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SYMMETRIC DUALITY FOR A CLASS OF NONDIFFERENTIABLE
VARIATIONAL PROBLEMS WITH INVEXITY

WON JUNG LEE

ABSTRACT. We formulate a pair of nondifferentiable symmetric dual variational problems with a
square root term. Under invexity assumptions, we establish weak, strong, converse and self duality theorems
for our variational problems by using the generalized Schwarz inequality. Also, we give the static case of our

nondifferentiable symmetric duality results.

1. INTRODUCTION

Symmetric duality in nonlinear programming was introduced in Dorn [4] by defining
a symmetric dual program for quadratic proqrams. Subsequently Dantzig, Eisenberg
and Cottle [3] first formulated a pair of symmetric dual nonlinear programs in which
the dual of the dual equals the prime and established weak and strong duality for
these problems concerning convex and concave functions. Later on, Mond and Hanson
[9] extended the symmetric duality results to variational problems, giving continuous
analogues of the results of [3]. Since the invexity conditions on functions were first
defined by Hanson [5] as a generalization of convexity ones, many authors ([6], [10],
[13]) have extended the concepts of invexity and generalized invexity to continuous
functions. Smart and Mond [13] extended the symmetric duality results to variational
problems by using the continuous version of invexity.

On the other hand, Mond [8] and Mehndiratta [7] gave symmetric dual theorems
for certain nondifferentiable programs which involve square roots of quadratic forms in
the objective functions ([1], [2], [11]).

Mond and Smart [11] extended the duality theorems for a class of static nondif-
ferentiable problems with Wolfe type and Mond-Weir type duals under invexity, and
further extended these for the continuous analogues.
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We are motivated to consider symmetric duality for nondifferentiable variational
problems involving weaker convexity assumptions [1].

In this paper, we formulate a pair of nondifferentiable symmetric dual variational
problems with a square root term. Under invexity assumptions, we establish weak,
strong, converse and self duality theorems for our variational problems by using the
generalized Schwarz inequality. Also, we give the static case of our nondifferentiable
symmetric duality results.

2. NOTATIONS AND STATEMENT OF THE PROBLEMS

The following conventions for vectors z = (21,72, -+ ,2,)T andy = (y1, Y2, ,Yn)’
in R™ will be used:

r<yer; <y, t=12 .. n
Iéy@$z§yu 121727)71’
r<yesx; Jy, i=1,2,---,n but xz#y;

x £y is the negation of z <y.

Let [a,b] be a real interval and f : [a,b] x R™ x R™ x R™ x R™ — R. Consider
the real scalar function f(t,z,2',y,y’), where t € [a,b],  and y are functions of ¢
with z(t) € R™ and y(t) € R™, and 2’ and 3’ denote the derivatives of x and y,
respectively, with respect to t. Assume that f has continuous fourth-order partial
derivatives with respect to x, ', y and y’. f, and f,» denote the gradient vectors of
f(t,z, 2" y,y') at (t,x,2',y,y") with respect to x and 2, respectively. Similarly f, and
fy denote the gradient vectors of f(t,z,2,y,y") at (t,z,2',y,y’) with respect to y and
y', respectively. Subsequently fy,, fy/ys furys fyzs fyz's fye and fyr will denote the
(mxm), (mxm), (mxm), (nxm), (nxm), (nxm)and (nxm) matrices of second
order partial derivatives, respectively. Similarly, foz, fore, fore, foys foy's fory and
fary will denote the (n x n), (n xn), (n xn), (mxn), (mxn), (mxn)and (m xn)
matrices of second order partial derivatives, respectively.

Let C([a,b], R™) be the space of piecewise smooth functions z : [a,b] — R"™ with
norm given by ||z]| = ||2]|ec + || D%||c0, where D is the differentiation operator defined
by

t
u=Drezt)=a+ / u(s)ds,

a

where « is a given boundary value. So D = Z; except at discontinuities.

