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U nifie d E s tim ation s for P aram et er Ch an g e s in
a Gen eralize d U niform D i s tribution

Jung dae Kim 1)·Jan g choon Le e 2)

A b s tra ct

W e shall propose sev eral estim ator s for the sh ape an d scale param eter s
in a g eneralized uniform distr ibut ion w h en both param eter s are polynomial
of a kn ow n ex posure lev el, and obtain expect ation s an d v arian ces for th eir
proposed est im ator s . An d w e shall compare num erically efficiencies for the
sev eral proposed estim ator s for the shape an d scale param eter s in a
generalized uniform distr ibut ion in the sm all sample sizes .

K ey w ord s : Efficiency , Gen eralized uniform , Param eter Ch ang e.

1. Introduction

A random v ariable X is said to h av e a gen eralized uniform distribution (see,
T iw ari et al (1996)) if it s den sity fun ction is of the form

f ( x : , ) = + 1
+ 1 x , 0 <x < , - 1< , (1.1)

w h ere an d are referred as the shape and th e scale param eter s , r espect iv ely .
It is den oted by X G UN IF ( , ) .

Proctor (1987) introdu ced the four parameter gen eralized uniform distr ibut ion
w hich is a counterpart t o Burr type XII distr ibut ion . A nd T iw ari, Yang &
Zalkikar (1996) studied Bay es est im ation for param eter s in th e P areto distribution
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u sing the g eneralized uniform distr ibut ion . Lee (2000) stu died the est im ation s for
param eter s in th e gen eralized uniform distr ibution .

T h e purpose of this w ork is to est im ate the effect s on the sh ape and scale
param eter s in a g eneralized uniform distribution w hen both param eter s are
polynomials of a kn ow n exposure lev el t .

W oo & Yoon (1990) con sidered unified est im ation s for param eter chang es in a
tw o param eter s Pareto distr ibut ion . W oo & Ali (1994) con sidered the jackknife
param etric estim ation s in the expon ential distr ibut ion w h en it s scale an d locat ion
param eter s ch ang e fun ct ion s of environm ent dosag e. An d W oo & Lee (2000)
con sidered application s of th e W eibull distr ibut ion to th e str en gth of m aterials
w h en it s shape and scale parameter s are funct ion s of a know n ex posure lev el.

In this paper , w e sh all propose sev eral estim ator s for the shape an d the scale
param eter s in a g eneralized uniform distribution w hen both param eter s are
polynomials of a kn ow n ex posure lev el t , an d obtain m ean an d v ariances for their
proposed est im ator s . An d w e sh all compare numerically efficien cies for th e sev eral
proposed est im ator s for th e shape an d scale param eter s in a generalized uniform
distr ibut ion .

2 . E s tim ate s for P aram eter Ch an g e s

A ssum e X 1j , , X n j j be a simple random samples t aken from

X j G UN IF ( ( tj ) , ( tj ) ) , j = 1, , r + 1 , t i t k for i k an d X 1 , , X r + 1

b e in depen dent . An d Let X ( 1)j , , X ( n j ) j be correspon din g the order st at ist ics for

X 1j , , X n j j .

W e shall con sider unified estim ation s for th e param eter ch ang e of exposure
lev els or t im es in the g en eralized uniform distribution ev en w h en ( t) and ( t)
are polynomials of t ;

( t) = a 0 + a 1 t + + a r t r > - 1, for all t an d

( t) = b0 + b 1t + + b r t r , t >0 an d b i >0 , for all i = 0 , 1, , r .

Define the follow ing n otat ion :

det [ t0
i , , t r

i ] =

1 t 1 t2
1 t r

1

1 t2 t2
2 t r

2

1 t r + 1 t2
r + 1 t r

r + 1

.
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By th e maximum likelihood m ethod, w e can obtain MLE ' s for a j and bj ,

j = 0 , 1, , r , a s follow s ;

a j
( 1)

=
det [t0

i , , tj - 1
i , {1

n i

n i

k = 1
ln (X ( n i ) i/ X k i)}

- 1

- 1 , tj + 1
i , , t r

i ]
det [ t0

i , , t r
i ]

,

bj
( 1)

=
det [ t0

i , , tj - 1
i , X ( n i ) i , tj + 1

i , , t r
i ]

det [ t0
i , , t r

i ]
.

