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UNIFORM DECAY OF SOLUTIONS 
FOR VISCOELASTIC PROBLEMS

Jeong Ja Bae

Abstract. In this paper we prove the existence of solution 

and uniform decay rates of the energy to viscoelastic problems 

with nonlinear boundary damping term. To obtain the exis

tence of solutions, we use Faedo-Galerkm,s approximation, and 

also to show the uniform stabilization we use the perturbed en

ergy method

1. Introduction

In this paper, we consider the uniform decay of solutions for vis

coelastic problems with nonlinear boundary damping of the following 

form:

Kuf — (1 + II▽쎄+ / — T)Au(r)dr = 0

Jo

on Q — Q x (0, oo),

讯w, 0)=頌)(z), u(xj 0) = ui(x) on a? G Q,
"収二二 0 on Ei = Ti x (0, oo),

(1 + H▽메_ L h(t - 7)쯔(小T + g(u') = f(u)

on Sq — To x (0, oo),
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where Q is a bounded domain m Rn with C2 boundary「：= 3Q such 

that r = 0 and r0, Ti have positive measures, and

v denotes the unit outer normal vector pointing towards r. When 

「o = 0, problem (1.1) with h = 0 results from the mathematical 

description of small amplitude vibrations of an elastic string (see 

[7]). In fact, a mathematical model for the deflection of an elastic 

string of length L > 0 is given by the mixed problem for the nonlinear 

wave equation

顶u r Eh 件 a
P"洒=3。F L $ "碎 for 0<x<L^ *2°， 

where u is the lateral deflection, x the space coordinate, t the time, 

E the Young modulus, p the mass density, h the cross section area 

and pQ the initial axial tension

There exists many literature about viscoelastic problems with the 

memory term acting in the domain. Among the numerous works 

in this direction, we can cite Jiang and River a [4]. When K — 

Georgiev and Todorova[3] investigated blow-up properties of the so

lutions of wave equation with nonlinear damping and source term 

acting in the domain. For the existence results for Kirchhoff type 

wave equation with dCl = and K = L see Brito[l], Matsuyama[5], 

Ikehata[6] and Yamada[9]. When h = Q and K = I〉Bae[8] has 

studied the uniform decay of solution for the Kirchhoff type wave 

equations with nonlinear boundary damping g(圳and bound

ary source term g(t 一 r)\u(r)\yu(r)dr.

On the other hand, Cavalcanti et al [2] have studied the global 

existence and uniform decay of strong solutions of linear wave equa

tion.;

Kiuf/ + K竝—Au = 0 on Q = Q x (0, oo),

u(x, 0) — ^0(^)5 0) — Ui(x)* on x E Q,

u = 0 on =「1 x (0,oo),

Qu
———+ a(t)(|*u'|气/ 一 \u\yu) = 0 on So — Tq x (0, cq).
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In this paper, we will study the existence of solutions of the Kirchoff 

type viscoelastic problem (1.1) with nonlinear boundary damping, 

nonlinear boundary source term. Moreover, we will consider the 

uniform decay of the energy of the problem (1.1).

2. Assumptions and main result

Throughout this paper we define

V = {u E HX(Q); u = Q on (%。)= / u{x)v(x)dx^

Jq

(u,v)r0 = ( u^v^dT, I］이I，、。= / \u(x)^dx 

丿「0 J*)

and II 쎄 8 = II 씨 |e°°(q).

For simplicity we denote || • ||乙”q)and || • ||21r0 by || • || and || • ||r0, 

respectively For our result, we need the following assumptions.

(Ai) Let us consider E V C1H2(Q) verifying the compatibil

ity conditions

uq = △心— wi = 0 on Fi,

(1 + II Vuo||2)-^- + g(ui) = /(wq) on lb

(4s) Let K be a function in VT1,oo(0, oo) n L°°(0, oo), K > Q such 

that

一K(t) > 5 > 0, V i > 0.

(A3) 了： R T R is a C' function such that for some positive 

constant Co,

|/(S)| 顷(司|玄。小卩，

where 0 < 7 < 洁万 if n > 3 or 7 > 0 if n — 1,2.
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(A4) g : R T 7? is a nondecreasing CLfunction such that for somd 

positive constants Ci, C»

C1I이。+2^g(s)sVC시s|P+2, SCR

where 0 < p < 洁if n > 3 or p > 0 if n = 1,2.