We consider the problem of finding functions = : [a,b] — R"™ and y : [a,b] — R™,
with (2/(t),y’(t)) piecewise smooth on [a,b], to solve the following pair of symmetric
dual variational problems with a sequare root term:
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Primal (P)

Minimize F(z,y,w /{ftxa: y,y)

[NIE

—y)" [fy(t,a;,x',y,y') - %fy/ (t,a:,a:’,y,y’)] + ()T B(t)z(t)) }dt
subject to z(a) = xg, z(b) =z1, y(a) =yo, y(b) =1,

[ f (ol y,y) — % ot y,y')] _ C(tw(t) <0, (1)

w(t)TC(t)w(t) <1, (2)
Dual (D)

b
Maximize G(u,v,z) —/ {f(t,u,u',v,v')

o u<t)T |:fx(t’ U, u,’ v, U,) - %fﬂ?/ (t7 u, ul7 v, UI):| - ('U(t)TC(t)v(t))% } dt
subject to u(a) = xg, u(b) =1, v(a) =1y, v(b) =y,

[fz(t, w0, ') — %fm/(t,u, o v, U')} +B(#)=(t) 20, (3)

2T B(t)(t) < 1, (4)
where (1) and (3) may fail to hold at corners of (2/(t),y'(t)) and (u'(t),v'(t)) respec-
tively, but must be satisfied for unique right-hand and left-hand limits.

3. SYMMETRIC DUALITY

We consider the following nondifferentiable variational problem:

b
(Po) Minimize / { (t,z(t),2'(t)) + (z (t)TB(t)m(t))%}dt
subject to  z(a) = a, x(b) =
g(t, x(t), (1)) § , t € a,b],

where f : [a,b] x R" x R" — R, g : [a,b] x R" x R® — R™ are assumed to be
continuously differentiable functions,B(t) is an n x n positive semidefinite (symmetric)
matrix, with B(-) continuous on [a, b].

Let K be the set of feasible solutions for (P) given by

K ={x € C([a,b,R") | z(a) = a,z(b) = B, g(t,z(t),2'(t)) £0, t € [a,b]}.

Now we define the invexity as follows.
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Definition 3.1. The functional f; {f(t,- -, v,0") + ()T B(t)z(t) } dt is invex in z and
a’ if for each y : [a,b] — R™, with y’ piecewise smooth, there exists a function 7 :
[a,b] x R" x R" x R® x R™ — R™ such that

/b {(f(t,:v,x’,v,v’) —i—x(t)TB(t)z(t)) — (f(t,u,u',v,v ) +u(t)T B(t) )}dt
ab / NT / / d / /
Z/a n(t,x, 2" u,u’) fx(t,u,u,v,v)—afw/(t,u,u,v,v)—i-B(t)z(t) dt

for all  : [a,b] = R™,u : [a,b] — R™ with (2'(t), v (t)) piecewise smooth on [a, b].

Definition 3.2. The functional —f: {ft,z,2',-,-) = ()TC(t)w(t)} dt is invex in y
and y’ if for each = : [a,b] — R", with 2’ piecewise smooth, there exists a function
€:]a,b] x R™ x R™ x R™ x R™ — R™ such that

b
- / { (P20 0,0) =0T COWE) = (ft2, 2 y,y) = yOTCEw (D)) Jt

b
g _/ §(t7vavl7yay/)T fy(tawvx/ayay/) - ify’ (t,x,x/,y,y’) - C(t)w(t)] dt

dt
for all v : [a,b] — R™,y : [a,b] — R™ with (v/(t),y'(t)) piecewise smooth on [a, b].

In the sequel, we will write n(x,u) for n(t,z, 2", u,u’) and &(v,y) for (¢, v,v",y,y').

Theorem 3.1 (Weak Duality). Let (:n y,w) be feasible for (P) and (u,v z) be fea-
sible for (D). Assume that for all t € |a,b], f {f oy Y+ (OTB()2(t) } dt s

invez in x and x’, and — fa {f (t,z,z' ) — (- )TC }dt is invex in y andy with
n(z,u) +u(t) 20 and {(v,y) +y(t) = 0 (except peThaps at corners of (z'(t),y'(t)) or
(u'(t),v'(t))). Then we have

inf(P) 2 sup(D).
Proof. Let (z,y,w) be feasible for (P) and (u, v, z) be feasible for (D). Then

b
/ {f(t,w,x’,y,y’)—y(t)T [fy(t,x,w’jy,y’) if (t,z, 2" y,y)

+ (z(t)" B(t)x(t)) }dt

NI
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b r d 7
—/ {f(t,u,u’,v,v/) — u(t)T fo(t,u,u’ v, 0") — %fx/ (t,u, v v,0")
—(MQTC@M@»%}ﬁ
) ) )
2/a {f(t,x»ff’,y,y/) —y(t)" _fy(w,w’,y,y’) if (t,x, o' y,y)_
+(x@f}xwxa»%(zuﬁjﬂwzu»%}dt
b
—/ {f(t,u,u',v,v’) — u(t)T [fm(t,u,u’,v,v/) — %fm/(t,u, u v, 0)
—(M@Tcawu»%(wuﬁkxwwu»%}ﬁ

