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INVESTIGATION OF THE ERROR DUE TO THE
PRESENCE OF THE MAPPED ELEMENT

YoOUNG-KYUN YANG AND CHANG-GEUN KiMm

ABSTRACT. We analyze the error in the p version of the of the finite
element method when the effect of the quadrature error is taken into
account. We investigate source of quadrature error due to the pres-
ence of mapped elements. We present theoretical and computational
examples regarding the sharpness of our results.

1. Introduction

Let Q be a polygonal domain in R?, or a line segment in R!, and
consider the following model problem on €2,

(1.1) Lu= —div (aVu) = f inQC R?
d du
1.2 Lu=——(a—] = in Q C R'
(1.2) u da:(adx) f mQCR,
with one of the following boundary conditions
(1.3) u =0 onl,
(1.4) g—z = g on .

Here, V is the gradient operator and n denotes the unit outward normal

to I' defined almost everywhere on I'. For the case of (1.4), we assume

f, g satisfy a compatibility condition to ensure existence of a solution.
Now we define Sobolev spaces

WP (Q) = {u € LP(Q) : D'u € LP(),0 < |i| <m},
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equipped with norm

lall =D IID"ullf 0,

0<li|[<m

where m is a non-negative integer and 1 < p < oo.
Let us define H = H(Q), H'(Q) or H',,.(Q) corresponding to the

per
boundary condition (1.3), (1.4) respectively. Then the variational form

of (1.1)—(1.4) is to find u € H satisfying

(1.5) B(u,v) = F(v) forallve H,
where
(1.6) B(u,v) = / aVu - Vudz,
Q
and

(1.7) F)=(f,v)+ < g,v >= /va dx + /Fgfu ds,

with ¢ = 0 unless (1.4) is in force.

2. Error Estimates under Finite Element Method

We now consider the approximation of the solution of problem (1.1)—
(1.4) by the p version of the finite element method. Let 7 be a fixed
triangulation of Q by elements K; which are line segments in R' and
closed triangles and quadrilaterals in R?. We will also consider the cor-
responding curvilinear elements. K; N K; will be assumed to be either
empty, a common vertex or an entire side of K; and K;. We assume
that every v € V is a vertex of some K;. The mesh on Q C R? also
subdivides the boundary T into segments, which we denote by K;.

We will often refer to the reference interval I = [—1, 1], the reference
triangle 7' = {(x,y) : 2 > 0,y > 0, x +y < 1} and the reference square
Q = I%. For each K € 7, we assume that there exists an invertible map
Fr such that

K = Fr(K),
where K = I, T or @ is the corresponding reference element. Hence we
obtain the correspondences

(2.8) ieK o x=Fg(2) ek,
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(2.9) (0: K —R) = (v=>00F:K— R),

between the points # € K and z € K, and between functions defined on
K and K.

We will also assume that for each K € T, there exists an invertible
map F % such that

K = F(I),
which gives the correspondence
(2.10) (@:[—>R)<—>(U:ﬁoﬁ’§1:[~(—>R).

Our basis functions may be complex valued when we consider periodic
boundary conditions. o

Unless otherwise stated, the mappings Fy, Fy ' (respectively Fz, F Igl)
will be assumed to be sufficiently smooth with the Jacobian Jx (respec-
tively Jz) positive, bounded below away from zero.

We now define the followmg polynomlal spaces {U,(K )} on the ref-
erence elements. For K = I, U,(K) = P,(I), the set of polynomials of
degree < pon I.

We then define

Up(K) ={v: 0 € Up(K)},
S,={veC’(Q): v|x € U,(K), VK € 7}
We also define
Sp,O - Sp N H

Then the p version of the FEM to approximate the solution of (1.5)
consists of finding, for p=1,2,3,..., a u, € S, satistying
(2.11) B(up,v) = F(v) for all v € S, .

Let us now give some results which will be used in the next section.

