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A b s tract

W e fir st deriv e group ordering reference prior s in a tw o- w ay
mix ed - effect s an aly sis of v arian ce (ANOVA ) m odel. W e show that
post erior distr ibut ion s are proper an d provide m arginal posterior
distr ibut ion s un der referen ce prior s . W e also ex amin e w h eth er the
reference prior s sat isfy the probability m atching crit erion . F in ally , the
reference prior satisfyin g th e probability m atchin g crit erion is sh ow n to b e
good in the sen se of frequ entist cov erage probability of th e post erior
quantile .

K ey w ords : Error Varian ce, F requ entist cov erage probability , Jeffr ey s '
prior , M atchin g prior , Reference prior , T w o- w ay mix ed - effect s AN OVA
m odel.

1. Introduction

T h e problem of est im ating v ariance in analy sis of v arian ce model has been
inv est ig at ed by m any st atist ician s . E specially in Bay esian point of view , th e
inferen ce of v arian ce component s in ran dom effect s m odel has been treated by
m any st at istician s for a long tim e. F ir st , con sider the balan ced on e- w ay random
effect m odel : y ij = + i + ij , i = 1, 2 , , I , j = 1, 2 , ,J , w here is an know n

con st ant s , and the i and ij are indepen dent n orm al v ariables w ith 0 m ean s
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and v arian ce 2 and 2 , r espectiv ely . Box and T iao (1973) chose a prior

distribution ( , 2 , 2 ) - 2 ( 2 + J 2 ) - 1 an d calculat ed the post erior distr ibut ion s .

T hey ob serv ed the relat ion ship betw een the post erior of = J 2 / 2 and a

frequentist r esult in a hypothesis t est in g problem . Ye (1994) dev eloped referen ce
prior s for , ex amined frequentist cov erag e probabilities of post erior qu antiles for
v ariou s and compared of th e Bay es est imator s for reference prior s . T h e ordered
group referen ce prior algorithm of Berger and Bernard (1989) is applied to the
b alan ced on e- w ay random effect m odel by Berg er and Bern ardo (1992a ). A lso,
Chun g an d Dey (1998) deriv ed reference prior s and fir st order probability m atchin g

prior s for intr acla ss correlation = 2 / ( 2 + 2) an d ex amined the frequ entist

cov erag e probabilit ies of posterior qu antiles for v ariou s . Recently Kim , Kan g ,
and Lee (2001) deriv ed the secon d order probability m atching crit erion for the rat io
of th e v ariance component s . T h ey sh ow s that am ong all of the referen ce prior s
giv en in Ye (1994), the only on e referen ce prior satisfies the secon d order m atchin g
crit erion .

Now , con sider a tw o- w ay mix ed - effect s an aly sis of v arian ce (ANOVA ) model:
y ij = i + j + ij , i = 1, 2 , , p ( > 1) , j = 1, 2 , , q( > 1) , ( 1 . 1)

w h ere i is the ith m ean effect of fix ed effect s , r an dom effect j ' s indepen dent

and identically distr ibut ed as N (0 , 2 ) , ij ' s are as sumed to b e in depen dent and

identically distr ibut ed a s N ( 0 , 2 ) . Further , the j ' s are also a ssum ed to be

independent of ij ' s . Voun at su and Smith (1997) stu died Bay sian approach for

v arian ce component m odel and hierarchical m odel w ith 2- v arian ce component for
b alan ced and unbalan ced ca se in this m odel. Recently Chan g and Kim (2002)

con sider the problem of est im atin g 2 in this m odel (1.1) u sin g Jeffrey s ' prior ,
r eferen ce prior , and m atchin g prior s . T hey then compare qu antiles of margin al

posterior den sit ies of 2 in tw o real data set .
In this paper , w e con sider a Bay esian analy sis of error v arian ce in th e m odel

(1.1) u sin g referen ce prior s . Since our focu s is fully Bay esian , choice of prior s is
v ery import ant . T he det ermin at ion of reason able noninform ativ e prior s in
mult iparam eter problem is not easy ; comm on noninform ativ e prior s , such as
Jeffery s ' prior can hav e features th at h av e dram atic effect on the post erior . M ore
specifically , Bernardo(1979) point ed out that if w e are int erested in a sub set of
param eter s , the rest being nuisan ce param eter s , then Jeffrey s ' prior m ay be
inappropriat e for represent in g v agu e of litt le prior inform ation . In order to
ov ercom e this problem , Bernardo(1979) proposed th e reference prior approach for
the dev elopm ent of the noninform ativ e prior . Berg er an d Bernardo (1989, 1992b )
ext en ded their algorithm to multiparam eter problem .