(A5) Let the function h : R+ -> R+ be a nonnegative and bounded 

(如-function such that 1 = 1 — h(r)dr > 0 and for some 

z = 1,2,3,

-&h(t) < hf(t) < 一皈)and 0 < 心) < 鶉剛),V 4 > 0.

Now we state our main result.

Theorem 2.1. Under assumptions (/，。-(虫)and p > 7, prob

lem (LI) has a unique strong solution iz : Q —> R such that u € 

乙。％。,。。*),必 e L°°(0,oo; V), y/KuH e L°°(0,oo; L2(Q)), uff e 

L2(0,00; L2(Q)). Moreover, if p = y, then there exist positive con

stants Ci and C*2 such that

E(t) < G.E(0)契p(—Gz€t), i > 0.

3. Proof of Theorem 2.1

In this section we are going to show the existence of solution for 

problem (1.1). Now, we represent by ｛後j｝顶en a basis in V n Jf2(Q) 

which is orthonormal in L2(Q), by Vm the finite dimensional subspace 

of V generated by the first m vectors. Next we define for each c > 0, 

Ke(t) = K(t) + 6 and uem(t) = Z異了膈〃")?如 where is the

solution of the following problem

(Ke(t)u^m(t),w) + (1 + ||Vuem(0||2)(Vuem(i), Vw) +

0(此 m(z))，s)l、。

(3.1) 仲
=(/(w£m(i)),w)r0 + / h(t - r)(Vuem(r),Vw)dr,

Jq

«£m(0) = UemW =。f°r all W E Vm
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with the initial conditions,

m

Sm(。)=街)m =〉幻一> 如

3 = 1

strongly in Hq (Q) A H2 (Q);

(3龙) m

=〉：(口1)初j)的—'"1 

7-1

strongly in H* (Q).

Note that we can solve the system (3.1)-(3.2) by Picard's iteration 

method. In fact, the problem (3.1)-(3.2) has a unique solution on 

some interval [0, T^). The extension of these solutions to the whole 

interval [0, T] is a consequence of the estimates which we are going 

to prove below.

A Priori Estimate I.
Multiplying (3.1) by summing over j, we obtain

茶扑向双m (圳F +打+打I▽岫(圳|4 

tZZz 厶 Z *土

+ —蜘(圳本岛]+ (gW(t))，Ym(t))r° 
7十匕

=?(K'(t), |<TO(t)|2) + (/(«em(i)),<m(i))r0 

(3'3) 2 d 尸

+ h(t - r)(Vizem(r), Vuem(i))dr 
dt Jq

-九(0)||▽追m(圳F - f hf(t 一 r)(yuem(r), Vuem(^))dr 

Jo

+ (|Sm(*)卩?妇九(£), •

Note that the assumption (A3), Holder,s inequality, Young's inequal
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ity and imbedding Lp+2(Fo) T L7+2(ro) give us

(了 (右)),7結 + (I uem (^) P (0 ? U€7n (^) ) To

< (Co + 1) /国部(圳。中I诺m(圳成、

(3.4) Jr0

<。1(77니5(圳1常,「。+ 찌也1(세 7+2,r0

< 切(圳薜M + 切(〃) +끼I屹m(시篇或

Considering Schwarz's inequality and taking the assumption (A5) 

into account, we deduce 一

产 £2
/ h'(t — r)(Vuem(r),Vtzem(i))dr < 응||▽馄m(圳卩

(3.5) 7o t

+ 圳시£1(0,8)/ h(t — r)||Vuem(r)||2c/r.

