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ON A FRAME IN THE SPACE L?(R)

PaiL UnG CHUNG* AND SONG Ho HAN

1. Introduction

Frames were introduced by Duffin and Schaeffer(1952), in the con-
text of non-harmonic Fourier series and they were also reviewed by
Young(1980). Here we shall review their definition, given in [1]:

DEFINITION. A family of functions (y;) ez in a Hilbert space H is
called a frame if there exist A and B (0 < A < B < o0) so that, for all
fen,

AlFIN< D 1< frei > P < B

We call A and B the frame bounds.
In L?*(R), a Weyl-Heisenberg frame(WH-frame), given by

{gm,n(x) d:efg(x — nqp)e*™MPOT | m € Z}
and an Affine frame, given by
{Bann(@) © ag % hlag™ (@ — ainbo))In,m € 2}

are commonly used as the analysis tools for the signal process in time-
frequency domain, where pg, qo, ap and by are the appropriately chosen
positive constants, and g, h are the functions in L?(R). A WH-frame
could be used to choose the data for a given signal at equidistant points
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in the domain, but it doesn’t have a high resolution, which means that
translation parts ngy do not depend on the frequency mpg. On the
other hand an Affine frame have a high resolution which means that
translation parts aj'nbg are reciprocally proportional to the frequency
a,™ ,but its intervals for choosing data a; "by aren’t equidistant.

In this paper, we shall construct another new frame which may be
used to choose data for a signal at equidistant points of the domain
and, at a same time, may have a high resolution.

Throughout the present paper, the symbols f , fV, and f denote the
Fourier transform, the inverse Fourier transform, and complex conju-
gate of f € L*(R) respectively.

2. Another new frame in L?(R)

In this section we shall construct another frame which may be used
to choose data at equidistant points of the domain and, at the same
time, may have a high resolution.

THEOREM 1. Let g € L*(R) such that ||g|| # 0 and supp §(w) C
[a,a + qio], go > 0. Then, for any positive real constant pg so that

def 1 ~
H(w) = w© > 1w — mpo)|?

meZ

may have a positive lower bound A and an upper bound B(< o0), the
family of functions

def 1 Nnqgo \ omi
2 mon(T) = ———g(x — eI - mon €7
@ gnal@) & e )

constitutes a frame in L?(R), where \(m) is an arbitrary real valued
function of integers such that 1 < |A\(m)| < oo .

proof. Since [f(x)e*™ PN w) = f(w — p), we have, for any f €
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L*(R),
(3)
S 1< Frgmm >

m,nez

_2ﬂi%(w—mpo) > |2

~ 1 R
= ;| < f(w), Wg(w — mpo)e

1 = . om0,
=3 ] [ F o mpa(e)e > R o

1 +a5 - o a0,
=2 " fw+ mpo)g(w)e TR dwf?
2 xml' /.
[A(m)]
1 =0 = 9 10
= | f(w + mpo)g(w)e™ " BT dw|?,
2 x| 2,
while the integral
a+|>\(m)| _ . ng
i [ P mpga(ge TR
a

is the Fourier coefficient of f(w + mpo)g(w). Hence we obtain

(4)

RIENCIY

1 a0 A R
S < ot > =Y / @+ mpo)g(w)|2da

m,n

— |f(w)g(w — mpo)|*dw

1 /a-l-mpo—i-lkflgn)l R

qO m a+mpo
— [1f@PH@w,
R
which proves our assertion by virtue of our hypothesis. 0

It is noteworthy that the frame constructed in the above theorem
may be used to choose data equidistantly and also it has a high reso-
lution in the frequency domain.

With the same notations as in the Theorem 1, we have the following
corollaries:
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COROLLARY 1. If H(w) =1 and ||gmn|| = 1, then {gm n|m,n € Z}
constitutes an orthonormal frame in L*(R).

proof. Assume H(w) = 1. Then we have, for any fixed k,[ € Z,

> 1< grts Gmm > 1P =1 < grts goa > |2

m,n

by virtue of (4). On the other hand we also have

Yo < gt Gmn > P =1 <ot oe > P+ Y | < GhisGmn > %
m,n (m,n)#(k,l)

Hence we obtain < g1, gm.n >= 0 for (m,n) # (k,1). O

COROLLARY 2. Let

) et Va03g(w)
Y= S T + mpo) P

then the family of functions

O .

el W)e THMPOT Im n € 7}

constitutes an orthogonal frame in L*(R).

proof. ¢ clearly satisfies the conditions given in Theorem 1, and
qio > |p(w — mpo)|? = 1. Hence our assertion follows from Theorem
1 and Corollary 1. 0

COROLLARY 3. Let g(w) is continuous and supp g(w) C |a,b] and let
po be any positive constant such that pg < L = b—a, then {gp, »|m,n €
7} constitutes a frame in L?(R).

proof. Since H(w) is a periodic function with period pg, Let us
choose the interval [a — &2,b 4 2] so that it may contain at least

one period of qg Then H(w) also has positive lower bound and upper
bound on the chosen interval. Hence H(w) has a positive lower bound
and upper bound on R, so that {g,, »|m,n € Z} constitutes a frame in
L?(R) by virtue of Theorem 1. O



On a frame in the space L2(R) 171

COROLLARY 4. If the orthonormal frame {gy, .} spans the space
L?(R), then we have, for any f € L?(R),

(5) f = Z < fagm,n > Gm,n-

m,ne’

proof. By virtue of (4), we have , for any f € L3(R),

Z’<f7gm,n>|2 =< f7f>7

m,n

which implies, by the polarization identity,

<f9>=> <[ 9mn >< gmm 9> -

m,n

Hence we proved our assertion. O
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