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Abstract

Recently, the generalized digital (ko, k1 )-continuity and its proper-
ties are investigated. Furthermore, the k-type digital fundamental group
for digital image has been studied with the generalized k-adjacencies.
The main goal of this paper is to find some properties of the k-type dig-
ital fundamental group of Boxer and to investigate some properties of
minimal simple closed k-curves with relation to their embeddings into

some spaces in Z"(2 < n < 3).
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1. Introduction

For digital pictures (Z™, ko, ko, X) and (Z™, k;, k1,Y), one concept of digital
(ko, k1)-continuity was established via ¢ — ¢ definition for the case, (ko, k1) =

(2ng, 2n4) [2, 7]. Another was introduced in terms of the transformation from
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each kg-connected subimage of X into kj-connected one, k; € {2n;(n; >
1),3% — 1(n; > 2),18(n; = 3)},7 € {0,1} [cf. 1].

Recently the notion of digital (ko, k1 )-continuity from the image X in (Z™,
ko, ko, X) into Y in (Z™, ky, k1, Y) has been studied with the generalized k;-
adjacencies, where k; € {2n;(n; > 1).3" - 1(n; > 2),3™ — Z;g cpam—t -
Wr =n;—1,n; > 3)},1 € {0,1} [cf. 3, 4]. In this paper we investigate some
digital images with generalized graph (ko, k1 )-continuity. Furthermore, we
calculate the k-type digital fundamental group of minimal simple closed k-
curves in Z*(2 <n < 3).

2. Preliminaries

We briefly overview some notations and terminologies. Let Z" be the set of
points in the Euclidian n-dimensional space with integer coordinates. Two
functions on Z" are assumed as follows: d,,d, : Z" x Z" — N U {0} with
dn(p,q) = 21—y Ipi — @il and du(p, @) = maz{lp; — qilbiem, M = {1,2,--- ,n},
p=(p1,p2, - ,Pn)q = (q1,q2, - ,qn) € Z" and N is the set of natural num-
bers.

Actually, the k-adjacency of a digital image is established from two func-
tions, d,, and d.. In fact, in Z", some k-adjacencies have been used for the
study of n-dimensional images, where k € {2n(n > 1),3" — 1(n > 2),18(n =
3)} [1]. For {a,b} C Zwitha < b, [a,b]z = {a < n < bln € Z} is called a
digital interval.

Since the notion of generalized k-connectivity for n-dimensional digital im-
age in Z™(n > 1) are very useful in image processing, image synthesis, image
analysis, computer vision, and so forth, it was induced from (1) ~ (n) below
[cf. 3, 4]:

(1) p and g are called (3" — 1)-adjacent if ¢ € Nan_1(p), n > 2, where
Nsn_1(p) = {qg € Z"|d,(p.q) < n,d.(p,¢) = 1} and 3" — 1 is the cardinality of
Nin_1(p).

Generally, for [ € [2,n — 1]z,n > 3, the following is established.
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(I) pand g are called (3"~ _ gC"Q” t—1)-adjacentif ¢ € N. noyiro2 Ctnzn—t—l(p)'
where N, Y2 epont 1) ={g € Z"dn(p,q) < n—1+41,d.(p,q) = 1},
where C7* stands for the combination of n objects taken t and 3"~ 32 Cp2"—t —
1 is the cardinality of N. n_yr-2 Ct,,2n,t_1(p), r =n — 1. And finally,

(n) p and q are called 2n-adjacent if ¢ € Nan(p), n > 1, where No,(p) = {q €
ZMd(p,q) = 1} and 2n is the cardinality of N, (p).

Hereafter, the n-dimensional digital image X is considered in a digital pic-
ture (Z", k, k, X) with one of the following cases: (k, k) € {(2n,k), (k,2n)},
where k,k € {2n(n > 1),3" —1(n > 2),3" = Y[ 2Cp2vt —1(r=n—1,n>
3)}.

The case k = k should not be taken because of the digital connectivity
paradox in the digital Jordan theorem [5, p. 266] except for k = 2n.

For example, in Z?, k-adjacency is considered, k € {4,8};in Z3, k-adjacency
is also assumed, k € {26,18,6} [5]. Furthermore, from the formulas (1) ~ (n),
in Z"(n > 4), a digital picture (Z*%, k, k, X ) is assumed with one of the follow-
ing cases, k € {80, 64,32, 8}; a digital picture (Z° k, k, X) is also considered
with one of the following cases, k € {242,210,130,50,10}. And further, a
digital picture (Z", k, k, X )(n > 6) is also obtained from (I) above.

