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ENERGY DECAY FOR THE NONLINEAR WAVE 
EQUATION IN THE WHOLE SPACE WITH SOME 

DISSIPATION

Il Hyo Jung

Abstract We study decay estimates of the energy for the non

linear wave equation in the whole space. We note that the method 

of proof is based on the multiplier technique and on the unique 

continuation, and no geometrical condition is imposed on the 

boundary.

1. Introduction

In this paper we consider the Cauchy problem for the nonlinear 

wave equation with a half-linear dissipation;

(1.1) utt — Au + p(x, Ut) = 0 m IR/" x (0, oo)

(1 2) 0) = u0, %(Z}O) = % in

where v) is some nonlinear function specified later. For the sequel, 

we need some notations We set Br — (a; E 1段"||%| < r} and Q.r := 
I”，\ Br for r > 0.

Let /? > 0 be arbitrary fixed positive number and a(x) be a non- 

negative bounded function on IR" such that

(1 3) a(x) > 60 > 0 a.e for x E Qr.
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We now make the following hypotheses on the dissipative term 

p(@e、)・

Hyp. p(x, v) is differentiable a.e. and nondecreasing function in v 

such that

(L4) p(x, v)=认饥x(Br)十 cz(z)ux(Qr),

where p(y) satisfies

(1.5) ko\v\r+2 < p(v)v < "{|이。+2 + 岡2} f()r(气 t) £ Br x

with A；o, A；i > 0, 0 < r < 2/(丿V —2) and x{A) denotes the 산laracteristic 

function of A

For example, p(v) is a function like p(v) = \v\rv.

Condition (1 4) means that the dissipative term p(x^ tzt) has two 

character; linear and nonlinear More precisely, the dissipative term 

is the linear function a(x)ut on Qr which is effective at infinity. On 

the other hand, it is the nonlinear function p(ut) on Br satisfying
(1.5) . By reason of such two character, we may call the dissipation 

the half-linear dissipation, temporarily.

The mam purpose of this paper is to investigate precise decay esti

mates of the energy for the problem (1 1)-(1 2).

The problem of proving decay estimates of the solutions to the 

wave equation with some dissipation has attracted a lot of attention in 

recent years. To our knowledge, these are the only results for the whole 

space, though the Klein-Gordon type wave equation with nonlinear 

dissipations like \ut\rut have been treated by Nakao [4] and [5], Nakao 

and Jung [6], Nakao and Ono [7], Ono [8], and Mochizuki and Motai 

[3]. Recently, G Todorova [1 이 have analyzed the global existence and 

nonexistence conditions in details for the Cauchy problem.

2. Preliminaries and Statement of the Main Result

Throughout this paper we shall use the following notations .

II 씨 |p 三 ||z니 LP", 1 < p < OO；
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> 0) denotes the usual Sobolev space with the norm

||/|晶叩)= ( £ I以/(：이/！)2 <。。,

|a|<m

where a is the multi-mdices For simplicity, we will write \\u\\ for 

IMh-

Before stating our main result, let us recall the following well- 

posedness result, which is given by Lions and Strauss [2] and Nakao 

[4]

Theorem 2.1. Let (&,四)E x Then, under

Hyp., the problem (Ll)-(l 2) admits a unique solution

u(t) e IV2^([O, T); L2(Rx))niy1!°°([03 T), Brl(R;v))nLoo([0, T), H2(Rn)

for any T > 0.

Moreover, for the solution u(t) to the problem (1 1 )-(1 2), there 

exists a finite constant K > Q such that for any T > 07

(2.1) \\\/ut\\ + \\ut\\<K forte

The mam result of this paper is as follows

Theorem 2 2. Let (如)*) G H2(RN) x and N >3. As

sume that Hyp is satisfied and N > 3 Then the energy E(£) for the 

problem (1 1)-(1 2) satisfy the following decay properties

(i) If0<r< 2/3(N — 2), then

E(z) MGQ +广

with

](2 —TV)冲+ 4(2 —" +8

7 1 2(尸 + 2)(4—(N — 2)厂)

3(2 — N)r2 + 2(8 - 3N)r + 81

一一2W2) /'

(ii) Ifr = 2/3(N-2) andO<r< -2 + 2^N(N - 2)/(N-2), then

秋t) V G(log(2 + t))f
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with

2-(?/- 2)r

72 = 一一2——

The proof of Theorem 2 2 relies on the the following lemmas.

