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Robu s t inferen c e for line ar re g re s s ion m ode l
b a s e d on w eig hte d le as t s qu are s 1 )

Jin - P y o P ark 2 )

A b s tract

In this paper w e con sider the robu st inference for th e param eter of
linear regression m odel based on w eighted least squ ares . F ir st w e
con sider the sequential t est of multiple outlier s . Next w e su gg est the w ay
to as sign a w eight to each ob serv at ion ( x i , y i ) and recomm en d th e
robu st inferen ce for linear m odel. F in ally , t o check the perform an ce of
confidence int erv al for the slope u sin g proposed m ethod, w e con du ct ed
a M onte Carlo simulat ion an d present ed some num erical r esult s and
ex amples .

K ey W ords an d P hra s e s : L eas t m ed ian of s quares , Outliers tes t,
W e ig hted leas t s quares

1 . IN T ROD U CT ION

W e con sider the robu st inferen ce for th e param eter s of linear regression m odel

y i = 0 + x i1 1 + + x ip p + e i , i = 1, 2 , , n (1)

w here the error e i is as sum ed to be n orm al distr ibut ion w ith m ean zero and

v arian ce 2 . Lea st squ ares estim ate of , and st andard error of , SE ( )
are sen sit iv e to the outlier s . Hence inferences for the param eter s of lin ear

regression m odel u sing and SE ( ) are affected by outlier s . T o rem edy this
problem , m any st at ist ical m ethod h av e been dev eloped.

In this paper , w e con sider the tool of ident ifying an d test in g th e outlier s in
lin ear regres sion m odel. T his tool is based on the ratio of a robu st scale est im ate
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and n on robu st scale est imate. An d th en w e propose the forw ard sequ ential
procedure for identifyin g the outlier s . Nex t w e con sider the m ethod to as sign a

w eight to each ob serv at ion ( x i , y i ). W e m ake u se of non increa sin g funct ion of

t est st at istics as a w eight to each ob serv at ion . F in ally , w e apply a w eighted lea st
squares analy sis to introduce robu st inference for lin ear regression m odel. The
weighted least squares has a high breakdown point and is efficient in a st at ist ical sen se.
H en ce, inferences for the param eter s of linear regression m odel u sing w eighted
least squ ares are n ot affect ed by outlier s

T h e rem ainin g of paper is organized as follow s . In Sect ion 2 w e introdu ce the
tool of identifying and test ing the outlier s in linear regres sion m odel. W e sug gest

the m eth od to a ssign a w eight to each ob serv at ion ( x i , y i ). W e propose the

robu st inferen ce for th e param eter s of linear regres sion model. In sect ion 3 w e
con sider th e cov erag e and m edian len gth of confidence int erv al for the slope by
m ean s of M onte Carlo simulat ion . In section 4 w e apply the proposed m ethod to
sev eral r eal dat a to check the perform ance of that . Sect ion 5 contain s som e
con clu ding rem ark s .

2 . T h e Robu s t inf erenc e for th e p aram eters of
the lin e ar re g re s s ion m odel

W e sug gest th e w eighted least squ ares regression b ased on the sequential
out lier s t est proposed by Jinpy o Park an d H eech ang Park (2001). F ir st w e recall
the definit ion of the sequ ential outlier s t est . T h e test st at istics is defined as
follow . Least m edian of squares proposed by Rou sseeuw (1984) minimizes th e
m edian of the squared residuals . Least m edian of squares regression h as a v ery
high breakdow n point of alm ost 50%. T h e lea st m edian of squ ares estim ator

L M S is giv en by

Minimize m ed r 2
i (2)

J i

w here r i = y i - x i J , J = ( X J
T

X J ) - 1 X
T

Y J , x i = (x i1 , x i2 , , x ip) and

J = { i 1 , i2 , , ip } is a sub set of {1, 2 , , n } containing p in dices . T he residual is

giv en by

r L M S i
= y i - x i L M S . (3)

272



Robu st inferen ce for linear regression
model based on w eighted least squares

T h e init ial scale est im ate s0 for the least m edian squ ares regression is giv en

by

s0 = 1 .4826 ( 1 + 5/ ( n - p - 1) ) m ed i ( r L M S i
) 2 . (4)

T h e init ial scale estim ate is then u sed to det ermin e a w eight w i for the ith

ob serv ation , nam ely

w i = {1 if c r L M S i
/ s0 d

0 oth erw ise
(5)

w here [c, d ] is the inn er fence of box plot of r L M S i
/ s0 .

