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CHARACTERIZATION OF BEST APPROXIMANTS
FROM LEVEL SETS OF CONVEX FUNCTIONS IN
NORMED LINEAR SPACES

S. S. DRAGOMIR

ABSTRACT Some new characterization of best approximants from

level sets of convex functions in normed linear spaces i terms of
norm derivatives are given

1. Introduction

Let {X, |I]]) be a real normed space and consider the norm deriva-

tives 5 Y
S ('R el 79
i G RPN 2t

Note that these mappings are well defined on X x X and the fol-

lowing properiles are vald (see also [1], {3]):

(1) (z,¥), = - (—=z,y), if z,y are in X;

(i) (z,2), = l|lz}|? for all z in X;

(1i1) (a:r 5y)p =af(z,y), forall 7,y in X and a8 > 0,

(iv) (az +y,4)p, = aHxH + (y,z), for all z,y 1n X and o a real
number,

(v) (x+y,2)p <zl - llzll + (v, 2), for all z,y, z in X,

{vi) The element z in X is Birkhoff orthogonal over y in X (we
denote x1y(B)), ie, ||z + ty|]| > [lz|| for all ¢ a real number iff
(y,2), <0< (y,2),,

{(vir}) The space X is smooth iff (y,2), = (y, ), for all z,y in X off
(-,-)p 18 linear in the first variable,
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where p = s or p = 1.
Now, let (X, ]|-]|) be a normed linear space and G a nondense subset
in X. Suppose 2o € X \ C{(G) and gy € G.

DEFINITION 1.1. The element g will be called the best approzima-
tion element of o in G 1f

1.1 — gol| = inf ||z —
(1.1) 2o = goll = inf flzo — g

and we shall denote by Pg (xy) the set of all elements which satisfy

(1.1)

The mam aim of this paper is to prove some characterization of
best approximants from the level sets of continuous convex mappings
in normed hnear spaces.

For the classical results in domain, see the monograph {4] due to
Ivan Singer

2. The Results

Now, let us denote by
Fs(ry={zec X .F{z)<r},reR

the r—lewvel set of F' and assume that = is such that F'< (r) is nonempty

The following theorein characterizes best approximants by elements
of the level set F'< (r) . Ths result can also be viewed as an estimation
theorem for the continuous convex mappings defined on a normed
space in terms of semi-inner product (-, -},

THEOREM 2.1. Let (X, ||-]|) be a normed linear space, ¥ : X — R
a continuous convex mapping on X, 7 € R such that F<(r) £ 0,z €
X\F=(r) and go € F< (r). The following statements are equivalent.

(i) 90 € Ppegry (o) ,
(i) We have the estimation

Fzy) — r

(21) Flz)>r+ 20 =1
() 2o = ol

(z — 90,20 — go), forallz € F= (r),
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or, equivalently, the estimation
(2.2)

F(a:}zf‘(mo)+F(xO) —

o — gol? (z — zo,To — go), for all z € FS(r).

Proof “(1) = (n)”. Let us observe first that as zg € X\F< (r), we
have that F (zq) > 7.
Now, let z € F=< (r). Then F (z) < r and if we choose

a =F(zy)~—nf8.=r— F{z),
then obviously @ > 0, > 0and 0 < a + 8 = F () — F (z)
Let us consider the element

_azr+ firg
Sy

Then, by the convexaty of F' we have
< aF (2) + BF (mo) _ (Fzo)—7) F(z) +(r — F(2))F(20) _

= a+p F (o) - F (2) "

F(u)

which shows that v € F'=< (7).
As gy € Prs(r) (zp) and F< (r) 1s a convex set, we get that

flzo — goll® < flxo — ((1 — t)go + tg) |1

for cach g € F<(r) and t € [0,1).
Denoting wq := T — go and ug := go — g we get ||wgl|® < |fwe + tuo|]?
for all ¢ € [0, 1], which implies that

(Ilwo + tuoll® = |Jwoll®)
2t

Letting t — 0+ we deduce (ug, wg)s > 0, which 18 equivalent to (g —
90, To — Zp), < O for all g € F<(r)
Choose g = u,where u is defined as above. Then

(F (xo) -_ T).’L‘ -+ (1‘ - F(T)) T
(2.3) ( Flea) = F (2)

> 0 for all t € (0, 1]

-~ gg, To — go) <0

2
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for all z € F<(r). However,

((F (zo) — 1)z + (r = F (2)) 2o
F (zq) - F (2)

— g0, o — 90)

T

1
F@@—F@ﬁ”

— F () (zo — o) + (F (o) —7)(z — g0), %0 ~ go).

F (o) 1_ F (z) (r — F (2)) lzo — go|* + (F (z0) = 7) {z= — g0, %0 — 90),)

and then, by (2.3), we obtain
(r = F(@))llzo — goll* + (F (o) — 7) (2 ~ go, %0 — go), 2 0

which is equivalent with the desired estimation (2 1)
Now, let us observe that

Fi{zx
r+“—x§—£-)-§;“-2~(x 90, To — o),
Fzg)—71
— T+H&%ﬁ(x-xo+xo—go,$o—90)x
Flxg) -7
= r4 II%})QW [(= = %0, 20 — g0), + ||lzo — gol|*]
Fxo)—r
— 7—+F T _r+_($—$0,x0"90)z
(o) nmo—goiP
F(xo)
o 0 20 — 1
(#0) + oy = g (7~ 0: 70— ),

which shows that (2.1) and {2.2) are equivalent.
“(r) = (1)”. Asz € F<(r), then 0 > F'(z) — r
On the other hand, by {2.1) we have

Flzg) — r
F(:L‘) -7 2 +ﬁm($“9mxo “90)1
for all z € F'<(r). Consequently,

Fz —r
o) B (x = g0, 2o — go}, forallz € s (r).

0>
7 lzo — ol
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As F(zp) —r > 0, we get
0> (z — go,To — go), for all z € F=(r);
which is clearly equivalent to
(2.4) (go — T, 29 — go)s > O for all x € F=(r)
A simple calculation shows that
(90 — 2,20 — go)s = (To— = — (20— o), %0 — Go)s
= {(zo— 2,20 — go)s — |[T0 — 90”2

and then, by the above inequality, we deduce

(25) (20 — z, %0 ~ go)s > ”!]o*‘ﬂﬁon2 for all z € F< (r)
On the other hand, by Schwarz’s incquality we have
(26) Hzo ~ z | | 2o — goll = (2o — =, Z0 — 9o)s

and then (25) and (2.6) yeld that [z — 2| > |lgo — zol| for all
r € F=<(r), and the theorem 1s proved. O

REMARK 2 2. If go € Preyyy (w0}, then Fgo) = r. Indeed, as go €
F=(r), then F(gy) < 7. On the other hand, choosing z = go in (2 1)
we get F{gy) > r, and then the required equality holds

For other recent results concermng the estimation of linear func-
tionals or sublinear functionals 1n terms of semi-inner products, see
the papers [1]-[3]
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