N ote that - ln (X k i/ ( t i) ) h as an expon ential distr ibut ion w ith m ean

( ( t i ) + 1) - 1. T herefore, it is w ell know n that ( ( t i ) + 1)
n i

k = 1
ln ( X ( n i ) i/ X k i)

h as a Gamm a distr ibut ion w ith a shape param eter n i - 1 an d a scale param eter

1 (see John son et al.(1995)). A nd note that

a 11 a 12 a 1n

a 21 a 22 a 2n

a n 1 a n2 a n n

= a k 1A k1 + a k2A k2 + + a k nA k n , (2.1)

w h ere A kj = ( - 1) k + j D kj and D kj is minor det erminant for a kj elimin ated k - row

and j - column in the det erminant , det [ t0
i , , t r

i ] ..

T herefore, w e can obtain th e expect ation s and v arian ces for a j
( 1)

an d bj
( 1)

,

j = 0 , 1, , r , a s follow s ;

E ( a j
( 1)

) =
det [t0

i , , tj - 1
i ,

n i ( t i) + 2
n i - 2 , tj + 1

i , , t r
i ]

det [ t0
i , , t r

i ]
,

E ( bj
( 1)

) =
r

k = 0
bk

det [t0
i , , tj - 1

i ,
n i ( ( t i ) + 1)

n i( ( t i ) + 1) + 1 tk
i , tj + 1

i , , t r
i ]

det [ t0
i , , t r

i ]
,
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VA R ( a j
( 1)

) =
r + 1

k = 1

det 2 [ t0
i , , tj - 1

i , tj + 1
i , , t r

i ] i k

det 2 [ t0
i , , t r

i ]
n 2

k ( ( t k ) + 1) 2

( n k - 2) 2 ( n k - 3)
,

and

VA R ( bj
( 1)

) =
r + 1

k = 1

det 2 [ t0
i , , tj - 1

i , tj + 1
i , , t r

i ] i k

det 2 [ t0
i , , t r

i ]

n k ( ( t k ) + 1)
( n k ( ( tk ) + 1) + 1) 2 ( n k ( ( tk ) + 1) + 2)

2 ( t k ) ,

(2.2)

w h ere det [ t0
i , , tj - 1

i , tj + 1
i , , t r

i ] i k is a minor det erminant elim inat ed k - row an d

( j + 1) - column in th e determinant , det [ t0
i , , t r

i ] .

Since th e UMVUE ' s of th e shape parameter ( t) and the scale param eter ( t)
in the g eneralized uniform distr ibut ion (see , Lee (2000)) are giv en by

( t) U = n - 2
n

i = 1
ln ( X ( n ) / X i)

- 1 ,

( t) U = [ 1 +

n

i = 1
ln (X ( n ) / X i)

n ( n - 1) ] X ( n ) ,

w e can propose the follow in g est imator s for a j an d bj , j = 0 , 1, , r , ;

a j
( 2)

=
det [t0

i , , tj - 1
i , { 1

n i - 2

n i

k = 1
ln (X ( n i ) i/ X k i)}

- 1

- 1, tj + 1
i , , t r

i ]
det [ t0

i , , t r
i ]

,

bj
( 2)

=
det [t0

i , , tj - 1
i , { 1

n i ( n i - 1)

n i

k = 1
ln (X ( n i) i/ X k i) + 1} X ( n i ) i , tj + 1

i , , t r
i ]

det [ t0
i , , t r

i ]
.

Since ( ( t i ) + 1)
n i

k = 1
ln ( X ( n i ) i/ X k i) an d X ( n i ) i are in dependent (see John son et

al.(1995)), w e can obtain ex pectat ion s and v ariances for a j
( 2)

an d bj
( 2)

,

j = 0 , 1, , r , a s follow s ;
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E ( a j
( 2)

) = a j , E ( bj
( 2)

) = bj ,

VA R ( a j
( 2)

) =
r + 1

k = 1

det 2 [ t0
i , , tj - 1

i , tj + 1
i , , t r

i ] i k

det 2 [ t0
i , , t r

i ]
( ( t k ) + 1) 2

( n k - 3) , (2.3)

and

VA R ( bj
( 2)

) =
r + 1

k = 1

det 2 [ t0
i , , tj - 1

i , tj + 1
i , , t r

i ] i k

det 2 [ t0
i , , t r

i ]

1
( n k - 1)( ( t k ) + 1) ( n k ( ( tk ) + 1) + 2)

2 ( tk ) .

N ext , the minimum risk est im ator for the shape param eter ( t) am ong

c (
n

k = 1
ln ( X ( n ) / X k) ) - 1 - 1 , an d th e m odified MLE for th e scale param eter

( t) in the g eneralized uniform distr ibut ion are giv en by ;

( t) R = n - 3
n

k = 1
ln ( X ( n ) / X k)

- 1 , ( t) MM = [ 1 +

n

k = 1
ln (X ( n ) / X k)

n 2 ]X ( n ) .

w e can propose the follow in g est imator s for a j an d bj , j = 0 , 1, , r , ;

a j
( 3)

=
det [t0

i , , tj - 1
i , { 1

n i - 3

n i

k = 1
ln (X ( n i ) i/ X k i)}

- 1

- 1, tj + 1
i , , t r

i ]
det [ t0

i , , t r
i ]

,

bj
( 3)

=
det [t0

i , , tj - 1
i , {1 - 1

n 2
i

n i

k = 1
ln (X ( n i ) i/ X k i)}X ( n i ) i , tj + 1

i , , t r
i ]

det [ t0
i , , t r

i ]
.