For a digital image X C Z", two points x(#)y € X are called k-connected
[6] if there is a k-path f : [0, m]z — X which the image is a sequence (zg, 71,

-, zm) from the set of points {f(0) = 29 =z, f(1) = 21, -, f(m) = zp, =
y} such that z; and x4, are k-adjacent, i € [0, — 1]z, m > 1. The length of a
k-path is the number m above [cf. 2, 6]. And a simple k-curve is considered
as a sequence (zg, 1, - ,Tn) of an image of the k-path such that z; and z;
are k-adjacent if and only if j = ¢ & 1(modm)][cf. 1].

Now the digital continuity of [1, 2] is restated with relation to the local
property and the generalized k-adjacencies, which is helpful to study a pointed
digital (ko, k1)-homotopy theory in Z".

Definition 2.1. In two digital pictures (Z™, kg, ko, X) and (Z™  ky, k1,Y),
we say a map f : X — Y is digitally (kg, k1)-continuous at zog € X if f

satisfies the following: The image under the map f of every ko-connected
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subset containing x(, O, (o), is k1-connected.

If f is digitally (ko, k1)-continuous at any point 2 € X, f is called a digitally
(ko, k1)-continuous map where k; € {3™ —1(n; > 2), 3% — (S.1_5 C[#2mit) —
12 <r<n; —1),2n;},4 € {0,1}.

3. Some Propertoes of the Boxer’s K-Type Digital Fun-

damental Group

A digital (ko, k1)-homotopy can be established in terms of the digital (ko, k1)-
continuity above. Specifically, digital pictures (Z™, ko, ko, X) and (Z™, k1, k1,
Y), let f,g : X — Y be digitally (ko, k1)-continuous functions. And suppose
that there is a positive integer m and a function, F : X x [0,m]z — Y such
that

(1) forallz € X, F(z,0) = f(z) and F(z,m) = g(z),

(2) for all z € X, the induced map F; : [0,m]z — Y defined by F,(t) =
F(z,t) for all t € [0,m]z is digitally (2, k; )-continuous,

(3) for all t € [0,m]z, the induced map F; which is defined by Fy(z) =
F(z,t) : X — Y is digitally (ko, k1)-continuous forall z € X.

Then we use the notation f ~g.(x, k)-n 9-

Especially, for the case of digital (k, k)-homotopy, we call it a digital k-
homotopy and use the notation: f >~ g instead of f >~ (x x).» g-

For the digital image X with k-adjacency and its subimage A, we call
(X, A) a digital image pair with k-adjacency. Furthermore, if A is a single-
ton set {p} then (X, p) is called a pointed digital image [1]. And the image X
is called k-contractible if 1x ~ c(,,}, where c(;) is a constant map for every
zo € X [1].

A digitally (kp, k1)-continuous function f : X — Y is ky-nulthomotopic in
Y if f is digitally k1-homotopic in Y to a constant function ¢y, yo € Y [cf.
1].
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In two digital pictures (Z™, ko, ko, (X, 4)) and (Z™, k1, k1, (Y, B)), we say
f (X, A) — (Y, B) is digitally (ko, k1)-continuous if f : X — Y is digitally
(ko, k1)-continuous and f(A) C B, respectively.

The digital fundamental group was developed for a digital image in at
most three dimensional image in Z3 by use of k-loops [6] and another was de-
rived from an approach to algebraic topology with the standard k-adjacencies,
where k € {3" — 1,2n,18}, n € N [cf. 1]. We now generalize that of [1]
with respect to the dimension and the k-adjacency of an image. A k-type
digital fundamental group is induced in terms of the generalized pointed
k-homotopy above. Namely, we study an image in Z" with n kinds of k-
adjacencies, k € {3" — 1(n >2),3" — Y/22CP2"~t -~ 1(2 <r < n —1),2n}.

For a pointed digital image (X, p), a k-loop f based at p is a k-path, f :
[0,m]z — (X,p) such that f(0) = p = f(m). The number m is not fixed,
which depends on the k-loop on (X,p). And we put Ff(X,p) = {f|f is a
k-loop based at p}.

For maps f,g € FF(X,p), ie, f:[0,mi1]z — (X,p) with f(0) = p = f(m)
and g : [0,mg]z — (X,p) with g(0) = p = g(mg), amap f*+g : [0,m; +
malz — (X, p) is taken as follows: f x g : [0,m1 + mo]z — (X, p) is defined
by fxg(t) = f(t),0 <t < my and g(t — my),m; <t < my+ my. Then
fxg€ Ff(X.p).