By m ean s of th ese w eight s , the final scale estim ate s for th e least m edian
squares

regression is giv en by

s =
n

i = 1
w i( r L M S i

) 2 / (
n

i = 1
w i - p - 1) . (6)

s also has a breakdow n point 0.5, the highest possible v alue.

By contra st , the least squ ares est imator L S minimizes

n

i = 1
r 2

i . (7)

T h e breakdow n point of least squares est im ator is 0. T he residual is giv en by

r L S i
= y i - x i

T
L S . (8)

It is w ell know n th at out lier s can h av e an extrem e effect on th e least squ ares
est im ator .

T h e scale est imate for the least squares regres sion is giv en by

=
n

i = 1
( r L S i

) 2 / ( n - p - 1) . (9)

T h e test stat ist ics for t est ing the outlier s is defined as

R = / s. (10)
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It t est s the follow ing hypoth esis

H 0 : n o outlier in dat a ( x i1 , x i2 , , x ip , y i) , i = 1, 2 , , n

H 1 : som e outlier s in data (x i1 , x i2 , , x ip , y i) ,

i = 1, 2 , , n . (11)

T he null hypothesis is rejected for larg e R. H ow ev er , if the null hypothesis
is rejected, there is n o indication of how m any or w hich point s are outlier s . T o
solv e this problem , w e apply the test sequ entially in forw ard sequ ential procedure
to identify the outlier s . If the t est r eject s th e null hypoth esis then the point w ith
the largest D = |sor t( r L M S i

) - M ed (r L M S i
) | is defined a s an outlier , w here

sor t( r L M S i
) is th e sort of r L M S i

an d M ed ( r L M S i
) is the m edian of r L M S i

. T he

ob serv ation det ect ed as an outlier is rem ov ed and the t est is applied ag ain to the
n - 1 rem ainin g ob serv at ion s . T h e procedure is repeated and stops w hen the t est is
n o lon ger significant .

T h e crit ical v alu es for the t est (approx im ated by M onte Carlo simulat ion u sing
1000 replicat es ) are present ed in the T able 1.

T able 1 . Critical values for the proposed test

S am ple

s izes

Num ber of explan atory v ar iable

1 2 3 4

level level level level

0.1 0.05 0 .01 0.1 0.05 0.01 0 .1 0 .05 0 .01 0 .1 0 .05 0 .01

15 1.725 1.894 2.072 2 .107 2 .223 2 .386 2.469 2 .622 2 .756 2 .807 2.895 2.992

20 1.484 1.637 1.849 1.850 1.978 2 .084 2.121 2 .246 2 .334 2 .323 2.407 2.580

25 1.493 1.605 1.759 1.682 1.793 1.853 1.950 2 .044 2 .200 2 .164 2.282 2.388

30 1.461 1.570 1.717 1.552 1.638 1.752 1.824 1.921 2 .065 1.982 2.150 2.333

35 1.395 1.475 1.623 1.496 1.578 1.688 1.650 1.793 1.925 1.786 1.910 2.103

40 1.326 1.403 1.493 1.417 1.487 1.580 1.573 1.666 1.774 1.654 1.769 1.882

45 1.276 1.337 1.435 1.393 1.473 1.570 1.456 1.548 1.655 1.575 1.688 1.812

50 1.266 1.338 1.403 1.351 1.425 1.515 1.471 1.492 1.575 1.466 1.540 1.631

Nex t w e su gg est the w ay to as sign a w eight w i to each ob serv at ion

( x i , y i ). F or this purpose, w e can u se sev eral types of fun ct ion s of the t est

statist ics R . T he fir st kind of w eight function that w e con sider h ere is of the
form

w ( R i ) = {1 if R i c 1
0 oth erw is e . (12)
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w here c 1 is a crit ical v alu e for t est stat ist ics w hen significant lev el is 0.1. T his

w eight function , yieldin g only binary w eight , produces a clear dist in ction betw een
accepted and reject ed point . But this fun ct ion is radical. So w e introduce w eight
funct ion that is les s ex trem e. It con sist s of introducing a linear part that sm ooth s
the tran sit ion from w eight 1 to w eight 0.

