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ON F-HARMONIC MAPS
AND CONVEX FUNCTIONS

Tae Ho Kang

Abstract We show that any F-harmonic map from a com
pact manifold M to N is necessarily constant if N possesses 
a strictly-convex function, and prove Lionville type theorems1 
for F-harmonic maps Finally, when the target manifold is the 
real line, we get a result for F-subharmomc functions

1. F-harmonic maps and F-subharmonic functions

Recently, M.Arafl] introduced the concept of F-harmonic maps, 

and unified the theory of harmonic maps, p-harmonic maps, expo- 

nencially harmonic maps and so on. More precisely, let F : [0,— 

[0, oo) be a C2 function such that > 0 on (0, oo). Let © : (M, g)—> 

(TV, h) be a smooth map between riemannian manifolds with metrics 

g and h respectively. Then is an F-harmomc map if it satisfies the 

F-tenszon field equation weakly

Trace▽世”(1쐐‘)爾〉) = 0, 

厶

i.e., for every compactly supported vector field X along (p

< F，(皿事^)耶,VX >=0,

匕
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where ||c泌|| denotes the Hilbert-Schmidt norm of the differential d(t) 

of 饥 which is the differential 1-form with values in the induced 

bundle over M. It is harmonic, p-harmonic, a-harmonic
and exponentially harmonic when F(t) = t, (2i)p/2/p(p > 4), (1 + 

2Z)Q(。> 1, dimM = 2) and et, respectively. Finally we define an 

F-subharmonic function. A smooth function(/> : M —> H is an F- 

subharmonic function if © satisfies the inequality

TracW(F(쐐马卯) > 0 

厶

weakly, i.e.,

f "(嵋或灿石XO

Jm z

for any compactly supported, nonnegative smooth function r on M. 
It is subharmonic andp-subharmonic when F(t) = t and (2t)p/2/p(p > 

4), respectively.

2・ Main results

In this article we prove the following theorems.

Theorem 1. Suppose that a smooth map <b ： M — N is F- 

harmonic. If M is compact and there exists a strictly convex function 

on Ny then © is a constant map.

Theorem 2. Let M and N be riemannian manifolds. Suppose 

that M is complete and noncompact, and N has a strictly convex 

function f :N — R such that the uniform norm ||rf/*|| is bounded. If a 

smooth map © : M -수 N isF~harmonic with fM 一殆( "찡，)lk北이I < oo, 

then ' is a constant map.

Theorem 3. Let M be a complete noncompact manifold. If any 

F-su bharmonic function((): M R with

[ M쯔监)|岡II <8,

J M Z
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then(/)is a constant map.

Remark. In the above theorems,. for the case of F(t) = i, i.e., 

harmonic maps or F(t) = Q计勺i.e., p-harmonic maps, see [3] 

and [6], respectively. In these cases, the energy ("쐬L)||t泌||

reduces to fM \\d(/)\\ (cf.[7]) and fM ||d(이|。一' (cf. [4,5,6]), respectively.

.3. Proofs

First we show the following lemma.

Lemma. Let(/): M — N be a smooth map between Riemannian 

manifolds and f : N -스 R be a smooth function. 꼬hen the following 

identity holds for every smooth function t] on M.

< F'd쐐5瓦f。©), 物 > = —F'd쓰监)处ace(V#)(爾〉, 

匕 z

+ < V(?7 - (gradf)。0),袂("刘)c泌 > . 
厶

Proof. Let {&} be an orthonomal frame around some point of M 

which satisfies Vet — 0 at that point. Then

〈 ▽(心 (grad) o 協 袂(1쐐顷© >

厶

= £<▽*• (giad) "顷(』씌L)d©(e)> 

厶 
z

= £0?(%)尸( "쒜 ) < (gradf)。幻紗(%) > 
厶 

Z

+ 씌L) <饥e,)(gradf)。<缶 爾)(ej >

厶 
Z

=< 尸(쐐或(f o 札加 > +伊(쎼乌Trace(▽明(過诙), 
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where the last term was calculated as follows;

52 < ▽<"(%)(gradf) o ©，叩(q) >

=机p < (grad/) o 饱叩&) > 
z

-< (grad/) o ©,g(e°叩(％) > 

I

= ▽旳(이)(c泌(%)/) ▽抑(e"机
I z

=▽旳(&)咨伽(％)) -的(％)) 
t z

= £*爲(이)#)(叩(如)) 

I

=Trace(Vd/')(d0, d^.U

□

Proof of Theorem 1. Let /:?/—> 7? be a strictly convex function.

Taking T)= 1 in Lemma and integrating on M, we obtain

/ m皿羿)Trace(W)(碰，卵) = 0, 

Jm z

since © is F-harmonic map. Thus we have 户기( 崂』) = 0, which 

implies that U쮱」… = 0, i.e., © is constant.

□

Proof of Theorem 2. Let us fix a point of M and denote Br the 

geodesic ball with radius r and centered at this point. Then there 

exists a smooth function 77 on M such that

c
0 < r? < 1, ||d끼 <
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(1 on Br

"(0 on M \ B2ry

where c is a positive constant which does not depend on r. Then it 

follows from Lemma that

[嶂E)TYace(Wf)(碰，姑)

Jm 2

Jm 2
< [ F'(찅E)l阴"IM끼I

Jm z

Y y(]삎L川她 _>o (as 18).

r Jm z

Thus we obtain 7기( 崂" ) =0, which implies that <j)is constant. □

Proof of Theorem 3. Taking a nondecreasing strictly convex func

tion / with bounded derivative on the 호eal line. Then for any non

negative smooth function r] with compact support, we get

div£{3"(E쫴-)c泌(紡 . 丫] . (grad/)。©}리 

厶 
%

= < 勺 {*'(1쬬！L)(泌(务) - V - (grad/) o 加聞 >

厶
Z

= m 如{必("쮀 用(%) . T] . (grad/) o ©} 
厶
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= 22 리"殆(』쐐-)故%)} . V . (grad/) o © 

厶%

+ »”(』씜L)c泌(%)▽* • (grad/) o

厶
i

=还侦(嶂”-)如)(%){〃 - (grad/) o(f>} 

厶z

+ < 尸如,四• (grad/) o0}>- 
厶

Integrating this equation over M and using assumptions, we obtain

[ < ▽{〃 • (grad/) o 0}, 旳!쐐L)c渺 >

JM Z

=_ / traceV(Fz ()d</>) - r] - (grad/ o ^)) < 0.

From this inequality and Lemma, we have

[ 尸(쪠乌Bace(Wf)(d<"明

Jm z
=JM< ▽{“ •(grad/) o ©}, F\^~-)d</)>

- L < F세绊)d(E), 购〉

<~ [ <F,(J^Xo0),d7?>.

JM N

Then we can argue as in Theorem 2. □
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