First, we need the following well-known lemma without proof here

Lemma 2.1. (Gagliardo-Nirenberg) Let 1 < r < p < oo, 1 M q M P 

and Q < k < m. Then we have the inequality

II이Iwe < c||이私打I씨I拼 forve Wm^n U

with some c> 0 and

n f k 1 lx 1 - lx-i

、N r j八 N r qJ

provided that 0 < 6 < 1 fO<0<l if 79 = 00 and mq = N).

Lemma 2.2.(同)Letbe a nonnegative function on [0, 00) 

satisfying the inequality

2

sup 0(S)< C Y2(l + 泸(的)一贖 + 1)广，> 0 
心*r M

with some T > 0, C > 0, 0 < < 1 and — 1,2. Then(/)(t)

has the following decay property

(1) If Q < ez < 1 and 0t V q’z = 1, 2, then

照)M C*o(l + t)~a

with a = mm—璀{(& 一 Q)/Q — &)}
(2) If = ci < 1 and 毎 V 宣 W L then

Mf) YG)(k)g(2 + £)厂匸느.

3. Some Useful Inequalities

Throughout the remainder of this paper, C denotes different posi

tive generic constants, independent of the initial data, in various oc

currences.

In this section, we will derive some useful inequalities to prove The

orem



ENERGY DECAY FOR NONLINEAR WAVE EQUATION 177

Lemma 3 1. Let q[x)=(也(游,史3)}饥(游)£ (們，。。(职vyv 

be a vector field on IR" and(p(x) a proper function on R^. Then 

for a solution u(t) to the problem (1.1)-(1 2), we have the following 

identities :

(3 1) p{x,u^utdx

(3.2)

(3-3)

0 = / (p(x)utudx + [ 9(%)q(%)|씨2血

— / 河⑦)|비2血 + / Vu - ^7(ipu)dx

+ / (p(x)p(ut)udx

Jbr

QnxN、Vu - Vudx

0 = / utq(x) - Vudx \ + [ V - q(x)\ut\2dx

dt J Z J 展N

-j/

+ / p(xyut)q(x) - Vudx, 
丿I秋

where Qnxn = (%) is the N x N matrix with a勺=dqz/dx3, % j = 

1, 2, ., N as its components

The proof of Lemma 3.1 is based on standard multiplier technique, 

using (p(x)u and q(x) - Viz as multipliers, and the interested reader 

should refer to Komormkfl] or Nakao[5]

In order to obtain some estimate, we prepare the following Propo

sition*

Proposition 3 1. There exists To > 0; independent ofu, such that 

ifT> Tq, then the inequality

(3.4) f f \u\2dxdt < C(T) [ / p(x,ut)utdxdt + 6 / E(t)dt

Jq Jbr Jo Jq

holds for any e > 0.
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Proof. We shall use a contradiction method(cf. Nakao[5]). Assume 

that (3.4) does not hold. Then, there exists a sequence of solutions 

{un} of the problem (1.1)-(1 3) such that 、

un\2dxdt > n p(x}unt}untdxdt

(3-5)
-T

+ e / EUri(t)dt、
Jo

where EUn(t) is defined by E(t) with un instead of u. 

Setting

人3三
\un^dxdt and vn(t) 三 으尹)

n

we get by (3.5),

座*쓰丄gdm比 + € / EVn(t)dt < 1, 

人n Jo

where EVn (i) is defined by E(t) with u replaced by vn.

Thus we obtain

(3.6)

(3 7)

\vn^dxdt = 1 for all n > 1,

인")，临;dedt 0 as n t oo

爲

and

[EVn{f)dt =

(3.8) 丿 o
2)dxdt

<

1

2

2
-< (X).

6

These imply, applying Rellich compactness theorem and replacing the 

sequence vn with a subsequence if needed, that

(3.9)喝 f weak-star m L°°([0,T];丑脾曹))n 巩八。。([。，幻；L2(R^))

(3 10)* -t v strongly m L2([0,T] x Br
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Therefore (3.6), (3.7), (3.9) and (3.10) lead to the following limit prob

lem -

(3 11) vtt — = 0 m x [0, T]

with

(3.12) [ [ \v^dxdt = 1

*/ 0 J Br

and

vt(xy t) — 0 on. supp(2(*) x [0, T].

Since Qr C supp a(-), by a general result of unique continuation(cf. 

