i0 e [a, b\. The following general result holds.

Theorem 4. Assume that f is as m Theorem 3. Then one has the 
estimate'
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(2.4)\Rn(f,t0)\
' 与쓷= [峙 + 偷 - 쁭站I l|/(n)L>M， if /(n)€ •시a, 비 ；

J 끄구 网1。)"' +(匕。一时中]印代叫|德皿, if 产槌지@,이， 

，蓦=L 0> 1, 
(b — Q广2 片으 뉘扁 一 쁭의] ||/W||i)M

for any i0 E [a, b].

Proof. Observe, by Holders inequality, that

(2-5) |Bn(/,t0)f

M (b : a)n L .. j |p (如切)p(t"2)...0(為 .dtn

/ 1
-(b - a)n
'ILf 闵 L枷，句 J： ■■ la \P^ ^1)1 \P ■■- \p (in-1, in) I -站，

/ 、丄

< X (j±・£|P(為,圮 F -\P (tn-lAnW dtx . .dtj

for 但 > 1, 5 + * = 1；

sup {\p (io,ii)| \p(ti,i2)| ■■-\p
(h, ,in)e[a,6]n
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_ 1
(b - a)n
'II/叫 8,00] fa"'fa \P (侖，切)1 \P (切，如)1 ■■- \P (切i 么)1 廿切• • •临

< 0 - 力 능 ||/(n)||p)M (fa' '■ fa \P (心 1)1' ■■- \P(5,扁)|以1 . ..。비 9 

for P > 1,，蓦=1；

(fe - a)n-1 sup {\p (^0,ii)| \p ■■-\p (in-i,^)|} ||/(n)||li[aM-
、 (*i, 5tn)€[(i,b]n

Now, denote 一

(2-6)
pb pb

In (^0)— / …/ |卩(和,切川 0(切,标)| ■-\p |^1 - dtn
J a J a
pb pb

=/ ••• / IpGo3i)I [p(切… 
J a J a

x (j \p (in—1! ^n) I dt]) dt\ ... dtn^i

[b [b I J 4- \\ \ 4 \| ((b _ tn—1)2 + (in-1 ~ a)2 \ / /
=J …J |P(io,ii)||p(ii,i2)|••- I ---------------2--------- r~j dtlt. ^n-i-

Obviously, since

(b — tn~l)2 + (tn-l ~ Q)2 (& — d)2 t ( a + b、2 (b _ tt)2
--------------- 2---------------=、一+(…丁丿 으—b -

for any tn_i G [a, 이 , we deduce by (2.6) that

(2-7) In(4)< •也二^/" 1 (io) for n 2 2
厶

and

(2-8)
杼。）=工+@_宇）2.
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Using an inductive argument we get that
(k _ \2(n—1)

In (机)< ——云顼——A (to) for n>2, 2 1
giving the following bound 

(2 9)
"J

Using the first part of (2 5) and (2 9)? we deduce the first inequality 
m (2 4)

Consider now
(2 10)

Jn,q (^0) = /
J a
rb

a

b

a

[\p - \p dtr. .dtn

J a

[\p ip(ii,^)r
J a

X •…(j \p (^n—1 ? "z)卩 dtn)(H\ • ■ ■ dtn—1

[S(心i)%W"2平…

J a

dti dtn—IX
g + i

Obviously, since

(b -妇 1严1 + (妇—i - a)”" v (b - a)"】 

q + 1 — q + 1
for each 拍—i £ 0 이 , we deduce by (2.10), that

(2 11) Jn,q (*0)M ( q +\—Jn~l,q (圮? n>2

and

(2 12) 丿项 (圮 = ('二圮" + 이竺.
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Using an induction argument, we conclude that 
(2.13)

J%q (*0)—
(b — io)q+1 + (to — a)q+1 (h _ nA(9+l)(n-l)

史-잇一f<"〉2.
0+1)1 一g + i

Employing the second inequality in (2.5) and (2.13) we deduce

\Rn (/, ^0)| <

. (q+l)(n-l)
] zr (b - a) 9

(b - a)” a (g + i)号

(b —烏)"'+ (to  Q)"」
1
q

H/(n)llP)MX
Q + l

(b _ a)”2 

(g +庆
[(b f)s +|Lf 叫 pg,

and the second inequality in (2.4) is proved
For the last part, observe that

(2 14)

Kn Go) ：= SUp {\p (i0?il)| |'(如切)| , - • \P 
(ti, ,in)e[a,6]n

< sup 伽。0,切)1}… sup {\p (in-1, in)I}
(ii, 扁)이71 (ii, ,tn)e[a.b]n

< (6 - a)n-1 sup |p (io,ii)| -
仑 M0, 이

=(b — a)n-1 max (侖—cz, 6 —烏)

b — a
~ 2

=(b 一矿 T to 一
d b
~2~+

Finally, using the third inequality in (2 5) and (2.14), we deduce 
the last inequality m (2.4) □
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Remark 1. In [8]; the present authors have pointed out the fol
lowing inequality when the second derivative is bounded

（215） f- 上』，払）dtl 一 쁴브어 （to — 宇）

- 쁘二? +： +&｝也一力2 仃⑵眨，處];

provided /⑵ Lg [a, 6], and tQ e [a. 이 . If one uses the general result 
incorporated in Theorem 4 for n = 2, then one gets the inequalities

（2 16） 

|3上3如1份岑）|

i .也宗" + （to 一 零）1 II•/⑵ |〔8,网， if /⑵ 6 乙8 la, 이 ；

- ' 為有 [0 — 烏）"' +（4 — a）9+1]' \\^2）\\p,[a,b] > if f ⑵ e Lp [a, 미 ;

、[띃으니*。一 %의] “叫

for each to G [a, 이 . We note that the bound provided by （2.15） is 
better than the first inequality m （2 16）

Problem 1. Find sharp upper bounds for

f （知-上I、（圮妬 - 四느鲁（扁 - 写）

b - Q J（丄 b — a \ 2 丿

m terms of the Lebesgue norms ||，/"）||?糜]>P [L。。].

Problem 2. Consider the same problem for the general case of 
n—time differentiable functions.
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