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Abstract

In general, triangular meshes have been used for modeling geometric objects such as virtual game
characters, The dense meshes give us considerable advantages in representing complex, highly
detailed objects, while they are more expensive for storing, transmitting and rendering the objects.
Therefore, several researches have been performed for producing a high quality approximation in
place of detailed objects, that is, a simplification of triangular meshes. In this paper, we propose a
new measure with respect to edges and vertices, which is called an approximate mean curvature
and is used as criteria to simplify an original mesh. An edge mean curvature is computed by
considering its neighboring edges, and a vertex mean curvature is defined as an average of its
incident edges mean curvatures, And we apply the proposed measure to simplify the models such
as a bunny, dragon and teeth. As a result, we can see that the mean curvatures can be used as good
criteria for providing much better approximation of models,

Keywords: mesh simplification, mean curvatures, re-triangulation, edge collapse, vertex removal

1. Introduction game characters in the field of computer graphics and
computer games has been generalized by the appearance

Recently, the mesh expression of objects such as virtual of three-dimensional scanners, The mesh is represented by
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Mesh Simplification using New Approximate Mean Curvatures 29

a lot of triangles that are formed of connecting three
vertices, However, the dense meshes give us considerable
advantages in representing complex, highly detailed
objects, while they are more expensive for storing,
transmitting and rendering the objects. Therefore, many
researches have been preformed for producing a high
quality approximation in place of detailed objects, that is, a
simplification of triangular meshes,

In general, a mesh simplification is done through the
following two steps[3). The first step calculates the criteria
such as curvatures to simplify a given mesh and, in the next
step, the simplification of the mesh is accomplished
according to criteria, One of the methods of mesh
simplification was proposed by Schroeder et al10], They
analyzed the features of a vertex as curvatures and then
performed the re-triangulation by removing the vertex with
curvature below cut-off criteria, Hoppe et all5] proposed
the edge collapse. They first calculated the curvature of
edge connecting two vertices and then simplified meshes
by merging the two vertices of the edge, which has
curvature below cut-off criteria, into one vertex, The
approximate curvature method was used as the criterion of
mesh simplification. Rosenfeld and Jonston[9] suggested a
method to calculate the approximate curvature using an
interval angle at adjacent vertices, Turkl11] thought the
edge curvature can change into a curvature radius and then
suggested the approximate curvature, Andrew ef, afll] refer
to approximation of the mean edge curvature and the
Gaussian vertex curvature, Kim ef, al7] calculated the direct
curvature using approximation of the mean curvature and
Gauss curvature, And then they executed the mesh
simplification by this criterion, An essential condition for
the mesh simplification is to calculate the curvature at the
three-dimensional mesh model, We propose an easy
method that approximates the mean curvatures, In order to
approximate mean curvatures, in this paper, we first
compute the curvature by considering neighboring three
edges about each edge in the mesh, Next, the vertex

curvature was defined as the mean curvatures about the

adjacent edges. The mesh simplification was performed
with respect to vertices and edges on the basis of the mean
edge and vertex curvatures, respectively.

The composition of this paper is as follows: We propose
the newly defined mean curvatures that are used as the
criterion of mesh simplification in Section 2, In Section 3,
we discuss the mesh simplification method petformed by
using the proposed mean curvatures, In section 4, we
describe the data structure and algorithm, The results
applied to bunny, dragon and teeth of the proposed
methods are argued in Section 5. Finally, we will see the
research results of this paper and present further research

items,
2. The Proposed Approximate Mean Curvatures

Many researchers [1,3,4-11] have proposed criteria to find
methods for mesh simplification using the curvatures of
curves and curved surfaces, The curvatures {12] can be
defined at a specific point on curve or curved surface
subject to second differentiation, First of all, consider
general concept of curvature on a curve X(s), which is
parameterized by arc-length s. If X (s) is the unit tangent
vector function, then the curvature is defined to be the rate
at which X (s) changes with respect to s,