3 18



Referen ce Prior s in a T w o- W ay ANOVA M odel

T h e purpose in this paper is to obtain referen ce prior s for ( 2 , 2 , ) w here
2 is the param eter of interest . T he paper is arran ged as follow s . Sect ion 2

deriv es the reference prior s . In Section 3, w e show th at post erior distribution s are
proper an d provide m argin al post erior distr ibut ion s under reference prior s . In
Section 4, w e ex amine w h ether the referen ce prior s sat isfy th e probability
m atchin g criterion . F inally , Section 5 provides frequentist cov erage probabilit ies of
the posterior credible set s u sing the referen ce prior s .

2 . T he Grouped Orderin g Referen c e Priors

In Berg er an d Bernardo ' s (1992a ) reference prior approach to the on e- w ay
ran dom - effect model, the ordered group is v ery important . T hat is , the form of
referen ce prior s can be ch ang ed by the ordered grouping . T his divides the
param eter s into tw o subgroups , called param eter of int erest an d nuisance

param eter s . Notation su ch as { 2 , ( , 2 ) } w ill be u sed to specify the group an d

the importan ce of param eter s ; { 2 , ( , 2 ) } m ean s that th ere are tw o groups , w ith
2 b ein g m ore important th an the group ( , 2 ) . A group su ch as { 2 , , 2 }

m ean s th at 2 is the m ost important param eter and 2 is the least important .

U sin g Berg er an d Bern ardo ' s algorithm of computing the reference prior s , th e

referen ce prior distr ibut ion s for different group s of ordering of ( 2 , , 2 ) are

obtain ed as follow s :

F or model (1.1), th e likelihood fun ction of param eter s ( 2 , , 2 ) is giv en by

l( 2 , 2 , | y ) ( 2 )
- q(p - 1)

2 ( 2 + p 2 )
- q

2

exp [ - 1
2 (

p
q

j = 1
(y .j - y . . )

2

2 + p 2 +

p

i = 1

q

j = 1
(y ij - y i . - y .j + y . .)

2

2

+
q

p

i = 1
(y i . - y . . - ( i - . )) 2

2 +
pq(y . . - .)

2

2 + p 2 ) ] , (2 . 1)

w h ere y i . = 1
q

q

j = 1
y ij , y .j = 1

p

p

i = 1
y ij , y . . = 1

pq

p

i = 1

q

j = 1
y ij , and . = 1

p

p

i = 1
i .

N ow u sin g n otat ion s y = (y 11 , , y pq ) T an d = ( 1 , , p) T , (2.1) b ecom es
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l( 2 , 2 , | y ) ( 2 )
- q(p - 1)

2 ( 2 + p 2 )
- q

2

ex p [ - 1
2 (

p
q

j = 1
(y .j - y . . )

2

2 + p 2 +

p

i = 1

q

j = 1
(y ij - y i . - y .j + y . .)
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2 ) ]

ex p [ - q
2 2 ( ( - y ) ' ( I p -

2

2 + p 2 J p )( - y )) ] . (2 .2)

F rom (2.2), F isher inform ation m atrix is

I 1 ( 2 , 2 , ) =

q ( p - 1)
2 4 + q

2 ( 2 + p 2 ) 2
pq

2 ( 2 + p 2) 2 0 '

pq
2 ( 2 + p 2 ) 2

p 2q
2 ( 2 + p 2) 2 0 '

0 0 q
2 I p -

q 2

2 ( p 2 + 2)
J p

, ( 2 .3)

w h ere I p is the p p identity m atrix an d Jp is th e p p m atrix w ith 1 as all

elem ent s .
F rom (2.3), w e h av e th e follow ing theorem of th e referen ce prior of th e ordering

group ( 2 , , 2 ) .

T h e orem 2 .1 . F or the balan ced tw o- w ay mix ed - effect s A NOVA m odel if 2 is
the param eter of int erest , then the referen ce prior distr ibut ion s for different groups

of ordering for ( 2 , , 2 ) are ;

Group ordering R ef erence p r ior

{ 2 , ( , 2 )} 1 ( 2 )
- 1

2 ( 2 + p 2 )
- 3

2

{( 2 , 2 ) , }{ 2 , 2 , }{ 2 , , 2 } 2 ( 2 ) - 1( 2 + p 2 ) - 1

{( 2 , ) , 2 } 3 ( 2 )
- p

2 - 3
4 ( 2 + p 2 ) - 1

{( 2 , , 2 )} 4 ( 2 )
- p + 1

2 ( 2 + p 2 )
- 3

2

P roof . W e apply an alg orithm by Berger an d Bern ardo (1989) to (2.3). Since the
deriv at ion s of other referen ce prior s are similar , w e con sider only th e reference

prior for the group {( 2 , ) , 2 }.