THEOREM 2.1. Let {U,(K)} be a sequence of polynomial spaces de-
scribed previously and let S, be the corresponding spaces on €). Then
the sequence of projections

Py Hy(Q) — Spo, p=1,2,3,...,
defined by

(2.12) /V -Vudr = / Vu-Vuvdz, forallveS,y,
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satisfy
(2.13) v = Pv]ls0 < Cp " INullg 0<s<1 <,
with C' a constant independent of p and v but dependent upon r.

Proof. The two-dimensional case has been proved in [3], the argument
from which can be generalized to the three-dimensional case. A different
proof of the n-dimensional case may be found in [10], the result being
optimal up to arbitrary ¢ > 0. O

3. Error Estimates under Numerical Quadrature

The p version introduced in the previous chapter and related results
for it assume that all integrations have been performed exactly. In prac-
tice, even if the functions a, f and ¢g have simple analytical expressions,
the integrals which appear in (1.6) and (1.7) are seldom computed ex-
actly. Instead, they are approximated through the process of numerical
quadrature, which we now describe.

Let us assume that we are given a family of quadrature rules {R,}

defined on the reference element K by
Lp
(3.14) [ dtards ~ Y apian.
K =1
Then on each K € 7, we get a quadrature rule defined by

Lp
(3.15) /K ba)dr ~ S Wl ),
=1

where wy ;o = Ji (W) &P and b = F(bP). In the case of Neumann
conditions in two-dimensional problems, we also assume that {Ji’p} is a
family of rules on I, defined analogously to (3.14), such that for each
K c T, we have
EP
[ vterds ~ > a0

K =1
Using these rules, the actual problem solved by numerical integration
becomes: Find @, € S, satisfying

(3.16) By (ty,v) = F,(v) = (f,v)p+ <g,v >,, forallves,,



Investigation of the error 183

where
L
(3.17) By(u,v) = Y Byx(u,v) => Y wixlaVu-Vo|(bk),
Ker Ker =1
L
(318) (fiv)p = D (Fv)or =D Y wik (fo)(bix),
Ker Ker =1
L
(3.19x g,v >, = Z <G>, jg= Z ZCZ)Z’R (gv)(glj(),
Kcr Kcr =1

where the dependence of L, w; i, etc on p is understood.
As in [5] and [6], we will only consider a family of quadrature rules
{R,} that satisfy the following assumptions,
(A) &F >0 and ¥} € K.

(B1) There exists a constant Cy, independent of p and ¢ such that
Lp
D Qo)) < Chllall} 5 for all & € Uy(K).
1=1

(B2) There exists a constant Cy, independent of p and ¢ such that
Lp
D Q0B = Colldff} o for all & € Uy(K),

S 00
Oy(R) = {5

(B3) R, is exact for all ¥ € U,,,(K) with m = m(p) > my(p).

The minimum value of my(p) in (B3) depends upon the space U,(K)
(see [6]).
Often, (B1)-(B3) are satisfied because { R, } satisfies the following stronger
condition,

(B) R, is exact for all & € U,,(K) with m > 2p.

We will be particularly interested in Gauss-Legendre (G-L) rules. In
the one-dimensional case, the p-point G-L rule on [ satisfies (B1)—(B3)
with m = 2p — 1. In the two-dimensional case, the cross product of
(p+1)-point G-L rules along the x and y axes on @ will satisfy (B) with
m = 2p+ 1.

b e Uy(K),1<i<n}cCUy/(K).

~
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The conditions (A) and (B2) above guarantee solvability of our ap-
proximate problem, as seen from the following lemma, which was origi-
nally proved in [6].

LEMMA 3.1. If the mappings Fx are smooth, then there exists a
constant C' > 0 such that

C’|v|IQ B,(v,v), forallve Sy,
with C' independent of p.

