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B oot s trap Con fiden c e Interv als for

Re g re s s ion Coe f fic ient s un der Cen s ore d

D at a

Kil Ho Cho 1) . S eong H w a Je on g 2)

A b s tract

U sin g the Buckley - Jam es m ethod, w e con struct boot str ap confiden ce
interv als for the regression coefficient s un der the cen sored dat a . An d w e
compare th ese confiden ce int erv als in t erm s of the cov erag e probabilit ies
and th e expect ed confiden ce int erv al length s throu gh M onte Carlo
simulation .

1. Introduction

In indu strial life t est in g an d m edical follow - up stu dies , cen sorin g is comm on
b ecau se of t im e limit s an d oth er restrict ion s on dat a collection .

W e con sider th e linear regression m odel

Y i = 0 + 1 X i + i ( i = 1, , n )

w h ere the respon ses Y i are right cen sored, an d th e error s i are in dependently

and identically distr ibut ed (i.i.d .) r an dom v ariables w ith m ean zero and finite
v arian ce.
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If Y i is cen sored at t im e C i , then th e cen sored respon se Z i can b e w rit ten by

Z i = Y i i + C i ( 1 - i ) = m in ( Y i , C i ) ( i = 1 , , n ) ,

w h ere C i , , C n are cen sorin g v alues and i are the indicator v ariables

i = {1 if Y i C i (un cen s o red )

0 if Y i > C i ( cen s ored )

Miller (1976) con sidered th e m eth ods of est im atin g the regression coefficient s of a
lin ear regression m odel under type I cen sored data . Bu ckley an d Jam es (1979)
sug gested the m eth od to accomm odate cen sored ob serv at ion s to estim ate regres sion
coefficient s .

Un der un cen sored dat a , th e least squ ares est im ator s of 0 and 1 are the

v alu es a and b w hich sat isfy the equation s
n

i = 1
( Y i - a - b X i ) = 0

and
n

i = 1
( X i - X )( Y i - b X i ) = 0 .

T o accommodate cen sored ob serv at ion s , let

Y *
i = Y i i + E ( Y i Y i > C i ) ( 1 - i ) i = 1 , , n .

T hen the est imator of 1 by Buckley and Jam es m ethod is the v alue b w hich

sat isfies the equation
n

i = 1
(X i - X ) ( Y *

i - b X i ) = 0 . Since E ( Y i Y i > C i ) is

unknow n , w e adopt a self- con sist en cy approach in Bu ckley and Jam es (1979).
Ritov (1990) an d Currie (1996) inv estigated the asymptot ic propert ies of the
Buckley - Jam es estim ator .

T h e boot str ap m eth od h as b een introdu ced by Efron (1979) w h o g av e a series of
ex amples to illu str at e the v alidity of the approach for a w ide clas s of statist ics .
T he accuracy of the boot strap approxim ation to the samplin g distr ibut ion of
v ariou s statist ics has been inv est ig at ed by Bickel and Freedm an (1981). Efron (1981
and 1987) h as dev eloped m ethods for con stru ct in g approx im ate confiden ce int erv als
for a param eter . T hese int erv als are con stru ct ed from the boot str ap distr ibution of
an est imator .

In this paper , w e con sider the con stru ction of boot strap confidence interv als for
the regression coefficient s by the Buckley - Jam es meth od. An d w e compare the
cov erag e probabilities and th e ex pect ed confiden ce int erv al len gth s for these
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confidence int erv als throu gh M onte Carlo simulation .

2 . B oot s trap Confidenc e Interv als

T h e boot strap m eth od is a u seful t ool for con struct ing confidence int erv al or
b ein g applicable in situ at ion s w here ex plicit ly analytical solution cannot be found or
the est im ator is math em atically complicat ed. Also, the confiden ce interv als by
b oot str ap m ethod do n ot require th eoret ical calculat ion .

Let X = ( X 1, X 2 , , X n ) be th e random sample from an unkn ow n distr ibut ion

F , and ( X 1, X 2 , , X n ) be an estim ator of . T he b oot str ap meth od is

extrem ely simple in prin ciple.

St ep 1. Con struct the sample probability distribution F .

St ep 2. W ith F fix ed, draw a ran dom sample of size n from F , say

X *
i F , i = 1 , 2 , , n .

Call this "the boot str ap sample",

X * = ( X *
1 , X *

2 , , X *
n ) .

St ep 3. A pproxim ate th e samplin g distribution of by the b oot str ap distr ibution
of

* ( X *
1 , X *

2 , , X *
n ) .

W e con sider Buckley - Jam es estim ator for a linear regression model un der
cen sored dat a by boot str ap resampling meth od.

T h e residu al, , is

= Y - X ( 1 , 2 , , n ) .

T hen th e cent ered residu als , i , ar e giv en by

i = i - 1
n

n

j = 1
j , i = 1 , 2 , , n .