St ep 1 : T he u sual reference prior for 2 w ith ( 2 , ) g iv en becom es ,

( 2 | ( 2 , ) ) = ( p 2q
2 ( 2 + p 2 ) 2 )

1
2

Step 2 : Choose an increa sin g sequen ce K 1 K 2 of compact sub set s of the

param eter space for ( ( 2 , ) , 2 ) such that
i

K i = . T ake

K i = [ 1
i , i] [ - i , i] p [ 1

i , i] . T h en n orm alize ( 2 | ( 2 , ) ) on i , ( 2 , )
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= { 2 : ( ( 2 , ) , 2 ) K i } obtainin g p i (
2 |( 2 , ) ) = C i( ( 2 , ) ) ( 2 | ( 2 , ) )

w h ere

C - 1
i ( ( 2 , ) ) =

i

1
i

( p 2q
2 )

1
2 ( 2 + p 2 ) - 1d 2

= ( p 2q
2 )

1
2 1

p [ log ( 2 + p i) - log ( 2 + p
i ) ]

St ep 3 : T h e m arginal reference prior for ( 2 , ) w ith respect to p i (
2 | ( 2 , ) )

is

i( ( 2 , ) )

= exp {1
2
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( 2 + p 2 ) - 1

1
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log q p + 1 (p - 1)
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= [ q ( p + 1) (p - 1)

2 ]
1
2 ( 2 )
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2 e

- 1
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i ) ]

Step 4 : T he reference prior for ( ( 2 , ) , 2 ) is for fix ed ( ( 2
0 , 0 ) , 2

0
) ,

( ( 2 , ) , 2 ) = lim
i

C i(
2 , ) i (

2 , )
C i (

2
0 , 0 ) i (

2
0 , 0 )

( 2 |( 2 , ) )

= ( 2 )
- p + 1

2

( 2
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2
0 ( p 2q
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1
2

( 2 )
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4 ( 2 + p 2 ) - 1

= ( 2 )
- p

2 - 3
4 ( 2 + p 2 ) - 1 .

Note th at the prior distr ibution s are all fr ee of th e locat ion param eter . All

the referen ce prior distr ibut ion s are proport ion al to a neg at iv e pow er s of 2 and

( 2 + p 2 ) . T herefore, a g eneral form of the prior can be w rit t en as

( , 2 , 2 ) ( 2 ) - a ( 2 + p 2 ) - b , ( 2 .4 )

w h ere a an d b are posit iv e number s .
Also, Jeffr ey s ' prior w hich is the square root of the det ermin ant of the

expect ed F ish er information matrix is giv en by

J ( , 2 , 2 ) ( 2)
- p + 1

2 ( 2 + p 2 )
- 3

2 . (2 .5)

T herefore, the Jeffrey s ' prior is sam e as the reference prior 4 for ( 2 , , 2 ) .

It h as been argued the reference prior distr ibut ion depen d on th e sample size
and design and therefore violate th e likelih ood prin ciple. How ev er , there is n o
sat isfactory m ethod of obtainin g a n oninformativ e prior in this scenario.
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3 . M arg in al P os terior D i s tribution s

A ccordin g to Bay es theorem , the posterior distribution of ( 2 , , 2 ) w ith

respect to the prior s in (2.4) is giv en by

( 2 , , 2 | y ) ( 2 )
- a - q ( p - 1)

2 ( 2 + p 2 )
- b - q

2
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2

2
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i = 1
( y i . - y . . - ( i - . ) ) 2

2 +
pq( y . . - . )

2

2 + p 2 ) ] . (3 . 1)

Int egrat in g out and 2 , th e result in g m arginal post erior distribution of 2 is

( 2 | y ) ( 2 )
- p ( q - 1)

2 - a - b + 1
e

- S
2 2

(
1

0
w

q - 1
2 + b - 2

e
-

S S
2 2 w

d w ) , (3 .2)

w h ere w =
2

2 + p 2 . W e can see posterior distr ibut ion is proper from the

follow ing theorem .