Tataru|이), there exists 7})> 0 such that if f〉7如

(3 13) i) ~ 0 on x [0, T].

Noting that (3 13) means that v(x^t) = v(x)y independent of t and 

using (3.11), we have

—Av(x) = 0 m 职七

Since v G £T1(R7V) and TV > 3, v(x) must be identically zero m 

which is a contradiction to (3 12) This completes the proof of Propo- 

sitio요 3.1 □

From now on we set

X(t) = / (ut(j){r}x - \7udx + autu)dx

(3 14)

+ — / Q(2시씨 2 也; + 虹研0 
2 J&

Here a and fc > 0 are some constants, and ©(『)，r = \x\ is a Lipschitz 

continuous function on [0, oo) as follows

Mr、_ { eo ifr<R 
少(r)_j 燮 if r>R,

where e0 and R are positive constants given in (1.3)

Then we obtain the followmg(for proof, see [6]):
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Proposition 3.2. For T > To and a large k > 0, there exists some 

constants 日 > 0 and C > 0 such that the solution u of the problem

(1.1)-(1.2)  satisfies for any t > 0,

ft+T
(3.15) X(t + T) + k /

广匕+T
p(xy ut)utdxds + €i / E(s)ds

Jrn Jt
_ 广 t+7 f

< X(t) + C / / p(ut)2dxds.

J t J Br

We observe that X(匕)is equivalent to E(t) + ||tz(f)||2 if k is suffi

ciently large Indeed, we have :

Lemma 3.2. For a large k > 0, there exist constants C± > 0 and 

C2 > 0 such that for any t>0,

(3-16) Ci(E(t) + II球)||2) < X(t) < 6(E(t) + I柯(圳|2)

Proof. Since the second inequality of (3 16) holds trivially, it's suf

ficient to show the first inequality of (3 16). Simple calculations using 

the Young inequality show that for some constant C > 0,

(3.17) —CE(t) < f ut(/)(r)x • S7udx

, JnN

and for any e > 0 (may be small)

(3.18) —6 \ut\2dx < f autudx.

Reporting (3.17) and (3 18) in (3.14) and noting that JBr |씨잉:z; <

I▽이싱⑦ + J島 I씨싱⑦} for some constant C > 0 and noting that
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> €0 > 0 in Qr〉we get for any e > 0,

X(t) > —e [ I이2血 一 C(e) / \ut\2dx

+쯪2 [ I이2也+Q — C)E(t)

2 km

> (卷 T)/ 甫血+£으 / "血 一 쯩으 / I▽씨*

\ 4C / Jbr . 4 丁腿 2 J^n

-C(g) [ \ut\2dx + (k^C)E(t) 

丿I史y

> mm {(：으 —。, 哥} / I씨2血
14" 샆 丿 Jrn

+ (k 一 C7 一 2max {쯜% 이©}) 研七)・

Therefore we can always choose a proper constant Gx > 0 if 6 > 0 is 

sufficiently small and k sufficiently large, which competes the proof of 

the Lemma. □

4. Proof of Theorem 2.2

We recall that the method used to prove the Theorem essentially 

relies on the multiplier technique and on some difference inequalities 

due to Nakao

First, let us derive the estimate of L2-norm of u(t) To this 

end, we will use Proposition 3 2.

Indeed we have . ~

Proposition 4.1. For a solution u(t) to the problem (1.1)-(1 2), 

we have the estimate of L2-norm of u(t),

r(N-2)

(4.1) ||讽圳 < C(紀 K, ^(0))(1 + ,

where 0 < r < 2/(?/ — 2), N > 3.

Proof. First we note from (3 1) that for any i > 0

(4.2) [ / p{x,ut)utdxdt < E(0),

JO Jrn
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that is,

\\ut\\^dt<CE(O) < oc

Using the Gagliardo-Nirenberg inequality (see Lemma 2.1), the 

Holder inequality, (1.5) and (2.1), we obtain, for any i > 0,

(4.3) / / p{utfdxds

丿 o Jbr

< [ f \ut^^dxds

J 0 J Br

< c層f ||이|洵)(1)||이留囂在

<。層代2(「+1泪 广 II이|斜定d)ds

Jo
2(r+】.)(l-0) 20(7~+l)f

< 씨片써 r+2("S)r+2

< 鴨 K2E)紡 (0 产普二으 (Z + 1)F그:
r(N-2)