(From (4) and (2))

b r d ]
Z/ {f(t,w,x’,y,y’)—y(t)T fy(t,z, 2’y y') — v (tx, 2’ y,y)

+z(t)" B(t)z(t) } dt
b _ .
—/ {f(t,u,u’,v,v/) —u®)T | folt,u, o/, v,0") — %fx/ (t,u, v’ v,0")
—o()TC(tyw(t)) dt _ _

(Using the generalized Schwarz inequality)
b
d
Z/ {[77(3:, w) + u()]” [fw(t,u, u,v,v") — £fx/(t, w,u’ v, 0") + B(t)z(t)]

~ lew.y) (0] [fya,:c,w',y,y') Gt - )| far

t
(since / {f 5 50,0) + ()T B(t)z }dt is invex in x and 2,
and —/ {f(t,:n,x/,-,- +O)Tct)w }dt is invex in y and ')
>0

(from (3) and (1) together with n(z,u) +u(t) 20 and &(v,y) +y(t) = 0).
Hence the result of Theorem 3.1 holds.

Before presenting the Wolfe type symmetric dual to (P), we state the following Fritz
John necessary optimality conditions [Lemma 3.1] for the nondifferentiable problem
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(Po) and it can be easily derived by invoking the result of Valentine [14] or those of
Zhang and Mond [15].

Lemma 3.1. If z* is an optimal solution of (Pg), then there exist v € R, piecewise
smooth p : [a,b] — R™ and z : [a,b] — R"™ such that for ¢ € [a, b]
v (ot )+ BE)(1) = o gu(t 2" 2",
plg(t,z", 2" ) =0,
AT B)=(t) < 1,
(" ()T B()a*(1))* = =* ()" B(t)=(1),
(v:p) 20,
(v,p) #0.

=

The following the generalized Schwarz inequality [12, p.262] is required in the sequel:
zTBw < (ITBCC)%(U}TBU))%,
for all , w € R™ and equality holds if Bx = yBw for some v = 0.

In the following theorems and proofs, f* represents f(t,z*,z*',y*,y*') and partial
derivatives are similarly denoted.

Theorem 3.2 (Strong Duality). Let (z*,y*,w*) be an optimal solution for (P).
Suppose that the system

d d d
T * * T *
|:p(t) <fyy - dtfy’y) + % (p(t) dtfy’y’)
d2 T px
only has the solution p(t) = 0 for all t € [a,b]. Assume that for all t € |a, b]
b
/ {ft. -y, v )+ ()T B)2(t)} dt is inver in = and 2/,

and

— /b {ft,z,2',-,)+ ()TCH)w(t)} dt is invez in y and v
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(except perhaps at corners of ('(t),y'(t)) or (v (t),v'(t))). Then (z*,y*,w*) is an
optimal solution for (D), and the objective values of (P) and (D) are equal.

Proof. since (z*,y*,w*) is an optimal solution of the primal problem (P), by Lemma
3.1, there exist « € R, B : [a,b] — R™ and v € R such that

d 1
= -7l - G+ @B

* d * * * *
+ 67 (fydtfy/(]w>+7(w Tow* —1)

satisfies

d . &

H — 2 Hi o+ o i =0, (6)

d . a2
Hy — = Hy + 25 Hy =0, (7)
—BTC + 2¢7Cw* =0, (8)
BH(fy — = fy — Cw*) =0, (9)
y(w* T Cw* —1) =0, (10)
2T <1, (11)
(x*TBx*)% = 2T Bz*, (12)
(a,8,7) 20 (13)
(a, 8,7) #0, (14)

throughout [a, b] (except at corners of (z*'(t),y*'(t)) where (6) and (7) hold for unique
right-and left-hand limits). «, #(t) and « cannot be simultaneously zero at any t € [a, b),
and 3 is continuous except perhaps at corners of (z*'(t),y*'(t)).