T h e orem 3 .1 . T h e posterior distr ibut ion s (3.1) is proper if a > 1 - ( p - 1)( q - 1)
2

and b > 3 - q
2 .

P roof . W e prov e th e result for reference prior (2.4). Full post erior distr ibut ion s is
giv en by
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w h ere
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[ C( y ) ] - 1 =
0 0 R p

( 2 )
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Int egrat in g out in (3.3), w e obtain follow ing result

R p
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2 2 (
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T hen , u sing th e result of (3.4), (3.3) is giv en by
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w h ere S =
p

i = 1

q

j = 1
(y ij - y i . - y .j + y . . )

2 is error sum of squ are,

S S = p
q

j = 1
(y .j - y . . )

2 is sum of squ ares due to random effect s . Let r = 1
2 ,

w =
2

2 + p 2 , then 2 = 1 - w
p r w an d |J | = 1

p r 3 w 2 . T h erefore,
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< if (p - 1) ( q - 1)
2 + a - 1>0 an d q - 3

2 + b>0 .

R em ark 3 .1 . T he prior distr ibut ion w ith a = 1/ 2 in (2.4) produ ces an improper
posterior distr ibut ion w hen p = 2 an d q = 2 . T his m ean s th at the prior i for the

grouped orderin g { 2 , ( , 2 )} produces an improper post erior distr ibut ion w hen

p = 2 and q = 2 .
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4 . Prob ability M atchin g Prior

Now w e obtain the probability m atchin g prior s and see w h ether they include
sam e of the referen ce prior s dev eloped in Sect ion 2. F ir st , w e briefly review the
probability matchin g prior as follow s .

F or a prior , let 1 -
1 ( ; y ) den ote th e ( 1 - ) th percentile of th e posterior

distribution of 1 , that is

P [ 1
1 -

1 ( ; y ) | y ] = 1 - , (4 . 1)

w h ere = ( 1, 2 , 3) T and 1 is the parameter of interest an d 2 and 3 are

nuisan ce parameter s . W e w ant to fin d prior s for w hich

P [ 1
1 -

1 ( ; y ) | ] = 1 - + o( n - u ) (4 .2)

for some u >0 , as n g oes to infinity . Prior s satisfyin g (4.2) are called

probability m atchin g prior s . If u = 1
2 , th en is referred to as a fir st order

m atchin g prior , w hile if u = 1 , is referred to a s a second order m atchin g prior .
In order to fin d su ch m atchin g prior s , it is conv enient to introdu ce

orth og on al param etrization . T o this en d, let
2 = , 2 = 1

p ( - ) , = . (4 .3)

W ith this param etrizat ion , based on the likelih ood fun ction (2.2) an d F isher

inform ation m atrix (2.3) of param eter s ( 2 , 2 , ) , the F ish er information matrix

of param eter s ( , , ) is giv en by

I 2 ( , , ) =

q( p - 1)
2 2 0 0 '

0 q
2 2 0 '

0 0 q I p - q( - )
p Jp

. (4 .4)

T hu s is orth og on al to and in th e sen se of Cox and Reid (1987). By
T ib shirani (1989), the cla ss of fir st order prob ability m atchin g prior is characterized
by

( 1)
M ( , , ) - 1 g ( , )

and th e fir st order probability m atching prior of original parameter s ( 2 , 2 , )

is giv en by
( 1)

M ( 2 , 2 , ) ( 2 ) - 1 g ( 2 + p 2 , ) , (4 .5)

w h ere g ( 2 + p 2 , ) is arbit r ary different iable fun ction .
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Clearly th e clas s of prior giv en in (4.5) is quit e larg e, and it is important to
n arrow dow n this cla ss of prior s . T h erefore w e deriv e th e cla ss of second order
probability matchin g prior s by Mukerjee an d Gh osh (1997).
T h e orem 4 .1 . T he secon d order probability m atching prior s are giv en by

( 2)
M ( 2 , 2 , ) ( 2 ) - 1 g ( 2 + p 2 , ) , (4 .6)

w h ere g ( 2 + p 2 , ) is arbit r ary different iable fun ction .