Now, extend the concept to a surface with a surface
normal at a point P in three-dimensional space, Normal
curvatures ate defined as the curvatures of curves on the
surface lying in planes including the tangent vector at the
given point P, Because of the difficulty of calculation of
exact normal curvatures on a surface, the following other
curvatures are defined: principal, Gaussian and mean
curvatures, The principal curvatures at a point of a surface
are the minimum and maximum of the normal curvatures
at that point, and the Gaussian curvature is the product of
two principal curvatures, and the mean curvature is half the
sum of two principal curvatures, Unfortunately, it is very
difficult to exactly calculate these curvatures on a surface of

mesh modeling objects, Therefore, there are many attempts
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30 Mesh Simplification using New Approximate Mean Curvatures

to obtain approximate curvatures of a point of mesh
object’ s surface{12]. The important factor in approximating
the curvatures is how to explain the main features of a
mesh model.-In order to express them better, a few
studies{4-11} proposed methods to calculate more
approximate curvatures to the ideal, Andraw and Smithfl]
proposed methods for approximating a mean curvature at
an edge and a Gaussian curvature at a point on a surface,
respectively. A mean curvature Ce of an edge E can be
defined as :

C,=6x Ly (ED)
Area

Here fis an angle between two normal vectors of two
faces sharing the edge E, and L is the length of E and Area
is defined as one third of the area of each triangle shaded
as shown in Fig, 1(a). He also defined the Gaussian
curvature K at a vertex v of a surface as the following:

K :z%& (£2)

v
v

Here N is the number of surfaces adjacent to the vertex v

and @i is an angle inbetween two edges which are adjacent

<

(a)Mean curvture at an edge

to v and in a face (see Fig, 1(b)).

(b) Gaussian curvture at a vertex

Fig. 1. The mean curvatures
approximation of [5]

There are some problems in calculating mean curvatures
due to the violation of the curvatur€ s concepts. Therefore,
it is required to obtain mean curvatures explaining its
concepts in three-dimensional space, Now we explain the
new method to calculate the mean curvature

approximation of a polygon model, To do it, we first

calculate the mean curvatures with respect to edges and
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then obtain the mean vertices those using the previous
processed edge mean, To begin with, calculate the mean
curvature CE; for an edge E connecting two vertices P and
0.

It is true that there are three vertices including O incident
to vertex P since there are adjacent triangles in a mesh
model, Let Qi1, @i, and Qi+t be the three vertices, Using a
similar method to one in the plane, edge mean curvatures
can be obtained. In order to do it, we get three middle
points of the three edges PQi, PQi1, and PQi,
respectively, In addition, we define the circle that connects
three midpoints, Let 1p be the radius of this circle. In a
similar fashion, there are three vertices including P incident
to vertex Qi , Let Qi4, P, and Qi« be the three vertices,
Similarly, we get the circle connecting three middle points
of three edges Qi+P, QiP and Qi1P, and PQi,
respectively, Let tqi be the radius of the obtained circle, The
detailed description is shown in Fig, 2.

Fig. 2. The proposed mean curvature
approximation

Then, the mean curvature CE: of an edge PQ: in a mesh

model can be obtained like as (E3) equation,

CE, = retre (E3)
2rprqi

The CE: shows the curvature of an edge E: incident to
vertex Vi, And, when n is the number of adjacent vertices
about vertex Vk, the mean curvature CVk for Vi is defined
as the mean value that takes an average of the mean

curvatures of attached edges like as (E4) equation,

cv, = lzCEi (E4)
nia
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3. A Mesh Simplification