Next, the error will depend upon the smoothness of the coefficient
a(x,y) and mappings F. To this end, let us note that

Dv(z) = Do(2)DF'(x)  for any v «— 0,
so that
E = Eg(aJx(DaDF")(DoDFE')T)
= Ej ((Da)B*(Do)")
. ou 00
_ . K="
(3.20) = > Eg (b” i (%j) .

i,j=1

Here, the coefficients bg are entries of the matrix
(3.21) BY = aJg(DF)(DFMT,
and for P : R — R", DP denotes the Jacobian matrix of P. Suppose
the bj; are approximated by the polynomials bK € U,(K). Let us define

prs(B) = max Hb

il

with the subscript s omitted when s = 2. Then we get the following
lemma which gives a bound for the approximation of bfj- )
We can prove the following Lemmas using Lemma 3.1.

LEMMA 3.2. For Q2 C R", let p;(B) < oo, where t > n/2. Then there
exists b € Uy(K) for which

(822) Kj = max b, «

(323) ep = maxllbf; =55, 0k <

< C(pO,oo(B) + qi(tin/Z)pt(B))a

Cq "2 pi(B).
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LEMMA 3.3. Let u, and @, be the finite element solutions of (2.11)

~

and (3.16) respectively and b5 € U,(K). Then

(3:24) ay—upllr0 < Clegllulli o+ Eh(lu—upllotu—Pull10)+E5},
where 1 = m — p — q, Plu is defined by (2.12) and K%, €% are as in
(3.22), (3.23) respectively.

The following result gives an asymptotic estimate for the convergence
rate in the H'(§2) norm using numerical quadrature.

THEOREM 3.1. Let @ C R". Let f € H*(Q)) with s > % and for

n =2, g€ HT) with § > 1/2 when Neumann conditions are used. Let
bg € Ht(f() for each i,j, K, with t > 3.

Let @, denote the solution of (3.16), with the quadrature rule satisfy-
ing (A) and (B1)-(B3), or (B), with m large enough. Let q be a positive
integer such that r = m—p—q > 0. Let forn =2, g # 0, the quadrature
rule on I satisty (A) and (B), with m — 2p > 0. Then with K} and €%
as in (3.22) and (3.23) respectively,

lv —ipllie < Clepllull o+ Kb}

(3.25) < C {q*“*"/?)pt(B)HuHLQ + max{p~* |log ﬁ]”ﬁ*QO‘}KUK%}

where p = min(p,r) and the constant C' is independent of u, m, m, p
and q.

Proof. By the triangle inequality, we have
(3.26) lu = yll10 < (lu—upllie + [lup, — Gpll10-
Using Lemma 3.3, we get
(3.27) [up = pllre < C{egllull o + B+ Ep},
where F is defined and estimated in (3.30). Also, using Lemma 3.2,
(3.28) ehllull o < Ca™ "2 pu(B)llull1 0.
Finally, with » = m — p — ¢, using
(3.29) lu—up, g <CEY:=C igf Ju =2, o
’ VEDSP,0 ’

to bound ||u — upl|1,0 and using

lu— Piullio < CE,
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we have
(330)  E=Ki(llu—wlie+u— Pullhe) < CKL(E] + E)
Using
(331)  Nlu—wll, o < CEL = C K,max{|logp|"p~>*,p~*},
where

a=min{aj} =", y=N"(1), K= |d]+[lu'llee:

Gl
we can now bound the right hand side of (3.30). O

The above theorem shows that essentially the rate of convergence is
O {q " + max{p~*Y, |log p|"p~**}
(3.32) + max{(m — p)*(S*”/2)7 (m — p)f(§—1/2)}} _

Also we see from (3.25) that if %, £% are small enough (which happens
when the coefficient a, mappings Fx and input data f, g are smooth
enough), then the convergence rate is EP. More precisely, suppose m =~
2p (as happens when the usual p point G-L rules are used). Let ¢ = (p,
0 < 1,s0that r=m —p—q~ (1 —()p. Suppose t, s, 5 in (3.32) are
large enough so that the middle term dominates. Then the error will
once again satisfy

(3.33) lu— iy o < C(8) max{p~*=Y, [log p|"p~*},

so that the asymptotic rate is the same as that using exact integration.