P roof . Let = 1 , = 2 , i - 2 = i , i = 3 , , p + 2 , then secon d order probability

m atchin g prior is of the form (4.5), and also g mu st satisfy an addition al
differential equ at ion as follow s :

( ( 1)
M , ) =

2

2
1

( I
- 1

2
11 g ( 2 , , p + 2) )

-
p + 2

r = 2

p + 2

s = 2 s
( L 11r I 11I rsI

1
2

11 g ( 2 , , p + 2) )

- 1
3 1

( L 111 ( I 11) 2I
1
2

11 g ( 2 , , p + 2) ) = 0 , (4 .7)

w h ere

L 111 = E (
3L

3
1

) = - q(p - 1)
3
1

+ 3 (p - 1) ( q - 1)
3
1

- 3 (p - 1)
3
1

,

L 112 = L 113 = = L 11( p + 2) = 0 ,

and I ij is ( i , j ) elem ent of

I - 1
2 =

2 2
1

q(p - 1) 0 0 '

0
2 2

2

q 0 '

0 0 1

q I p + 2

q J p

.

T hen ev ery different iable fun ction g satisfies (4.7). T hat is , all th e fir st order
probability m atchin g prior s are the secon d order probability m atchin g prior s . T hu s
the resulting second order prob ability m atching prior s for are giv en by

( 2)
M ( , , ) - 1 g ( , )

and th e second order probability m atchin g prior s for 2 are
( 2)

M ( 2 , 2 , ) ( 2 ) - 1 g ( 2 + p 2 , )

T his complet es the proof.

R em ark 4 .1 . T here are infinit ely m any m atching prior s for 2 up to o( n - 1) .
A mong th e reference prior s dev eloped in Section 2 2 is th e only m atching prior .
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5 . S im ulation an d D i s cu s s ion

W elch an d Peer s (1963) prov ed that , u sing Jeffrey s ' prior th e differen ce betw een
the frequentist cov erage of the th post erior qu antile an d is th e order of
o( 1/ n ) w hen n g et s larg e. A popular property is that the frequ entist cov erage

probability of ( 1 - ) th post erior quantile show ed be close to 1 - .
T able 5.1 prov ides frequ entist cov erage prob abilit ies of 0.05 (0.95) post erior

qu antile for 2 under four reference prior s for different v alu e of p an d q . T he
computation of th ose num erical v alu es is based on the follow in g algorithm for any

fix ed tru e 2 and prespecified probabilty v alu e . Here is 0.05 (0.95). Let

( 2 ) ( | y ) be the posterior - quantile of 2 giv en y . T hat is t o say ,

F ( ( 2) ( | y ) | y ) = , w here F ( | y ) is the margin al post erior distr ibut ion of
2 . T hen the frequentist cov erage probability of this one sided credible int erv al of
2 is

P 2 ( : 2) = P 2( 0 < 2 ( 2 ) ( | y ) ) .

T able 5 .1 . F re qu en t i s t c ov e rag e prob ab il it i e s of 0 .05 (0 .95)

p o s terior qu an t il e s f or 2

(p , q) 1 2 3 4

(2, 8) 0.02(0.92) 0.03 (0.93) 0.02(0.92) 0.01(0.75)

(3, 4) 0.03 (0.94) 0.05 (0.95) 0.05 (0.93) 0.03 (0.89)

(4, 3) 0.05 (0.97) 0.04 (0.97) 0.01(0.80) 0.01(0.76)

(5, 5) 0.05 (0.96) 0.05 (0.95) 0.02(0.85) 0.01(0.73)

(5, 6) 0.03 (0.93) 0.04 (0.94) 0.03 (0.90) 0.01(0.74)

(6, 5) 0.04 (0.95) 0.05 (0.95) 0.03 (0.87) 0.01(0.77)

(5, 10) 0.03 (0.90) 0.05 (0.95) 0.02(0.85) 0.01(0.78)

(8, 2) 0.03 (0.93) 0.06 (0.98) 0.02(0.80) 0.01(0.70)

(10,10) 0.03 (0.95) 0.04 (0.95) 0.01(0.85) 0.02(0.85)

T h e est im ated P 2 ( : 2) w h en = 0 .05 (0 .95) is sh ow n in T able 5.1. A ctu ally

T able 5.1 w as computed in the follow in g w ay . F or fix ed 2 , w e t ake 10.000

independent random samples of y from the m odel (1.1). N ote th at under the prior
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, for fix ed y , 2 ( 2) ( | y ) if an d only if F ( ( 2) ( | y ) | y ) . Under the

prior , P 2 ( : 2 ) can b e est im ated by th e relat iv e frequ ency of F ( ( 2) | y ) .

F rom the T able 5.1, 2 is th e m ost appealin g reference prior distribution in th e

sen se of th e asymptotic frequ entist cov erag e probability .
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