Since ( + 1)
n

i = 1
ln (X ( n ) / X i) has a Gamm a distr ibut ion w ith a shape param eter

n - 1 an d a scale param eter 1 , and ( + 1)
n

i = 1
ln (X ( n ) / X i) an d X ( n ) are

independent , w e can obtain the ex pect at ion s and v ariances for a j
( 3)

an d bj
( 3)

a s follow s ;
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E ( a j
( 3)

) =
det [t0

i , , tj - 1
i , {( n i - 3) ( ( t i ) + 1)

n i - 2 - 1}, tj + 1
i , , t r

i ]
det [ t0

i , , t r
i ]

,

E ( bj
( 3)

) =
r

k = 0
bk

det [t0
i , , tj - 1

i ,
n i [ n i ( ( t i ) + 1) + 1] - 1

n i [ n i( ( t i ) + 1) + 1] t k
i , tj + 1

i , , t r
i ]

det [ t0
i , , t r

i ]
,

VA R ( a j
( 3)

) =
r + 1

k = 1

det 2 [ t0
i , , tj - 1

i , tj + 1
i , , t r

i ] i k

det 2 [ t0
i , , t r

i ]

( n k - 3) ( ( t k ) + 1) 2

( n k - 2) 2 ,

(2.4)

and

VA R ( bj
( 3)

) =
r + 1

k = 1

det 2 [ t0
i , , tj - 1

i , tj + 1
i , , t r

i ] i k

det 2 [ t0
i , , t r

i ]

[ 1
n k [ n k ( ( t k ) + 1) + 1] {2 - 1

n k [ n k ( ( tk ) + 1) + 1] }

-
2 n k ( ( tk ) + 1) - n k + 1

n 2
k ( ( tk ) + 1) [ n k ( ( tk ) + 1) + 2 ] ] 2 ( t k ) .

F rom th e result s (2.2) throu gh (2.4), w e can obtain the follow in g s .

F act . (a ) a j
( 2)

and bj
( 2)

are unbiased and M SE con sist ent est im ator s for a j

and bj , respectiv ely .

(b ) a j
( i)

and bj
( i)

, i = 1, 3 , are asymptot ically unbia sed an d M SE

con sist ent est imator s for a j an d bj , r espect iv ely .

T ables show the num erical v alues of M SE ' s for a j
( i)

an d bj
( i)

, j = 0 , 1 an d

i = 1, 2 , 3 , for in an a ssum ed g eneralized uniform distr ibut ion for sample sizes
n 1 =10(10)30, n 2 =10(10)30, a 0 = 0 , a 1 = 1, b0 = 0 , b 1 = 1, and t 1 = 1 , t2 = 2

w h en r = 1 . F rom T able 1, a j
( 3)

proposed by minimum risk est im ator is m ore

efficient than oth er proposed estim ator s for a j , j = 1, 2 . F rom T able 2, th e MLE
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b0
( 1)

is more efficient than oth er proposed estim ator s for b0 w hen n 1 > n 2 but

b0
( 3)

is m ore efficient th an other proposed est imator s for b0 w h en n 1 < n 2 . And

b 1
( 1)

is m ore efficient than other proposed est im ator s for b1 w hen n 1 = n 2 .

T able 1. M ean squ ared error s of proposed est im ator s for a j

in the g en eralized uniform distribution .

size
param eter

M SE

n 1 n 2 a j
( 1)

a j
( 2)

a j
( 3)

10

10
a 0 5.64283 3.57143 2.75000

a 1 2.96429 1.85714 1.43750

15
a 0 4.85989 3.03571 2.46154

a 1 1.89286 1.32143 1.07692

20
a 0 4.66947 2.81513 2.33333

a 1 1.57423 1.10084 0.91667

25
a 0 4.60107 2.69481 2.26087

a 1 1.43337 0.98052 0.82609

30
a 0 4.57143 2.61905 2.21429

a 1 1.35714 0.90476 0.76786

15

10
a 0 3.80220 2.61905 2.12500

a 1 2.64835 1.61905 1.31731

15
a 0 2.79734 2.08333 1.78107

a 1 1.46598 1.08333 0.92899

20
a 0 2.50830 1.86275 1.62821

a 1 1.09804 0.86275 0.75641

25
a 0 2.38416 1.74242 1.54181

a 1 0.92931 0.74242 0.65886

30
a 0 2.31868 1.66667 1.48626

a 1 0.83516 0.66667 0.59615
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size
param eter