Let F n be the empirical distr ibut ion of i . T hat is , F n put s m ass 1/ n at i

and x d F n = 0 . Giv en Y , let *
1 , , *

n be condit ionally in depen dent

ran dom v ariables w ith comm on distr ibut ion F n . An d let * be the n - dim en sion al

v ector w hose i- th component is *
i . W e put

Y * = X + * .
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Inform ally , * is obt ained by resamplin g the centered residu als . Now , w e con struct

b oot str ap sample ( Z *
i , *

i , X i ) , w here

Z *
i = m in ( Y *

i , C *
i )

and

*
i = {1, if Y *

i C *
i

0 , if Y *
i > C *

i

.

T h en the est imator s of regression coefficient s by Buckley - Jam es m ethod are
giv en by

1
*

= { u Y *
i ( X i - X ) + c Y i

*
( 1

*
) ( X i - X ) }/ {

n

i = 1
( X i - X ) 2 }

and

0
*

= n - 1 { u Y *
i + c Y i

*
( 1

*
)} - 1

*
X ,

w h ere u and c denote summ ation s ov er the un cen sored and the cen sored
v alu es only , r espect iv ely .

W e con struct the boot str ap confidence interv als of the regres sion coefficient s
under cen sored dat a as the follow in g s ;

St ep 1. Gen erat e boot strap samples ( Z * b
i , * b

i , X b
i ) , i = 1 , , n , b = 1 , , B .

St ep 2. Calculat e th e boot strap est im ator s
* b

( 0
* b

, 1
* b

) correspon ding to

each boot str ap samples , ( Z * b
i , * b

i , X b
i ) , i = 1 , , n ,

b = 1 , , B .

S t ep 3. Con st ru ct t h e con fiden ce in t erv als of r egr es sion coefficient s by thr ee
b oot str ap m eth ods th at ar e percen t ile , bia s corr ect ed (BC ) per cent ile ,
an d bia s cor rect ed an d accelerat ed (B Ca ) percen t ile .

Percent ile confidence int erv al is con structed by u sing th e empirical distr ibut ion

funct ion of boot str appin g estim ation s . Let G be th e empirical distr ibution function

of the b oot str ap distribution of
*
. If the b oot str ap distribution can be obtain ed by

M onte Carlo m ethod, th en G is est im ated from the boot str ap replicat ion s
* 1

, ,
* B

as
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G ( t) = 1
B

B

b = 1
I (

* b
t )

w h ere t is a real v alue an d B is a replication number of boot str ap .

Let G
- 1

( ) be the 100 percentile of
*

,

G
- 1

( ) = { t : G ( t ) }.

T herefore, G
- 1

( ) is th e B th v alu e in the ordered list of
* b

and G
- 1

( 1 - )

is the B ( 1 - ) th v alue in the ordered list of
* b

. T hen , 100 ( 1 - ) % percent ile
confidence int erv al of regression coefficient is

( G
- 1

( 2 ) , G
- 1

( 1 - 2 ) ).

Bias correct ed confiden ce int erv al is the m ethod to con stru ct int erv al by
correct in g the bias of the boot str ap distr ibut ion . Bias correct ion is obtained by
centerin g the stan dard n orm al cumulat iv e distr ibut ion funct ion (cdf). T h e bia s

correct ion z 0 is giv en by

z 0 = - 1 ( G ( ) ) = - 1 [ 1
B

B

b = 1
I ( * b )]

w h ere - 1 is the inv er se function of th e st andard n orm al cdf. T h en 100 ( 1 - ) %
bias correct ed percentile confiden ce int erv al is

( G
- 1

( 1 ) , G
- 1

( 2 ) )
w h ere 1 = (2 z 0 + z / 2 ) an d 2 = (2 z 0 + z 1 - / 2 ).

If G ( ) = 0 .5 , that is , if half of th e boot str ap distr ibut ion of
*

is les s than th e

ob serv ed v alu e , then z 0 = 0 an d the percentile m ethod an d the BC m ethod

agree.

Bias correct ed an d accelerated (BCa ) m ethod h as m ore sat isfactory cov erage

probability th an percent ile m ethod. W e compute the bias correct ion z 0 in BC

m ethod and accelerat ion a giv en by
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a =

n

i = 1
( ( ) - ( i ) ) 3

6 {
n

i = 1
( ( ) - ( i ) ) 2}

2/ 3

w h ere

( ) = 1
n

n

i = 1
( i ) ,

and ( i) is the est im ator definded on th e sub sample w hich arises w hen the i

th ob serv ation has been delet ed. T h en 100 ( 1 - )% BCa confidence interv al of

regression coefficient is

( G
- 1

( 3 ) , G
- 1

( 4 ) )
w h ere

3 = ( z 0 +
z 0 + z / 2

1 - a ( z 0 + z / 2 ) )
and

4 = ( z 0 +
z 0 + z 1 - / 2

1 - a ( z 0 + z 1 - / 2 ) ).

If z 0 an d a are zero then 3 = z / 2 and 4 = z 1 - / 2 . T hu s the percent ile

m ethod and th e BCa m eth od agree .