If, however, a, Fg, f or g are not smooth enough, then one of the
errors e}, and £ may dominate. Using overintegration with a sufficient
number of points would then reduce these errors in many cases until the
term EP dominates again and the same estimate as in (3.33) was ob-
served. As overintegration is introduced, the value of m, m is increased.
For fixed p and r, this increases the values of ¢ (which decreases e%) and
m —p, m— p (which decreases £%.). For more details on the H'(2) error,
including computational results, we refer to [6].

4. Numerical Experiments

In this section, we will consider the effect of using mapped elements in
the one-dimensional case. Our numerical results indicate that the effect
of the mapping is apparent only in certain cases.
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In the one-dimensional case, consider problem (1.2) and (1.3) on Q =
[0,1] with a(xz) = 1. Let the function f be chosen so that the exact
solution u is given by
(4.34) u(x) = xsinmz.

Now consider the mapping
(1+&+e)> —e

(24 €)> — e
then z = G(&) maps the reference element [—1,1] to [0,1]. We have an
affine mapping for a = 1. If o # 1, we have a nonlinear mapping whose
smoothness depends on the parameter €. For e close to 0, the inverse
of the Jacobian Ji' will be very large at £ = —1, giving an unsmooth
mapping.

The above choice of u and G has been numerically analyzed in [6].
It was shown there that if the mapping is smooth (o« = 1 or a = 2,
e = 1.0, for example), no overintegration is necessary for the stiffness
matrix, when the H! norm error is of interest. We performed experi-
ments that showed the same to be true for the L, norm. When G is
not smooth (o = 2, € = 0.01, for example), then overintegration helps
slightly. However, as seen from Figure 1 of [6], the bulk of the error is
due to the deterioration in the approximability properties of the under-
lying subspaces, which is independent of the quadrature used. The same
behavior was observed by us for the Ly norm.

As further shown in [6], there are situations where the accuracy of the
quadrature, rather than the approximability, plays the dominant role.
The example considered in [6] was where f was chosen so that

(4.36) u(x) = sin{m((cx + el — (1 + )},

where ¢ = (2 + €)® — €* with the mapping G once again given by (4.35).
Using the function in (4.36) and the mapping in (4.35), we see that

(4.37) u(G(&)) = sinwé,

which is a very smooth function on [—1, 1]. In Figure 1, we have plotted
the H' error on a log-log scale with o = 1.8 and ¢ = 0.1 (originally
done in [6]). The solid line represents the error when exact integration
is used, while the broken line represents the errors with G-L quadrature
rule using p, p+ 1, p+ 2, p+ 3 and 2p points on the stiffness matrix
with the load vector being calculated exactly (ie, with a sufficiently high
quadrature rule). As we see, if the quadrature rule for the stiffness

(4.35) G(&) =

Y
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FIGURE 1. The H! error for a = 1.8, e =0.1

matrix is not sufficiently accurate, there is a significant loss in the rate
of convergence. As we take more G-L points, the rate of convergence is
closer to the exact case. In fact, using 2p points, the rate of convergence
is essentially the same as that obtained using exact integration.

If we take a more unsmooth mapping by choosing a smaller value of ¢,
we expect to use more G-L points to get the correct rate of convergence.
In Figure 2, we have plotted the H' error with o = 1.8 and € = 0.01.
Once again, the solid line represents the error when exact integration is
used. We see that practically no convergence is observed using p points
(compared to Figure 1). As expected, we need more G-L points, in fact
p? points, to recover the correct rate of convergence. This number will
increase further as e is made smaller.

Let us remark that the above kind of example, where overintegration
may play a significant role, does not arise except in special situations.
One such situation (in two-dimensions) is the method of auxiliary map-
pings [2] where the (unsmooth) mappings are used to smooth out r*
type singularities.
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