In that w ay , ex trem e outlier s disappear entir ely and int erm ediat e cases are
gradually dow n - w eighted. In the general formula

w ( R i ) =

1 if R i c 1

( c2 - R i)
( c 2 - c 1)

if c 1 R i c2

0 oth erw is e

(13)

W h ere c 2 is a crit ical v alu e for t est st at istics w h en significant lev el is 0.01.

Any w ay , w e then apply w eighted lea st squares defin ed by

Minimize
n

i = 1
w ( R i) r 2

i (14)

T h e w eighted least squ ares estim ator is giv en by

* = ( X T WT WX ) - 1 X T WT WY (15)

w here W= d iag ( w
1
2

1 , w
1
2

2 , , w
1
2

n ) .

Let WT W= d iag ( w 1, w 2 , , w n ) = V , th en

* = ( X T VX ) - 1 X T V Y

E ( * ) = (16)

an d Va r ( * ) = ( X T VX ) - 1 2 .

T h e st andard error of i- th w eighted least squares est im ator is giv en by

2 ( X T VX ) - 1
ii . (17)

W h ere unknow n 2 is est im ated by ( s* ) 2 =
n

i = 1
w ( R i) r 2

i / (
n

i = 1
w ( R i) - p) .
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T o discu s s robu st inferen ce for the lin ear regression m odel, w e assum e that
the error s are in depen dently an d n orm ally distr ibut ed w ith mean zero an d v arian ce

2 . Un der these condit ion s , it is w ell kn ow n th at

*
i - i

( s* ) 2( X T VX ) - 1
ii

, i = 1, 2 , , p (18)

ha s a Stu dent t - distr ibution w ith
n

i = 1
w ( R i) - p degree of freedom . Let u s

den ote the 1 - / 2 qu antile of this distribution by t n

i = 1
w ( R i) - p , 1 - 2

. T hen a

( 1 - )100% confidence interv al for i is giv en by

[ *
i - t n

i= 1
w (R i) - p , 1 - 2

( s * ) 2( X T VX ) - 1
ii , *

i + t n

i= 1
w (R i) - p , 1 - 2

( s * ) 2( X T VX ) - 1
ii ] , i = 1, 2 , , p . (19)

T o test the hypothesis
H 0 : i = 0

H 1 : i 0 , (20)

W e can u se th e follow ing test statist ics

*
i

( s* ) 2( X T VX ) - 1
ii

, i = 1, 2 , , p . (21)

T he robu st coefficient of determinat ion R 2
r is calculat ed as follow s :

R 2
r = 1 -

n

i = 1
w ( R i) (y i - y i)

2

n

i = 1
w ( R i) (y i - y i)

2
in model w ith con st ant term (22)

an d

R 2
r = 1 -

n

i = 1
w ( R i) (y i - y i)

2

n

i = 1
w ( R i)y 2

i

in model w ith out con stant t erm . (23)

Becau se the w eighted lea st squ ares regression b ased on the sequ ential out lier s
t est st at istics R has the high breakdow n point , inferen ces for th e param eter s of
lin ear regres sion m odel u sin g w eighted least squares are not affect ed by outlier s .
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3 . S im ulat ion an d it s R e s ult s

W e focu s on confidence interv al for th e slope param eter . W e con sider th e
cov erag e and m edian length of confidence int erv al for the slope . F ir st , w e
g en erate samples in follow ing situ at ion ,

y i = x i1 + x i2 + + x ip + e i i = 1, 2 , , n (24)

in w hich e i N (0 , 1) an d th e ex planatory v ariables are gen erat ed as

x ij N (0 , 100) , for j = 1, 2 , , p . Secon d, (1- ) 100% of samples are g enerat ed

a s in the fir st situ at ion and th e remainin g 100 % are g enerated as e i N (0 , 1)

and x i N ( , 100) . F inally (1- ) 100% of samples are generat ed as in the fir st

situation . T he rem aining 100 % are gen erat ed as e i N ( , 1) and

x i N ( 0 , 100) .