We denote by [f] a digital k-homotopy class of f. Obviously, the homotopy
class [f = g] only depends on the homotopy classes [f] and [g]. Furthermore,
forany f1, f2, 91,92 € FF(X, p) such that f; € [fa], g1 € [g2], [f1 ¥ 1] = [f2 * g2]
[1]. In fact, the operation * is due to Khalimsky [5]. Consequently, we put
(X, p) = {[f]If € FF(X,p)}. And we take an operation - on 7¥(X,p) as
follows: [f] - [g] = [f * g]. The group structure on 7§(X, p) is checked by the
same method of [1] with respect to the digital (2, k)-continuity. Consequently,
we get the group 7% (X, p) with the operation - above, which is called a k-type
digital fundamental group of a pointed digital image (X, p).

For digital pictures (Z", ko, ko, X), (Z™,ky,k;,Y) and a digitally (ko, k1)-
continuous based map h : (X,p) — (Y,q), the map h induces a digital
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fundamental group (ko, k1)-homomorphism, wgko"kl)(h,) = R, : wf” (X,p) —
ﬂ’fl(Y., q) by an equation h.({f1]) = [h o fi], where [f1] € w’fO(X,p), which is
well defined. Particularly, if kg = k1, we use the notation, 7r]f0 (h).

For digital pictures (Z"°, kg, ko, X), (ZM  ky, k1, Y) and (Z"2, ky, ko, Z), let
f X — Y bedigitally (kg, k1)-continuous based map and g : ¥ — Z be digi-

tally (k1, k2)-continuous functions, then 7r§k°‘k2) (gof) = wgkl’k"’)(g)owgko’kl) (H

is obviously followed. In particular, if kg = k1 = ko, w’fo(gof) = w'fo(g)owlfo (f)
[cf. 1].

Actually, if a pointed image (X,p) is k-connected, for any point ¢ € X
there is a group isomorphism 7§(X,p) = 7¥(X,g), where = means a group
isomorphism.

For this reason, omitting the base point can be approved for a k-connected
image with relation to a k-type digital fundamental group. If X is k-contractible,
then 7 (X, p) is trivial [cf. 1].

Definition 3.1. We say a digital image X C Z" is simply k-connected if it
is k-connected and 7§ (X, z) is trivial for every zp € X, k € {3 — 1,3" —

ropt 12 <r <n—1),2n}.

4. Minimal Simple Closed K-curve and Their Digital
Topological Properties

We now recall the minimal simple closed k-curves in Z2, k € {4,8}, M SCs,
MSCy and M SCj, with relation to k-connectedness, and their digital topo-
logical properties with relation to k-contractibility were studied [cf. 3]. To be
specific,

(1) M SCy is any set in Z? of the form,

{(z1,m), (@1—-L,y1+1), (€12, 1), (@1-2, 51 —1), (x1 -1, y1—2), (1, 51— 1) }.

(2) M SCy is any set in Z? of the form,

{(z1,y1), (x1, 0 + 1), (- Lyn 1), (21— 2,0+ 1), (21— 2,41), (01— 2. 91 —
1), (z1 =1y = 1), (z1.y1 = D}

(3) Let M SC} be any set in Z? of the form,
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{(z1,91), (21~ Lyr + 1), (21 = 2,51), (z1 — Liyn — D}

On the other hand, since each element of M SCY is distinct with respect to
the 4-connectedness, 7} (M SCY, 7o) is trivial for any point zp € MSC} and
further M SCy is simply 8-connected [cf. 1].

It is possible to consider (M SCj, po) as a subimage of (Z2 — {20}, po) from
(x2) above, where zp = (z1—1,y1). And (M SCj, pp) can be also considered as
a subimage of (Z? -~ {21, 22}, po) from (x1) above, where z; = (z1—1,91), 22 =
(z1— 1,1 —1).

Now some properties with relation to a k-type digital fundamental group
homomorphism are followed.

Theorem 4.1 There exist some digital topological properties of M.SCy4, M SCy
and Z? — {21, 22, - - , z,} with relation to their embeddings into some spaces
inZ*(2<n<3).

(1) The inclusion map i : (MSC4,po) — (Z* — {20}, po) induces a k-type
digital fundamental group isomorphism i, : 7¥(MSCy, po) — 75(Z? —
{20}, o). k € {4,8}.

(2) The inclusion map j : (MSCs,po) — (Z* — {21, 22}, po) induces an 8-
type digital fundamental group isomorphism: j. : 7$(MSCs,py) —
7§ (Z?—{21, 22}, po), where z;(#)z; are 4-adjacent. But the inclusion map
j does not induce a 4-type digital fundamental group isomorphism, i.e.,
Ju : TH(MSCs, po) — mH(Z? — {21, 22}, po) is not an isomorphism.