In this Section, consider how to remove vertices and
edges in the mesh for implementing a simplification of a
mesh representing an object in three-dimensional space.
We propose the methods to process a vertex removal and
an edge collapse for a mesh simplification in Section 3.1
and in Section 3.2, respectively, And we present re-
triangulation techniques after a vertex removal and an edge
collapse, respectively. The re-triangulation of the mesh has
to be done since mesh models are generally composed of a

set of triangles in three-dimensional space,

3.1 Vertex removal

In this Section, we introduce the mesh simplification
method with removing the vertex, Section 3.1,1 describes
how to select a vertex to be removed in mesh models, and
Section 3.1.2 discusses how to reconstruct a given mesh

model after removing the selected vertices,

3,1.1 Selection of a vertex to be removed

Consider the geometric shapes with respect to a vertex v
in a given mesh, According to the arrangement of the faces
adjacent to v, the vertex v can be classified into three kinds:
simple vertex, complex vertex, and boundary vertex, The
detailed information is described as well in Fig, 3.

=S

Fig. 3. (a) Simple vertex (b) Complex
vertex (c) Boundary vertex

Complex vertices are not deleted from the mesh since the
changes of a geometric shape may be occurred. All other
vertices become candidates for deletion, Therefore, we
calculate the mean curvatures with respect to the candidate
vertices by an algorithm described in Section 2, When the

curvature of each vertex is produced, the curvatures of
these vertices are sorted in ascending order, The vertices
with the curvature below a given threshold are selected as
those to be removed. Specially, we do ordering of the
vertices adjacent to the vertex v in counter-clockwise to
efficiently re-triangulate a given mesh after removing the

selected vertex,

3,1.2 Re-triangulation

In general, if one vertex from the mesh is eliminated,
several triangles can be removed, One or two holes can
appear after removing a simple or boundary vertex, and
after removing an interior edge vertex, respectively,
According to the composition features of the mesh, a
geometric shape can be formed convexly or concavely,
Therefore, the re-triangulation has to be implemented with
other methods individually, The re-trdangulation technique
of a convex shape uses the “split ling’ that connects two
nonadjacent vertices, First, we select one of those vertices
as a pivot vertex, Second, we choose a nonadjacent vertex
to the pivot vertex in counter-clockwise, Draw the split line
that connects the selected vertex and a pivot vertex, Using
the split line, divide the hole in two, The operation is
repeated for a newly-created hole until the new hole

consists of three vertices (see Fig, 4),

splitiine
splitkne : TV

Recursive finish

Fig. 4. A re-triangulation process for a
convex shape

We set out to find the optimum split line to compose re-
triangulation nearest adjacent on the original object shape.
The problem can be solved using the aspect ratio, The
aspect ratio method means the least of distance from one
vertex to the split line. In other words, the distance means
one of the vertical line from the vertex to the split line, And
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32 Mesh Simplification using New Approximate Mean Curvatures

the optimum split line is a line connecting a given pivot
and the vertex with the largest value of aspect ratio of each
vertex,

The re-triangulation technique of a concave shape is
implemented by the criterion of the angle of three vertices,
When there is the concave mesh as shown in Fig, 5, let n
be the number of vertices adjacent to a vertex v, Let v2be
a voluntary start vertex in the set of the adjacent vertices
ordered in counter-clockwise, At this time, let 0 be the
angle of three vertices vz, v3, and vs, If 180/n < 6 < 360/n,
we generate the triangle consisting of the three vertices vz,
v3, and v¢, Otherwise, we exclude vs in the list of adjacent
vertices, Then, clearly, the number of the adjacent vertices
is a decrease of one, We again designate the start vertex
with v3, and then implement repeatedly until the number of
the adjacent vertices becomes three. In this way, the new
re-triangulated triangle is tacked onto the array of the faces.
By doing the vertex removals to the level degree required

by the users, the mesh simplification can be achieved,

3.2 Edge collapse

In order to collapse an edge E in a mesh mode, letiand j
be two vertices incident to the edge, respectivly. If the edge
E has to be collapsed, it is clear that the mean curvature for
E has one below a given threshold, In this case, we
compare the curvatures of the two vertices, and then one of
both is moved to another with bigger curvature, For
instance, if the curvature of a vertex i is a bigger than the
vertex j, the vertex j is moved to the vertex i. In this
process, the faces including E will be eliminated and the
number of triangles in the mesh model will be decreased
(see Fig. 6). By doing the edges collapse to the level

degree required by the users, the mesh simplification can

L RR-GE

Figure 5. A re-
triangulation of
a concave shape

Figure 6.
An edge collapse
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be achieved,
4 Implementation