T o check the perform ance of confiden ce int erv al for the slope u sin g equat ion
19, w e con duct ed a M onte Carlo simulation u sin g 1000 replicates of th e follow ing
samplin g situat ion : sample sizes n =20, 40, 60, 80, 100, =10, 50, 90, p =1, = 0 .05
and = 0 . 1.

T h e m ean cov erag e an d m edian length (in parenthesis ) of confiden ce interv al for
the slope b ased on the least squares m ethod are present ed in th e T able 2. T he
n ominal confidence lev el in all cases is 0.95.

T able 2 . mean coverage and m edian length of confidence interval for the slope = 1
based on the least squares

% of con tam ination Sam ple size
M ild Con tam ination

( =20)

M edium Cont am in ation

( =50)

Strong Cont am in ation

( =90)

5%

20 0.75(0.41) 0.51(0.784) 0.47(1.231)
40 0.71(0.40) 0.47(0.641) 0.33(0.951)
60 0.65(0.34) 0.32(0.534) 0.26(0.823)
80 0.61(0.32) 0.29(0.423) 0.23(0.741)
100 0.47(0.29) 0.27(0.341) 0.21(0.647)

10%

20 0.65(0.35) 0.42(0.35) 0.30(0.92)
40 0.47(0.24) 0.32(0.25) 0.25(0.83)
60 0.27(0.21) 0.21(0.20) 0.11(0.76)
80 0.15(0.19) 0.10(0.18) 0.07(0.43)
100 0.13(0.17) 0.09(0.16) 0.05(0.28)

T he computed percent ag es are below the n omin al lev el, specially for larg er
sample sizes . T his indicates that the low cov erag e lev els are du e to outlier s in th e
dat a .

277



Jin - Py o Park

T o ov ercom e this problem , w e u se the w eighted least squ ares ba sed on th e
sequential outlier s t est st at istics R . T he m ean cov erage an d m edian length (in
parenthesis ) of confidence int erv al for th e slope based on the w eighted least
squares m ethod are presented in the T able 3. T h e nominal confiden ce lev el in all
cases is 0.95.

T able 3 . mean coverage and median length of confidence interval for the slope

= 1 based on the w eighted least squares

% of

contamination

Sample

s ize

Mild Contamination

( =20)

Medium Contamination

( =50)

Strong Contamination

( =90)

5%

20 0.96 (0.098) 0.96 (0.097) 0.93 (0.112)
40 0.96 (0.096) 0.96 (0.096) 0.94 (0.0991)
60 0.95 (0.094) 0.94 (0.095) 0.94 (0.098)
80 0.94 (0.093) 0.94 (0.094) 0.95 (0.095)
100 0.94 (0.092) 0.94 (0.093) 0.95 (0.094)

10%

20 0.97 (0.135) 0.98 (0.137) 0.92(0.192)
40 0.95 (0.124) 0.97 (0.125) 0.94 (0.183)
60 0.93 (0.121) 0.98 (0.120) 0.95 (0.176)
80 0.93 (0.119) 0.97 (0.18) 0.96 (0.413)
100 0.92(0.117) 0.95 (0.16) 0.96 (0.128)

Notice that the cov erag es are all abov e 92% an d sev eral ex ceed th e nominal
95% lev el. And median length of confidence interval in the T able 3 is shorter than
that in the T able 2.

4 . N um eric al R e s ult s

In this section , the proposed m eth od is applied to sev eral dat a set s to check
th e perform an ce.