三 顾 0))(lH)c夜二而 

with 0 = Nr/(r + 1)(4 — (N — 2)r), where we have used 0 < r <
2/(N — 2)(< 叭N — 2)) —

Thus by Lemma 3.2 and (4.3), we have for t > 0,

r(N-2)
x(i) < X(0) +Q(知,K,E(0))(£+ 1)江酒刁戸，

that is,

(4 4) ||«(圳I < C&〉K, E(0))(£ + 而，

where 0 < r < 2/(7V — 2) □

We are now in a position to prove Theorem 2.2
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Multiplying equation (1.1) by ut and integrating over [i, t+T\

i > 0, and recalling the definition of p{x^ %), we have

rt+T r
(4.5) / / p(xy ut)utdxds

Jt JnN

ft+T r 件+T 广
— / / p{ut)utdxds + / / a(x)\ut\2dxds

J t J Br J t J Qr

= E(t)— E(t + 7)三

Also multiplying equation (1.1) by u and integrating we have

rt+T r
(4.6) / / (I▽씨2 一 ^ut^dxds

Jt丿炒

=/ - ut(t + T)u(t + T})dx
而N

rt+T r
—/ / p(x^ ut)udxds.

Jt /腰 N

Nex-t we note from(4.5) that

(4-7) \ut\2dxds

\ut\2dxds + / / \ut\2dxds

J t J Qr

\ut\2dxds + —D(t)r+2.

Combining (4.6) and (4.7) yields
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rt+T r
(4.8) / / (|t이2 + I▽이2)出也

Jt 丿1財
< / (wt(i)7z(i) — ut(t + T)u(t + T))dx

—/ / p{x}ut)udxds + 2 / / \ut\2dxds H-- D(t)r+2

J t J歐N JI J Br S
V C{|剛圳III讯圳I + Il5 + T)||||叩+ T)||

+ [ [ 岡们編)||씨血涉$+ [ [ \ut^dxds + D(t)r+21

Jt 丿联 n Jt J% J

三】l(t) + ^2(t) +【3(t) + h(t) + 頌，).

Using the Holder inequality and (4.5), we get

< CD(t)2,

In order to estimate terms h(f) and h(t), first, we observe that by

(4.7) and (4.9),

\\ut\\2ds<C{D^2 + D(ty+2}

From the last inequality, we easily see that

(4.11) I回(s)|| < C |d(s) + £)(s)흐专2 } ior t < s < t + T.

Accordingly, using Proposition 4 1 and (4.11), we find that

(4.12) 上(t) + I2(t) < C(1 +1)2(4%提/)u) |n(i) + .
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Finally, let us derive the estimate of Z3(t).

(4-13)
l3(t) < ki f [ \u^r\u\dxds 

L J Br

ft+T f
+ / / a(x)\ut\\u\dxds

J t J Qr

三丿")+」2(0

Using the Holder inequality and the similar way as in the proof of 

Proposition 4.1 (see (cf. 4 3)), we have

(4.14)

<

<

<

<

是）

kl ( [ / |Z니2(中)血心

\Jt J Br

1

r(N-2)
C(紀 T, K, E(0))(l + t)2(4-(N-2)r)

t+T
I \u

M I 셰 常定 I시 2

C(k", K, E(0))(l + (/心 II미I需。)
(r+l)(l-0) 

r+2

r(N-2)

1
2

r(【V-2) (r+2)(2—(N-2)r)

K, £(0))(1 + ±)2(点N-gQ。) 4-(N”)厂

with 0 = Nr/(r + 1)(4 — (TV — 2)厂)，where we have used 0 < r < 

2/(N — 2) and

(4-15) 却)
丄 1

-c 「"財j

r(7V—2) ,-4-2
< C(k：l,T, K,E(0))(l +t)2(4-(N“)r)Q(t)亏.
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Reporting (4.14) and (4.15) m (4.13) and combining (4 8), (4 9), (4 12) 

and (4.13), we obtain

(4-16)

t-^T
E(s)ds

< Q {(1 + t)可当%킠用功^) + 刀(咪 + Q(t)r+2

r(N-2)
+ （1 + t） 瓦器釦功顶）（r+l）（I）+ （1 + t） 点馬編 끙2}

r(N-2)

<
，、一 ( (r+2)(2-(N-2)r))

C(1 + t)2(4-(N-2)r) J £)(f) + ―『(Mfr一 |

Applying Lemma 2.2 to the above inequality we obtain the esti

mates in Theorem.
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