Combining the above inequalities, and integrating it over (0, i), as

sumptions (A2) and (厶4)imply

Eem(t) H---—||wem(t)||^2,r0 + 9 / 皿Zm(s)||电$

7 十 z Jo

+ [ (Cl ~ ?7)HW6m(s)llp+2jrorfs

Jo

< 风m(0) H-- —r||wo€m||^2,ro + [ °2(77)

7 十 N Jo

(3.6) +63)11 临n(s)||；履"s

+ (夸-机0)) / ||Vuem(s)||2rfs

+ [ h(t - r)(Vuem(r), Vuem(f))dr 

Jo

+ ?l|이|乙1(0,8)匕 L /z(s-r)||Vwem(r)||2drds
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— Eem(O) + 了 * 2 II"。시

+ [ %S) +C1(7?)腿m(s)||；指,&ds

(3-6) Jq

+ (詩 一 "(0) + 圳쎄 £1(0,8)
厶 厶

where Eem(t) = 现皿(圳卩 + |||Vuem(t)||2 + |||Vuem(t)||4.

Employing GronwalFs lemma we obtain the first estimate:

I筋寄双皿(圳|2 + II▽临(圳|2 +「临(s)lFds

(3.7) t Jo

+ [加4(s)||常,r。Hi,

J 0

where Li > 0 is a positive constant independent of m and t > 0.

From the assumptions (A4) on g and (3.7), we get

(3.8) [ llg(戒m(s))||*,赤 < L2, 

Jo

where £2 > 0 is a positive constant independent of m and t > 0.

A Priori Estimate II.

Now differentiating (3.1), multiplying the result by 节(t、) and sum-



196 J J. BAE

ming over j, we get

:茶 [||\/瓦面妇(세 2 + (1 + II▽岫(에2)||▽祐』)||2

2 at

+ 2(▽岫6双成))2} +如综以必(圳2)

厶
+ ["(祐商))(《頒))S

-Jr0

=(/'(”弘(*)双”3(匕)"仏«))「0

(3 9) + 3(V^m(i),V<m(i))||V<m(i)||2 -狀0)||▽此皿(圳|2

+ h(O)夺 W5(t)，Wm(t))

Ub

+ £/ 九'(t-r)(▽曜 m(r), ▽此m(*))dr

—//(0)(、7%談),▽乂涂))

-[h"{t - r)(Vuem(r), Vu^m(i))dr.

Jo

Making use of the Schwarz inequality, Young Inequality and taking

assumption (A3) into account, we have -

双m(t), <mW)r0

—Co||“em(*)||；(，y+：L),rol|2/m@)ll2(i‘+：L),rol|2£；n(*)llro

V 에▽5(t)||冷双涂)||||%(圳k、。

V負7)旳II▽妇(圳|2+別必洲)II*.
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Integrating (3.9) over (0,t), we have

瓦 + |kE“(S)||2ds

+ [ [ 0W(s)) - 77)("¥m(s))2dR【s

Jo Jr0 ,

<£；elTO(0) + 3 广 II▽妇」S)||||▽此危)||油 

Jo

+ 狀 0)[||gm(圳|||*垢(세 十 ||%0시|||硏妇시|]
(3.U) 1

+ 万I〕비厅,1(0,8)+ II쎄Z，1(O,。。) II세£8(0,8)

+ W(0)|] [ \\^uem(r)\\2dr

Jo

+ ：(& + 8- 2九(0) + 卩/(0)|

厶
+ C(끼身'丫)/ II▽姑n(s)||2ds,

where Eelm(t) = \/^W<mWII2+(1+l|V«em(i)||2)|| V<m(i)||2+

2(Vuem(^), V^m(^))2]. Considering the first estimate and employing 

GronwalFs inequality, for sufficiently small 7

(3-12) II咨而必(別2+||%，洲)||2 +广I心(S)||电点乙4,

where £4 is a positive constant independent oim E N and t e [0,T].

By the estimates we can extract subsequence (u타j) of (izem) such
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that

(3.13)

u中—> ue weak star L°°(0, T; V),

(3.14)

u，e weak star L°°(0,T; V),

(3.15)

v欠"，T瓦说 weak star L°°(0, T;L°°(Q)),

(3.16)

‘느3 T Ue weak star L°°(0, T; L7+2(r0)),

(3.17)

T weak star L°°(0, T; Lp+2(r0)),

(3.18)

T weak L2(0,T; L2(Fo)),

(3.19)

，此L 说 weak L2(0,T;L2(ro)).

The convergence (3.13)-(3.15) and (3.19) are sufficient to pass to the 

limit in the linear terms of problem (3 1). Next we are going to 

consider the nonlinear ones.