E x am ple 1 ( Pilot - Plant Data )
T his dat a com es form Daniel and W ood (1971). Rou sseew an d Leroy (1987)

u sed th ese data to illu strate the need for robu st regression technique . Suppose
n ow that on e of the ob serv at ion s has been w ron gly recorded. F or ex ample, th e
x - v alu e of the six th ob serv ation has been recorded a s 370 in st ead of 37. T his
error produces an outlier in th e in dependent v ariable space . T he data appear in
the T able 4. T he result s for the proposed meth od are in the T able 5.

In the T able 5, the test is highly significant for ob serv ation 6 th at w rongly
recorded. W h en the t est is applied to the rem ainin g 19 ob serv ation s , null
hypoth esis is n ot rej ect ed. In this ex ample, all w ( R i) are equal to 1, ex cept for

case 6. T h e inference result s by m ean s of least squ ares (LS ) and w eighted lea st
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squares (W LS ) for Pilot - Plant data w ith outlier are present ed in th e T able 6. T he
scat terplot for the pilot - plant dat a w ithout out lier s su gg est s a stron g st at istical
r elat ion ship betw een the respon se an d the explan atory v ariable. H ow ev er , in the
T able 6, w e can conclude that the LS slope is not significantly differ from zero

and the R 2 corresponding to LS is 0.141, on the other side, th e W LS slope is

significantly differ from zero an d the R 2 correspondin g to W LS is 0.994. An d the
len gth of th e confidence int erv al for LS is long er th an that for W LS . T his result
dem on strat e th e fact that W LS is unaffect ed but LS is affect ed by outlier s .
T herefore the inferen ce u sin g the w eighted least squ ares m ethod ba sed on the
funct ion of the sequential t est st at istics is robu st .

F ig ure 1 . Scatterplot for Pilot - Plant w ithout outliers

T able 4 . Pilot - Plant data set w ith outlier

index Extraction (x ) T itration (y ) index Extraction (x ) T itration (y )
1 123 76 11 138 82
2 109 70 12 105 68
3 62 55 13 159 88
4 104 71 14 75 58
5 57 55 15 88 64
6 370(37) 48 16 164 88
7 44 50 17 169 89
8 100 66 18 167 88
9 16 41 19 149 84
10 28 43 20 167 88

*(37) is original data of pilot - plant data set
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T able 5 . T he proposed m ethod applied to the contaminated pilot - plant data

sample size observation selected proposed test s tat ist ics
critical v alues

w eight
0.01 0.05 0.1

20 6 11.703 1.849 1.637 1.484 0

19 11 0.941 1.858 1.651 1.495 1

T able 6 . T he inference results by means of LS and WLS for Pilot - Plant data w ith
outlier

coefficient
st andard

err or
T - value p- value

95% confidence interv al
leng th

coefficient of
determination

low er upper

LS x 1 0.081 0.047 1.719 0.103 - 0.018 0.179 0.197 0.141

WLS x 1 0.323 0.006 54.214 0.000 0.310 0.335 0.025 0.994

E x am ple 2 ( Stockloss Data )
T he secon d ex ample com es from th e Brow nlee (1965). W e hav e selected this

ex ample becau se it is a set of real data and it is ex amin ed by many statist ician s .
M ost people conclu ded that ob serv ation s 1, 3, 4, an d 21 w ere outlier s . Som e
people reported that ob serv ation 2 w as outlier . T he dat a are show n in the T able
7. T he result for the proposed m ethod appear in th e T able 8. In the T able 8, all
w ( R i) are equal to 1, ex cept for ob serv ation 4, 21, 1, 3 an d 2. T he inferen ce

result s by mean s of LS an d W LS for st acklos s data are presented in the T able 9.