M SE

n 1 n 2 a j
( 1)

a j
( 2)

a j
( 3)

20

10
a 0 3.26424 2.22689 1.84722

a 1 2.57796 1.52101 1.26389

15
a 0 2.16076 1.69118 1.47863

a 1 1.34628 0.98529 0.86325

20
a 0 1.82789 1.47059 1.31481

a 1 0.95643 0.76471 0.68519

25
a 0 1.67898 1.35027 1.22222

a 1 0.77531 0.64439 0.58454

30
a 0 1.59757 1.27451 1.16270

a 1 0.67320 0.56863 0.51984

25

10
a 0 3.02993 2.01299 1.69022

a 1 2.55562 1.46753 1.23370

15
a 0 1.87071 1.47727 1.30769

a 1 1.29606 0.93182 0.82609

20
a 0 1.51306 1.25668 1.13768

a 1 0.89382 0.71123 0.64493

25
a 0 1.35015 1.13636 1.04159

a 1 0.70571 0.59091 0.54253

30
a 0 1.25974 1.06061 0.97981

a 1 0.59910 0.51515 0.47671

30

10
a 0 2.90476 1.87831 1.58929

a 1 2.54762 1.43386 1.21429

15
a 0 1.70971 1.34259 1.19780

a 1 1.27015 0.89815 0.80220

20
a 0 1.33613 1.12200 1.02381

a 1 0.85994 0.67756 0.61905

25
a 0 1.16422 1.00168 0.92547

a 1 0.66733 0.55724 0.51553

30
a 0 1.06803 0.92593 0.86224

a 1 0.55782 0.48148 0.44898
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T able 2. M ean squared error s of proposed est im ator s for bj

in the generalized uniform distr ibut ion .

size
param eter

M SE

n 1 n 2 bj
( 1)

bj
( 2)

bj
( 3)

10

10
b0 0.01309 0.01473 0.01434

b1 0.00624 0.00715 0.00697

15
b0 0.01273 0.01212 0.01187

b1 0.00388 0.00455 0.00446

20
b0 0.01318 0.01123 0.00110

b1 0.00332 0.00365 0.00359

25
b0 0.01367 0.01082 0.01061

b1 0.00318 0.00324 0.00318

30
b0 0.01408 0.01060 0.01039

b1 0.00319 0.00302 0.00297

15

10
b0 0.00780 0.00909 0.00897

b1 0.00591 0.00574 0.00563

15
b0 0.00615 0.00649 0.00641

b1 0.00291 0.00314 0.00310

20
b0 0.00594 0.00559 0.00554

b1 0.00201 0.00224 0.00222

25
b0 0.00603 0.00518 0.00513

b1 0.00168 0.00183 0.00182

30
b0 0.00618 0.00496 0.00491

b1 0.00155 0.00161 0.00160
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size
param eter

M SE

n 1 n 2 bj
( 1)

bj
( 2)

bj
( 3)

20

10
b0 0.00641 0.00713 0.00709

b 1 0.00607 0.00525 0.00516

15
b0 0.00410 0.00453 0.00449

b 1 0.00274 0.00265 0.00262

20
b0 0.00356 0.00363 0.00361

b 1 0.00167 0.00175 0.00174

25
b0 0.00344 0.00322 0.00320

b 1 0.00124 0.00135 0.00134

30
b0 0.00345 0.00300 0.00298

b 1 0.00104 0.00113 0.00112

25

10
b0 0.00602 0.00623 0.00613

b 1 0.00628 0.00503 0.00494

15
b0 0.00330 0.00362 0.00360

b 1 0.00274 0.00242 0.00240

20
b0 0.00256 0.00273 0.00272

b 1 0.00158 0.00153 0.00152

25
b0 0.00232 0.00232 0.00231

b 1 0.00108 0.00112 0.00111

30
b0 0.00224 0.00210 0.00209

b 1 0.00084 0.00090 0.00089

30

10
b0 0.00594 0.00572 0.00565

b 1 0.00647 0.00490 0.00482

15
b0 0.00296 0.00313 0.00311

b 1 0.00280 0.00230 0.00228

20
b0 0.00208 0.00224 0.00223

b 1 0.00156 0.00141 0.00140

25
b0 0.00175 0.00183 0.00182

b 1 0.00103 0.00100 0.00099

30
b0 0.00163 0.00161 0.00160

b 1 0.00076 0.00077 0.00077
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