(3) If any two elements of the set {g; };c s are not 4-adjacent, M = {1,2,-- -,
n}, Z* — {q1,q2," - - , qn} is simply 8-connected. On the other hand, if at
least two elements of {g; };car are 4-adjacent, Z% — {q1,q2, - ,qn} is not

simply 8-connected.

Proof. (1) The minimal simple 4-curve M SCj can be assumed as a subim-
age of Z? — {z}. Since any k-loops based at pg in (Z? — {2}, po) are k-
homotopic to a k-loop based at py in (M SCy, po), 7§ (M SCy, py) is isomorphic
to 7¥(Z% — {20}, po), k € {4,8}. Furthermore, M SC; can be assumed in this

way:
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{po= (21, 3), 01 = (z,y1+1),p2 = (21-1,y1+1),ps = (212,11 +1),ps =
(r1—2,y1),ps = (1 —2,y1 — 1), ps = (x1— Ly1 — 1), pr = (z1, 41 — 1)}
Then there is a digital 8-homotopy, H : MSC4x [0, 3]z — M SCj as follows:

(1) H(p;,0) = p;, forany p; € MSCy,

(2) H(p2it+1,1) = p2i, H(p2, 1) = pas,i € [0, 3]z,

(3) H(pi,2) = po,i € [0,3]z and H(p;,2) = pe,j € [4,7z,
(4) H(pi,3) = po,i € [0, 7]z.

Thus 1arsc, g Cipo)- Therefore m$(Z2 — {20}, po) ~ n§5(MSCs,po) =~ 0.
Namely, if k& = 8, i, is a trivial group isomorphism.

On the other hand, since any 4-loops based at py in (M SCy,pg) are not
4-nullhomotopic, 7¢(MSCy) is not trivial.

(2) The minimal simple 8-curve M SCg can be assumed as a subimage of
Z*—{z1, z2}. Since any 8-loops based at pg in (Z2—{z1, 22}, po) are 8-homotopic
to an 8-loop based at pg in (M SCs, po), 73(Z2 — {21, 22}, p0) = 7S(MSCs, po).
In fact, any nontrivial 8-loops in (M SCs, po) are not 8-nullhomotopic.

On the other hand, any nontrivial 4-loops surrounding the points py, p2
in (Z? — {p1,p2},po) are not 4-nullhomotopic. Thus 7}(Z? — {p1,p2}, po)
is not trivial. However, since any 4-loops in M SCg are 4-nullhomotopic,
T1(MSCs,po) is trivial. Thus 77 (Z? — {p1,p2},po) is not isomorphic to
(M SCs, pg)-

(3) We only prove that any nontrivial 8-loops in (Z? — {q1,q2, - ,qn},71)
are 8-nullhomotopic, where any two elements of the set {g;};car are not 4-
adjacent. First, we prove that any nontrivial 8-loops in (Z? —{q1, g2}, 1) are 8-
nullhomotopic, where ¢; and ¢; are not 4-adjacent. Specifically, W is assumed
as a subimage of (Z? — {q1, q2}), where W = {r; = (z1,41),70 = (31 — L,y1 +
,ry =(zx1-2,m),ra= (x1—Ly1—1),r5 = (m1+1,y1-1),76 = (21,91—2), },
q1 = (21— Liy1)and g2 = (z1,51 — 1).

Actually, any 8-loops based at pg in (Z? — {2y, 22}, pp) are 8-homotopic to
an 8-loop based at py in (W, pp). And further, there is a digital 8-homotopy on
W,ie H:W x[0,2]z — W such that
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(1) H(T‘i, O) =17, for anyr; € W,
(2) H(rs,1) = H(re,1) =ry9, H(rq,1) = H(r1,1) =71, H(re,1) = H(rs,1) =
s,

(3) H(ri,2) =71, foranyr; € Wand i € [1,6]z.

Namely, W is 8-contractible from the digital 8-homotopy above. Moreover,
7$(Z% — {q1, g2}) is group isomorphic to 7$(W) as a trivial group.

Similarly, if any two elements of {g;};cas are not 4-adjacent, M = [1,n]z,

any nontrivial 8-loops in (Z? — {q1,q2, - ,gn}, 1) are 8-nullhomotopic.
On the other hand, if at least two elements of {¢1, g2, - - , g» } are 4-adjacent,
any nontrivial 8-loops surrounding the points g1, g2, - - - , g, in Z2—{q1,q, -,

gn} are not 8-nullhomotopic by the non 8-contractibility of the minimal sim-
ple closed 8-curve MSCs. Thus 7$(Z? — {q1,q2, - ,qn},71) are not trivial.
O
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