T able 7 . Stackloss data

index r ate

(x 1)

temper -

ature (x 2)

acid concen -

tr ation (x3)

st ackless

(y )

index rate

(x 1)

temper -

ature (x 2)

acid concen -

tration (x3)

s t ackles s

(y )

1 80 27 89 42 12 58 17 88 13

2 80 27 88 37 13 58 18 82 11

3 75 25 90 37 14 58 19 93 12

4 62 24 87 28 15 50 18 89 8

5 62 22 87 18 16 50 18 86 7

6 62 23 87 18 17 50 19 72 8

7 62 24 93 19 18 50 19 79 8

8 62 24 93 20 19 50 20 80 9

9 58 23 87 15 20 56 20 82 15

10 58 18 80 14 21 70 20 91 15

11 58 18 89 14
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T able 8 . T he proposed m ethod applied to the stackloss data

Sample size
observ ation

selected

proposed test

s tat ist ics

Crit ical Values
w eight

0.01 0.05 0.10

21 4 2.685 2.304 2.204 2.101 0

20 21 2.895 2.334 2.246 2.121 0

19 1 2.367 2.359 2.296 2.231 0

18 3 2.9067 2.384 2.346 2.321 0

17 2 2.610 2.421 2.396 2.384 0

16 13 2.326 2.634 2.583 2.421 1

T able 9 . T he inference results by means of LS and WLS for st ackloss data

coefficient
s tandard

err or
T - value p- value

95% confidence interval
length

coefficient of
determinationlow er upper

LS

x 1 0.716 0.135 5.307 0.000 0.431 1.000 0.569
0.914x2 1.295 0.368 3.520 0.003 0.519 2.072 1.553

x3 - 0.152 0.156 - 0.973 0.344 - 0.482 0.178 0.66

WLS

x 1 0.686 0.088 7.834 0.000 0.495 0.877 0.382
0.942x2 0.567 0.153 3.702 0.003 0.233 0.901 0.668

x3 - 0.017 0.063 - 0.273 0.789 - 0.155 0.120 0.275

In the T able 9, the length of confiden ce interv al of each regression coefficient
for LS are lon ger than that for W LS . An d the significan ce of the regression
coefficient s turn s out to b e different in the LS fit and th e W LS fit .

E x am ple 3 T hese raw data cam e from Draper an d Smith (1966) an d w ere
u sed to determine the influ en ce of anatomical factor s on w ood specific grav ity .
Rou sseeuw an d Leroy (1987) u sed a contaminat ed v er sion of these dat a to compare
the v ariou s diagn ostic. T hese contaminated dat a is th e outlier s th at are not
out lyin g in any of th e individual v ariables . T he contamin at ed dat a is sh ow n in the
T able 10. T h e result for proposed m ethod appear in th e T able 11. In the T able 11,
all w ( R i) are equal to 1, ex cept for ob serv at ion 19, 6, 8, and 4. T he inferen ce

result s by m ean s of LS and W LS for m odified dat a on w ood specific gravity are
presented in the T able 12.
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T able 10 . Contaminated Data on W ood Specific Gravity

Index x 1 x 2 x 3 x 4 x 5 y

1 0.5730 0.1059 0.4650 0.5380 0.8410 0.5340

2 0.6510 0.1356 0.5270 0.5450 0.8870 0.5350

3 0.6060 0.1273 0.4940 0.5210 0.9200 0.5700

4 0.4370 0.1591 0.4460 0.4230 0.9920 0.4500

5 0.5470 0.1135 0.5310 0.5190 0.9150 0.5480

6 0.4440 0.1628 0.4290 0.4110 0.9840 0.4310

7 0.4890 0.1231 0.5620 0.4550 0.8240 0.4810

8 0.4130 0.1673 0.4180 0.4300 0.9780 0.4230

9 0.5360 0.1182 0.5920 0.4640 0.8540 0.4750

10 0.6850 0.1564 0.6310 0.5640 0.9140 0.4860

11 0.6640 0.1588 0.5060 0.4810 0.8670 0.5540

12 0.7030 0.1335 0.5190 0.4840 0.8120 0.5190

13 0.6530 0.1395 0.6250 0.5190 0.8920 0.4290

14 0.5860 0.1114 0.5050 0.5650 0.8890 0.5170

15 0.5340 0.1143 0.5210 0.5700 0.8890 0.5020

16 0.5230 0.1320 0.5050 0.6120 0.9190 0.5080

17 0.5800 0.1249 0.5460 0.6080 0.9540 0.5200

18 0.4480 0.1028 0.5220 0.5340 0.9180 0.5060

19 0.4170 0.1687 0.4050 0.4150 0.9810 0.4010

20 0.5280 0.1057 0.4240 0.5660 0.9090 0.5680

T able 11 . T he proposed method applied to modified dat a on w ood specific gravity