Equation (6) now becomes

[

Oé(f; - %f;’) + (ﬁ_ ay*)T <f;m - Cclitfy x> +CYB.’E ( *TB.’IJ*)_2

d * * * d * d2 * *
— 0. (15)

Equation (7) gives
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d
(8 —ay™)" (f;y - dtf;/y)
d d d?
+o {(6 - ay*)Tdtf;j/y,} +o3 {f (B—ay)" f;,y,} = 0. (16)

Multiplying (16) by 5 — ay* yields
d d d
*\T * * *\T *
|:(ﬂ —ay ) (fyy - %fy’y) + & {(ﬂ —ay ) dtfy/y/}
+ -5 {— (B-ay’) f;‘fyf}] (B —ay®)=0.
Thus by the assumption (5),
B =ay*. (17)
Now multiplying (8) by w*(t)T = w*T, we get
w*TCB = 2yw*T Cw*. (18)
This gives o # 0, since if a = 0, then by (17), (18), and (10), 8 = v = 0, everywhere,

contradicting the necessary condition (14). Hence a > 0 from (13). Now equation (18)
with the aid of (17) and the fact a > 0 gives,

*T _ 1 *
Y C-(ZQ)CM . (19)
Thus
y*cw* —_ (y*TCy*)E (w*TC,w*)§ . (20)
If v > 0, then (10) gives w*T Cw* = 1, and so (20) yields

1
If v = 0, then (19) gives y*C = 0. So we will get y*7Cw* = (y*TCy*)?. Therefore in
either case, we obtain

Equation (15) with (17) and (12) together with o > 0 now becomes
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d
fo* = S Fi B2 =0, (22)

By (22) and (11), (z*,y*, 2*) is feasible for (D).
Multiplying (15) by z*(t), and using (17) and « > 0 in succession, we get

d
—z*T (fz* - dtf;/> —2*TBz* = 0. (23)

Hence

b
/ {ft. 2z y*, y*")

_y*(t)T [fy(tvx*ax*/7y*7y*/) - ;ltfy’(t?x*vx*/ay*?y*/)] + (x*(t)TB(t)w*(t))

NI

b

b
=/ {ft,2", 2"y ™) =y ()T CO)w™(t) + 27 ()T B(t)2"(t) } dt

(using (9) and (17) with « > 0, and then (12))

b 1

(using (21) and (23))

b
:/ {f(t,m*,x*/,y*,y*/)

[SIE

dt

b

If the invexity conditions of Theorem 3.1 are satisfied, then, by weak duality,
(z*,y*,z*) is optimal for (D), and the extreme values of (P) and (D) are equal.

_x*(t)T |:ffﬂ(tvx*7x*/>y*7y*,) - ifm’ (t>$*7w*/ay*>y*/):| - (y*(t)TC(t)y*<t)>

A converse duality theorem may be stated; the proof would be analogous to that of
Theorem 3.2.

Theorem 3.3 (Converse Duality). Let (z*,y*, 2*) be an optimal solution for (D).
Suppose that the system

)7 (1= Gtz ) + 5 (07 500
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d2 T px _

only has the solution p(t) = 0 for all t € [a,b]. Assume that for all t € |a, b]

b
/ [ft -y, y) + ()TB)z()] dt is invex in z and 2,

and

b
—/ [ft,z,2,-,-) — (-)TC'(t)w(t)] dt is inver in y and y'

(except perhaps at corners of ('(t),y'(t)) or (u'(t),v'(t))). Then (x*,y*,w*) is an
optimal solution for (P), and the objective values of (P) and (D) are equal.

Now we establish the self duality of (P).

Assume that m =n, C = B, z =w and f(t,z,2",y,y") = —f(t,y, ¢, z,2') (ie., fis
skew-symmetric) for all (z(t),y(t)),t € [a,b] such that (2'(t),y'(t)) is piecewise smooth
on [a,b] and that xg = yo,x1 = y1.

It follows that (D) may be rewritten as a minimization problem:

(D)

b
Minimize / {f(t,y,y,x, 2"
a

SIS

0 [t 0) = Gh bt/ )| + (07 BOUO)

subject to z(a) = zo, z(b) =1, y(a) =0, y(b) =1,

b

Pyt 2, a') = 5 g9, 2) — Cltu(t) <0,
w(t)TC(t)w(t) < 1.

(D’) is formally identical to (P); that is, the objective and constraint functions and
initial conditions of (P) and (D’) are identical. This problem is said to be self dual.