3 . Ex am ple an d S im ulation S tu dy

A s the dat a for th e ex ample, w e u se Stanford h eart t ran splant data w hich w as
giv en by Miller (1976). T he date for the st art of the tran splantat ion program at
Stanford w as on October 1 in 1967, an d the cut - off dat e for this an aly sis w as on
A pril 1 in 1974. Durin g this t im e int erv al, 69 pat ient s receiv ed h eart t r an splant s ,
and the length s of th eir surviv al, in day s , after tr an splantat ion are con sidered as
respon se v ariables . A nd ag es of patient s at t ran splant are con sidered as an
explan atory v ariable. In accordan ce w ith Bu ckley - Jam es m ethod w e tak e the
respon se v ariables to log surviv al tim es to the base 10.

Now , w e compute th e boot str ap regression coefficient s for heart tr an splant dat a

360



Boot str ap Confidence Int erv als for Regression Coefficient s

through the 1,000 boot str ap replication s , and con struct confiden ce int erv als of th em
by the percentile, BC an d BCa m ethods . T h e result s are list ed in T able 3.1.

T able 3 .1 Regression coefficient s and confidence int erv als

Regression coefficient s 0 = 3.5962 1 = - 0.0278

Percentile int erv al ( 1.1575 , 4.9726 ) ( - 0.0761 , - 0.0009 )

BC int erv al ( 2.1690 , 5.6167 ) ( - 0.0635 , - 0.0025 )

BCa int erv al ( 2.1032 , 5.2167 ) ( - 0.0635 , - 0.0025 )

Also, w e inv est ig ate the b oot str ap est im ates an d the boot str ap confiden ce
int erv als through th e M onte Carlo simulat ion . W e assum e that a s a lifetim e
distribution , W eibull distr ibut ion (W eib ) w ith param eter s = 1 .0 and = 0 .8
(decreasing failure rat e), = 1 .0 (con st ant failure rate ) and = 1.5 (in creasin g

failure rate ) are con sidered. An d a s cen soring distr ibut ion , ex ponential (Ex p )
distribution w ith param eter s w hich the cen soring rat es are approx imately 10 % an d
30 % , respect iv ely , are con sidered. T he M onte Carlo simulat ion s are perform ed for

all combin at ion s of lifet ime distr ibut ion s an d cen sorin g distr ibution s w ith sample
sizes 40 and 60. T h e simulat ion ex perim ent is performed 1,000 replicat ion s an d
1,000 boot str ap replicat ion s for each ca se. T he criteria u sed to compare th e
confidence int erv als are cov erag e probability and th e ex pect ed length of confidence
int erv al. W e u se 0.90 as a nomin al prob ability . T he result s of th ese simulation s are
giv en in T able 3.2. W e do n ot list th e result s for sample size 60 becau se of
similarity as sample size 40. F rom this t able , w e can ob serv e the follow in g fact s ;

(1) T he cov erage probabilit ies of boot str ap confidence int erv als are n early n omin al
cov erag e 0.90.

(2) T he cov erage probabilit ies of all th e confidence int erv als decrease as cen soring
rat e increases .

(3) T he cov erag e probabilities of all th e confidence interv als in crease a s n
increases .

(4) BCa m ethod among the b oot str ap confidence int erv als has the short est ex pected
confidence len gth .

T herefore, w e can kn ow that th e b oot str ap m ethod is v ery effect iv e for confiden ce
int erv als of regression coefficient s under the cen sored dat a .
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T able 3 .2 Boot strap confidence intervals

M ethods

Cen soring

rat e
10% 30%

0 1 0 1

W eib (1.0, 0.8)

Percent ile
Length 16.941 0.358 9.414 0.393

Cov erag e 0.883 0.887 0.869 0.883

BC
Length 13.081 0.355 10.180 0.362

Cov erag e 0.891 0.897 0.880 0.894

BCa
Length 11.197 0.337 9.341 0.351

Cov erag e 0.900 0.901 0.900 0.906

M ethods

Cen sorin g

rate
10% 30%

0 1 0 1

W eib (1.0, 1.0)

Percent ile
Length 15.974 0.351 9.638 0.217

Cov erag e 0.879 0.888 0.873 0.887

BC
Length 15.537 0.395 12.417 0.228

Cov erag e 0.899 0.897 0.897 0.895

BCa
Length 10.192 0.365 9.340 0.161

Cov erag e 0.901 0.901 0.899 0.902

M ethods

Cen sorin g

rate
10% 30%

0 1 0 1

W eib (1.0, 1.5)

Percent ile
Length 15.968 0.351 11.794 0.335

Cov erag e 0.891 0.894 0.880 0.890

BC
Length 13.614 0.338 14.301 0.341

Cov erag e 0.894 0.895 0.892 0.897

BCa
Length 13.964 0.337 10.162 0.306

Cov erag e 0.895 0.901 0.896 0.902
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