Analysis of the nonlinear terms.
Taking (3.7) into account, we note that 

IJWQI帯<C± [T [

Jq Jr0

\ue^2dVdt < I人

J： L切（此“）|齢打也
|竭|어%翊 < L,

so we have 0, e L2(0, T; L2(r0)) such that

N%) -> © weakly in Ze(r0 x (0, T)),

T g weakly in L* (I、。x (0, T)).
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From the first and second estimates we deduce

(u«) is bounded in 

(总£2) is bounded in 

(t《Z)is bounded in

乙 2(0，「丑 *(*)),

L2(o,r；^(ro)), 

L2(O,T;L2(ro)).

Taking into consideration that the imbedding H*(F) j> L2(r)is 

continuous and compact and using Aubin compactness theorem, we 

can extract a subsequence, still represented by (u€/x), such that

(3.20) g弘 T ue strongly in L2(0,T;L2(r0)), 

u'efl T u'£ strongly in L2(O,T;L2(ro)), 

which imply that

(3.21) u타% —> ue a.e. on So and 祢타丄 一)ue a-e- on So

and therefore

/(WeM) —> /(«e)

gg) T g式)
Thus

weakly m (r0 x (0, T)), 

q + 2
weakly in Lp+x (I、x (0,T)).

/(iz£M) -> f(ue) weakly in L2(0,T;L2(r0)),

9(z妇)weakly in L2(0,T;L2(r0)).

Using standard arguments, we can show from the above estimates 

that

(3.22)

h{t — r)u(r)dr] = 0

in 身。c(0，T；"(Q))

+ ||Vu(t)||2)w(i) 一 /
Jq(3.23)

Making use of the generalized Green's formula we deduce that

- t
h(t — r)u(r)dr] + g(u') = f(u)

in LL(0,T;L2(ro))

This completes the proof of the existence of solutions of (1.1). The 

uniqueness is obtained m a usual way, so we omit the proof here. □
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4. Uniform decay

In this section we derive the decay estimates for the energy of

(1.1) . We define the energy E(t) of the problem (1.1) by

(4.1) E(t) = 打 + |||V«(i)ll2 + 打%(에%

Then, the derivative of energy is given by

(4 2) E'(t) = |(^W，+ h{t - r)(Vv(r),

-(g(W(t))W(Z))r。+ (•恤

Define (h □ u) by

(4.3) (九口也冷)：=f h{t — r)||w(t) — u(r)||2dr.

Jq

Next consider the modified energy e(i):

e(t)=打%/WJu'(圳I? + |l|V«(t)||4 + 扑□ Vu)(«)

(4.4) ++|(1 - /i(r)dr)||Vu(i)||2

+土。(圳阿세常耳+[ r 了(而网戒,

3 + 2 Jr0 Jo

where a G W1,oo(0, oo)n£1(0, ex?) with —mocv(t) < a1 (t) < —

a(Z) > m2 for all i > 0, > 0, z = 0,1,2, mi > 2(7 + 2) and

Halloo < Ci, Ci is a constant in assumption (D，Then (4.2) and

(4.4) imply

即)=:㈤(n |廿(圳2) - (g(W)), W))r。

厶
(4-5) —洲)||▽讯別2+ ；(" □&)(*)

厶 厶
+ a(t)(M圳七出),W(t))i、。+ :出廿(圳I球)||*办武
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Considering Young's inequality, we get

Q(t)(m(圳侦 t), W))r°

4 6 < g(圳M(圳I서+7厂出a(t)|m(圳I：需,

Choosing rj = 2-(“서」)then Ci — 〃||에8 > 0. Thus for 7 — p and 

sufficiently small 77 > 0, the assumptions (A2) and (A5) imply

叩) < 의8(圳2 一 /이M(圳溢r。- 叔에▽讯圳|2

(4.7) f 2 2

- 응(九 口 ▽以) "]|心||註将,

where 0 = C\ — 训쎄8 > 0 and 仇一 = m2(^^ — 7厂看D > 0. On the 

other hand we note that from assumption (A5)

W)< |lKWI|2+^(l-广/®)dr)||*(圳|2

(4.8) 2 21 JQ

+ jl▽讯圳4 < rle(t)

and therefore it is enough to obtain the desired exponential decay 

for th€t modified energy e(t) which will be done below.