4.1 Data Structures

A triangular mesh has been used as data structures for
expressing an object, A triangular mesh is composed of a
set of triangles connecting three vertices, Each vertex has x,
y, and z coordinate axes, All vertices and faces are
preserved in each array, respectively, A part of a triangular
mesh is shown in Fig. 7 in which a vertex vz and a triangle
T1 has (x1, y1, z1) and three vertices (v1, vs, va), respectively,
and a list of triangles using a vertex v1 contains seven
triangles (T4, Tz, T3, T4, Ts, Ts, T7).

4.2 The curvature approximation

Using above mentioned data structures, the vertices
adjacent to a vertex can be easily obtained because they
just keep the data of current vertices and faces in the
corresponding array, A face consists of vertices, and the
order of the vertices makes clockwise, As in Fig, 8, take the
vertices adjacent to a vertex Az, Let Facea be the first face
designated as vertex Az as shown in Fig, 8. Clearly, Ao can
be searched as the next vertex of Az, A1 the next one of Ao,
and Az the next one of A: . Then the face has an order
beginning on Ae and ending on A:z in sequence, Now,
search the face beginning on Az and ending on Ao, Clearly,
it will be the face Faces containing an edge B2Bo as shown
in Figure 8, Here, B: is registered to the surrounding vertex
of vi, that is, Ao from Facea. Then, the next vertex of Az can
be searched from Faces again. By repeatedly applying the

above procedure, all faces surrounding vertex Az can be

Vertexy,

Fig. 8. The
expression of a
face using vertices

Fisg. 7. Data
tructure
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directly taken, Secondly, we get the mean curvature with
respect to edges and vertices by using the two equations E:
and E2, described in Section 2,

4.3 An implementation of a mesh simplification
algorithm

After getting the curvature of each vertex, we line up the
set of vertices with the criterion of curvatures, And, we put
the flag operator called “Removal’ in the data structures of
vertices to eliminate the vertices with a curvature below a
given one. After determining false as the initial value, the
flag is modified to true for the removal value if they come
under an excluding vertex, And then the composed faces,
which are the front and back those of the vertex having the
biggest perpendicular and horizontal value, are added to an
arrangement of faces, In the process, the re-triangulation
method in Section 3 is applied repeatedly. The algorithm
discussed until now is described in Fig, 9,

5 Experiment Resulis

Fig, 10(a) shows the original bunny model has the

number of vertices at 35,947, and the number of surfaces at

69,451 Fig.10 (b) shows a mesh model simplified by
edges collapse proposed in this paper. The simplified
mesh model has 7,591 vertices. Fig.10 (c) also shows a
mesh simplification model by vertices removal, which has
1,512 vertices, Fig. 10(d) appears a mesh simplified by
quadric error metrices, which consists of 1,262 vertices, Fig,
11(a) shows the original dragon model has the number of
vettices at 437 (45, and the number of surfaces at 871 414,
Fig, 11 (b) and (c) are a mesh simplified by edges collapse
and one simplified by vertices removal which has 3,000
vertices and 1,512 vertices, respectively, Fig. 12 describes a
mesh simplification for teeth models, Fig, 12 (a) appears an
original model with 78,387 faces, Fig. (b) shows a mesh
simplified by edges collapse of (a), The resulting mesh
has 22,327 faces, Fig. (c) and (d) show an original model
with 140,811 faces and a mesh simplified by edges’
collapse (48,822 faces) of (c), respectively, Finally, Fig. (e)
shows an original model with 167,746 faces, Fig. () and
(g) show two other views of a mesh simplified by edges
collapse (48,322 faces) of (e).