Sample size
observation

selected

scale ratio

st at ist ics

Crit ical Values
w eight

0.01 0.05 0.10

20 19 1.783 1.484 1.415 1.365 0

19 6 1.948 1.518 1.445 1.395 0

18 8 2.068 1.547 1.472 1.412 0

17 4 2.635 1.577 1.492 1.433 0
16 5 1.227 1.671 1.522 1.463 1
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Robu st inferen ce for linear regression
model based on w eighted least squares

T able 12 . T he inference results by means of LS and WLS for modified data on w ood
specific gravity

coefficien t
st andard

error
T - v alue p - v alue

95% confidence in terv al for slop

leng th
coefficien t of
determ ination

low er upper

LS

x 1 0 .441 0.117 3 .770 0 .002 0 .190 0.691 0 .501.

0.808
x2 - 1.475 0.487 - 3.029 0 .009 - 2.519 - 0 .431 2 .088
x3 - 0.261 0.112 - 2.332 0 .035 - 0.501 - 0 .021 0 .48
x4 - 0.021 0.161 0 .129 0 .899 - 0.325 0.366 0 .691

x5 0 .171 0.203 0 .840 0 .415 - 0.265 0.607 0 .872

W LS

x 1 0 .217 0.042 5 .162 0 .000 0 .124 0.311 0 .187

0.958
x2 - 0.085 0.198 - 0.430 0 .676 - 0.526 0.356 0 .882
x3 - 0.564 0.043 - 12 .975 0 .000 - 0.661 - 0 .467 0 .194
x4 - 0.400 0.065 - 6.118 0 .000 - 0.546 - 0 .255 0 .291

x5 0 .607 0.079 7 .730 0 .000 0 .432 0.783 0 .351

In th e T able 12, the significance of th e regression coefficient s turn s out to be
different in th e LS fit an d the W LS fit . T h e v ariables x 4, x5 h av e LS regression
coefficient s that are not significant ly different from zero for significant lev el 0.05.
Only the v ariable x 2 h as W LS regres sion coefficient th at is n ot significant ly
different from zero for significant lev el 0.05. Draper an d Smith conclu de th at x 2
could be rem ov ed from the m odel. T he v ariable x 2 has LS regres sion coefficient
that is significant ly different from zero for significant lev el 0.01 is only cau sed by
outlier s . And the len gth of confidence int erv al of each regres sion coefficient for LS
are lon ger than th at for W LS .

T he m any ex amples demon strat e the fact th at the W LS is un affected by
m askin g an d sw amping effect s .

5 . Con c lu din g R em ark s

It is w ell know n that outlier s can hav e an ex trem e effect on the lea st squ ares
est im ation . H en ce, it is import ant to det ect th e outlier s and to m an age how to deal
w ith th e detected outlier s .

In this paper , w e proposed th e tool to identify outlier s an d the m ethod to deal
w ith the det ect ed outlier s . T o det ect the outlier s , w e su gg est ed the forw ard
sequential test . A nd to deal w ith the det ect ed outlier s , w e recommended the
w eighted least squares m ethod ba sed on the fun ction of the sequential t est
statist ics .

W e prov ed that th e w eighted least squares m ethod based on th e function of
the sequ ential test st at ist ics w a s n ot affect ed by the m asking an d sw ampin g
effect s through th e M onte Carlo result s an d num erical ex amples . T h ese sug gest
that th e n ew ly proposed tool provides con serv ativ e and fairly pow erful m eth od for
the analy sis of th e data from linear regression m odel
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