It is easily seen that whenever (z,y, z) is feasible for (P), then (y, z, 2) is feasible for
(D), and vice versa.
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Theorem 3.4 (Self Duality). Assume that (P) is self dual and that the invezity
conditions of Theorem 3.1 are satisfied. If (x*,y*,z*) is an optimal solution for (P),
and the system (5) only has a zero solution, then (y*,z*,2*) is an optimal solution for
both (P) and (D), and the common optimal value is 0.

Proof. By Theorem 3.2, (z*,y*,2*) is an optimal solution for (D), and the optimal
values of (P) and (D) are equal to F'(z*,y*, z*).

From self duality, (y*,z*, z*) is feasible for both (P) and (D), so Theorems 3.1 and
3.2 give optimality in both problems, and thus objective values of F(y*,z*, z*).

Now it remains to show that F(z*,y*, 2*) = 0.
Since f is skew-symmetric, we have

b b
/ f(ta y*ay*/yx*vx*/)dt = _/ f(t7x*7x*,ay*ay*l)dt'

So
F(z*,y", 2")

b
d
* ok * ok * T * ok * ok * % * ok
:/ {f(taqu; /7y7y/)_y(t) |:fy(t7x7x/7y7y /)_dtfy/(twq:am /7yayl):|

+ (a* ()T Bt)z* (1)) b

NI

fat

+ (2 ()T B(t)z* (1)) } dt

b
[ st s ) - v T cww ® + (07 B ()

N

/ab {f(t, w2yt = () Oy (8)
and

F(z*,y*,2%) = F(y*,x*, 2").
Hence
F(z®, ", 2%)
=F(y*,z*,2")

b
— [ sty et - @07 B ()

NI
_|_
—~
<
*
—
~
~—
~
Sy
—~
~
~—
<
*
~—~
~
~—
SN—
[N
—
U
~

=

b
= [ {1t s - (07 B ()

N
|
—~
<
*
—~
~
S~—
~
Q
—~
~
N~—
<
*
—~
~
N~—
N—
——
QU
~

b
- [ {07 B 1)
= —F(z*,y*,2").
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Thus

F(z*,y*, 2%) = —=F (2", y", 2").

Therefore

F(x*,y*,z%) =0.

4. THE STATIC CASE OF NONDIFFERENTIABLE
SYMMETRIC DUALITY

In the time dependency of programs (P) and (D) is removed and f is considered to
have domain R™ x R™ | we obtain the nondifferentiable symmetric dual pair given by

(SP) Minimize f(z,y) — nyy(x, y) + (ITB$)%
subject to fy(z,y) — Cw £ 0,
wfCw £ 1,

NI

(SD) Maximize f(u,v) —u” fu(u,v) + (v7Cv)
subject to f,(u,v) + Bz 2 0,
2T'Bz < 1.

The following duality theorems can be proved along the lines of Theorems 3.1, 3.2
and 3.3.

Theorem 4.1 (Weak Duality). Let (z,y,w) be feasible for (SP) and (u,v,z) be
feasible for (SD). Assume that f(-,y)+ ()T Cw is invez in x and — { f(z,-) — ()T Cw}
is invez in y with n(z,u) +u =0 and {(v,y) +y = 0. Then we have

inf(SP) 2 sup(SD).

Theorem 4.2 (Strong Duality). Let (z*,y*,w*) be an optimal solution for (SP).
Suppose that f, is positive or negative definite.

If, in addition, the invexity conditions of Theorem 4.1 are satisfied, then (x*,y*, z*)
is an optimal solution for (SD), and the objective values of (SP) and (SD) are equal.
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Theorem 4.3 (Converse Duality). Let (z*,y*,2*) be an optimal solution for (SD).
Suppose that . is positive or negative definite.

If, in addition, the invezity conditions of Theorem 4.1 are satisfied, then (z*,y*, w*)
is an optimal solution for (SP), and the objective values of (SP) and (SD) are equal.

The pair (SP) and (SD) will be self dual when m =n, C = B, z = w and f(z,y) =
—f(y,z) (i.e. f is skew-symmetric for all z,y € R™ ).
We state without proof a static version of Theorem 3.4.

Theorem 4.4 (Self Duality). Assume that (SP) is self dual and that the invezity
conditions of Theorem 4.1 are satisfied. If (x*,y*, z*) is an optimal solution for (SP),
and fy, is positive or negative definite, then (y*,x*, 2*) is an optimal solution for both
(SP) and (SD), and the common optimal value is 0.
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