Procedure NewMeanCurvature(Q

while (i < the total number of vertex )

edgeCurvature; = 1 / radious,

edgeCurvature; = 1 [ radious
end while

end while
end ProcedureNewMeanCurvature()
Procedure SimplifiedMesh()
Begin.

End proceduresimplifiedmesh()

Begin // v; : an ith vertex, adjy : the krh vertex adjacent to the vertex v; (in counter clockwise)

while (k < the vertex number neighboring v;)
vector; « (adjys —vi Y1 2; vectors < (adji ~ v; ) I 2; vectors — (adj.; —v;) 1 2
radious; < a radius of circle that makes three vertices v; + vector,, v; + vector,, v; + vector;

vector; « ( adji,; ~ adjiy ) | 2; vector, « (vi— adjy ) 1 2;  vectors & (adji; —adji ) 1 2
radious; « a radius of circle that makes three vertices adji+vector;, adj+vector,, adji+vector;

edgeCurvature += (edgeCurvature, + edgeCurvature; ) | 2

vi.curvature = edgeCurvature | k //k: the number of the neighboring vertices 1o v

NewMeanCurvature(); // compute mean curvatures w.r.t. each vertex and each edge
while (the number of vertices > the wanted number)
for (the vertices with a curvature below a give threshold value)
remove the vertices or collapse the edges according to the rules in Sections 3.1 and 3.2
re-triangulate the given mesh and recomputed the curvature for new vertices

Fig. 9. An algorithm for calculating the mean curvatures for edges and vertices

gAY 2N A2A A2¥ 20024 11¥



34 Mesh Simplification using New Approximate Mean Curvatures

(a) (b) (© (d)

Fig. 10. A mesh simplification for a bunny model:

(a) the original model with 35,947 vertices and 69,451 faces; (b) a mesh simplified by edges collapse (results: 7,591
vertices); (c) a mesh simplification by vertices' removal (results: 1,512 vertices); (d) a mesh simplified by quadric error
metrics(results:1,262 vertices)

Fig. 11. A mesh simplification for a dragon model:
(a) the original model with 437,645 vertices and 871,414 faces; (b) a mesh simplified by edges collapse of QEM (results:
3,000 vertices); (c) 2 mesh simplification by vertices removal (results: 1,512 vertices)

(@) (b) (©) (d

(e) ® ®

Fig. 12. A mesh simplification for teeth models:

(a) the original model with 78,387 faces; (b) a mesh simplified by edges collapse (22,327 faces) of (a); () the original
model with 140,811 faces; (d) a mesh simplified by edges collapse (48,822 faces) of (c); (e) the original model with 167,746
faces; (f)-(g) mesh simplified by edges’ collapses (48,822 faces) of (e)
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Mesh Simplification using New Approximate Mean Curvatures 35

6. Conclusions and Discussions

We presented a mesh simplification that employs mean
curvature approximation about the vertex and edge of an
original mesh as criteria of mesh simplification, We have
introduced two methods. One method is the vertex
elimination that removes the vertices below standard of a
regular curvature and then make a re-triangulation. The
other method is an edge collapse that finds edges below
the standard of the regular curvature and then renews the
face data by collapsing two vertices into one, These
methods are applied to the bunny, dragon and teeth
models, These results, which are modeled according to the
vertices after removal, approach the geometric features of
the original object using the new mean curvature
approximation more than the existing mesh simplification
algorithms,

The advantage of the proposed method is that it uses the
definition about the real vertex curvature as it is, so the
application of the value about the curvaiure is correct, On
the other hand, the disadvantage is that the speed of
execution is quite slow because the adjacent faces for each
vertex have to be searched and the curvature about each
vertex is computed, We need to improve the speed of
modeling by applying better data structure to the program,
In addition, a problem awaiting solution is a method of
implementing mesh simplification about a strip at which
several edges connect, and simplify the mesh about a

surface in which two triangles are attached,
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