For this purpose let A be the positive number such that ||이卩 < 
A|]Vv|j2, \/v E V and for every c > 0 let us define the perturbed 

modified energy by

ee{t) = e(i) + where 寸(£) = (K(t)uf(t),

Applying Cauchy Schwarz's inequality, we easily obtain the fol

lowing proposition.

Proposition 4.1. We have the inequality for any c > 0

|e«) - e(圳&入치 |K||£e(t), Vi>0.

The following proposition is the useful instrument for the energy 

decay of problem (1.1).
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Proposition 4.2. There exist C > 0 and q such that for e € 

(0心]

《(t) < —eCe(t\

Proof. Using the equation (1.1), we have

心=IIVW^WII2 + (KQ)以 z),u(t))

-(1 + II▽讽圳IF▽讽圳|2 - (g(W(Q,热))r。

十(/(W)),"。))】、。+ [ /i(i-r)(Vu(r),Vu(^))dr

Jo
Q _____

=—e(l) + -||VzJf(i)w,(i)l|2 + («'(1)?/(*)，3佔))
厶

(4.9) -打▽讽圳|2 — %▽讽圳|4 + 栅□ V«)(t)

匕 Q Z

—九3)所||▽以圳|2 - (g(u\t)),u(t))r0

+ (/(u(i)),u(i))r0 + [ h{t - r)(Vu(r), Vu(f))^r

Jo

+ 日「尹(圳柯(에驻办。.

Now applying Schwarz's inequality and (4.3), we get

(4 10)

h(t 一 r)(Vu(r), Vu(t))dr

From Schwarz's inequality and Young's inequality we get

|(g(W)), < 이"(圳膜"国(圳Ip+g

< %(끼 iiw 圳 I 常,「°+께々(圳修影,項
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and

■j 1
㈤ （g（t）, 応）） < 入히国I偽IM（圳|||私（圳I

M **（训欧||8|心圳|2 + 끼|牌（圳|2.

Thus we have

Q
心 < -e（t） + （洲地。+ *确）区||。。）也'（圳|2 

厶
1 Q

—（：一〃）||割（圳|2 一』私（圳|4

Z 아

（4丄2） + （/z □ Vu）（t） + ［用）dr||▽応）||2

Jo

+ %（〃）也"II常,r。卄也（이常品

+ （Co + 万=訓 에8니 "（圳薜3,1、0

7十z

From （4.7）, （4.12） and the assumption （&） and considering p = 丫 
we get

《（*） = e'（t） +

M —^e（t） — （- — ef-HKjloQ + AC，5（77）||Kzj|oo］）j|u/（t）||2

厶 厶
-財（圳▽応）||2 —（:一册▽热）『

（4.13） 3 &
- 一 詞|▽球）||4 — （음一 冲口畅冷）

4 厶
_ 9 _。4（〃）€）|"（圳I꺼方%

- ［01 -（。（）+，了+2 H에。。）］ im（圳I껴

Defining

C1 = “而｛으, |［||1倒8+入项训矽||。。尸, 糸, 爲（쁴霁上｝
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Then for each e € (0, €认 we have

(4.14) 《(t) < —eCe(i)

if II시I乙i(o,8)is sufficiently small. □

Continuing the proof of Theorem 2.1
Let €q = min{一厂旦——tlGl} and let us consider € € (0, co]. As we 

2 入히 |K 憶
have € < —~~厂,we conclude from Proposition 4.1 

2¥||K|| 套

(1 - D*||K||金)"< ee(i) < (1 + €混||K||£)e(t)

and so

1 3
(4.15) 我(t) < ee(0 < /(£).

厶 厶

Thus we have 
2 

《(t) M ~^Cicee(t) 
o

and

a 2
(4.16) —[ee(i)ea;p(-Ci€i)] < 0.

(Lb O

Integrating (4.16), inequality (4.15) implies

2
(4.17) e(^) < 3e(Q)exp{— .

o

Hence from (4.9) and (4.17) we get

2 
E(t) < l~1e(t) < 3e(0)Z~1exp(—-Crie/), i > 0.

o

This completes the proof of Theorem 2.1. □
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