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E s t im at ion of the N um b er of Ch an g e - P oint s
w ith Loc al Lin e ar F it 1 )

Jon g T ae Kim 2 )·H ey m i Ch oi3 )

A b s tra ct

T h e aim of this paper is to con sider of det ect ing the location , th e
jump size an d th e number of ch ang e- point s in regression fun ct ion s by
u sin g the local linear fit w hich is on e of nonparametric regres sion
techniques . It is obtain ed the asymptot ic propert ies of the chan ge point s
and th e jump sizes . and the correspondin g rates of conv erg en ce for
chan ge - point est im ator s .

K ey w ords : Local linear regression fit ; Ch ang e- point ; Kern el sm ooth er .

1 . 서론

Nonparam etric regression t echniques are g en erally u sed in order to obtain a
sm ooth fit of regression fun ction w henev er th ere is no suit able param etric m odel
av ailable. Som etim es a gen erally smooth funct ion might contain som e isolat ed
discontinuity or mult iple chan ge point s in the fun ct ion or in a deriv at iv e, an d in
m any cases int erest focu ses on the occurrence of su ch chan ge point s . T he
analy sis of ch ang e point s u sually occurring in economics , en gineerin g m edicine and
biological scien ces h as recent ly found in creasing interest .

T h e purpose of this paper is to obtain asymptot ic distribution s and
correspon ding rat es of conv erg en ce for ch ang e- point estim ator s . T his result s is
v ery import ant to sug gest the m ethods for t est ing and est im ation to det ect th e
location an d size of chang e- point s in regres sion funct ion by u sin g th e local linear
fit
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In the lit erature, testing an d est imation about chan ges in the nonparam etric
regression fun ction has b een stu died by many auth or s . Muller (1992) g av e
est im ator s for locat ion an d size of ch ang e- point s in n onparam etric regres sion
b ased on a comparison of a left and right on e- sided kernel sm ooth er s . Loard (1996)
proposed an estim ate of the locat ion of discontinuity based on one - side
n onparam etric regression est imates of th e mean fun ct ion . Chen and Gupta (1997)
stu died t est in g and locat ing v ariance chan ge point s w ith applicat ion to stock price
u sing th e Schw arz inform ation crit erion .

2 . E s tim ate s of loc ation and jum p s iz e of ch an g e point s

T h e nonparam etric regres sion m odel con sidered in this paper is giv en by
Y i = m (x i ) + i , x i [ 0 , 1] , i = 1, 2 , . . . , n , (2.1)

w h ere x i are fix ed design point s an d i are iid error s w ith m ean 0 and v ariance
2 < . T h e design point s x i are assum ed to be equidist ant , i. e. x i = i / n . m

is the unkn ow n regression fun ct ion defined on the int erv al [0 , 1] .
T h e regression est imator s w e con sider are based on the local lea st squares

fitt in g of kern el w eight ed polynomial regres sion fun ction . T he locally w eighted

polynomial regres sion est im ator of m is 0 , the solut ion for 0 to minimize the

k ernel w eight ed local- likelih ood fun ct ion
n

i = 1 {Y i -
p

l = 0
l (x i - x ) }

2

K ( x i - x
h ). (2.2)

A ssum e th at som e chang e- point s ex ist for m in th e follow ing sen se. T h ere ex ist s

g C 2 ( [ 0 , 1]) such that

m ( ) = g ( ) +
n c

i = 1
i 1 ( c i ) , (2.3)

w h ere c i , n c are unkn ow n and g ( ) h as a boun ded secon d deriv ativ e.

Let K + an d K - be on e- sided kernel function s w ith support

( K + ) [ - 1 , 0 ] and support ( K - ) [0 , 1] . F or simplicity , let

l ( F ) =
-

y lF ( y )dy . T h e kernel K - ( ) is ( - 1) tim es different iable on R

and K ( - 1)
- is ab solut ely continu ou s den sity function sat isfying

1 ( K ) = 3 ( K ) = 0 , 2 ( K ) > 0 , K ( j )
- (0) = K ( j )

- ( 1) = 0 , 0 j < , and

K + ( x ) = K - ( - x ) . Defin e m ( j )
+ (x 0 ) = lim

x x 0

m ( j ) (x ) , m ( j )
- ( x 0 ) = lim

x x 0

m ( j ) (x ) ,

j = 0 , 1, 2 .
(x 0 ) = m + (x 0 ) - m - (x 0 ) . (2.4)
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T hen the follow in g holds , for any x 0 [ 0 , 1] ,

m + ( x 0 ) = m (x 0) , m ( j ) = g ( j ) (x 0 ) , j = 1, 2 .

( x 0 ) = { i if x 0 = c i ,

0 oth erw is .
Define one - sided regression estim ates of m ( x ) ,

m (x ) =
W j Y j

W j
, (2.5)

w h ere

W j = ( x - x j

h )( S n , 2 - (x - x j ) S n , 1 ) ,

S n l = K ( x - x j

h )( x - x j ) l , l = 0 , 1, 2 .

Inference for ch ang e point s w ill be based on the follow in g estim ates

(x ) = m + ( x ) - m - (x ) . (2.6)

w h ere x j is called to be a chan ge point if | ( x j ) > C , j = 1, 2 , , n , for

som e con st ant C at a giv en significant lev el 1 - w h ere C w ill be giv en

b elow .

Ob serv e the follow in g before inv est ig ating bia s and v ariance of (x ) .

P rop o s it i on 2 .1 Defin e S n l = K ( x - x j

h )(x - x j ) l , l = 0 , 1, 2 . .

( 1) S n l = n h l + 1( K ( u ) u l dy + O ( 1/ n ) ) = n h l + 1 [ l ( K - ) + O ( 1/ n ) ] .

(2) W j = S n , 0 S n , 2 - ( S n , 1)
2 = n 2 h 4 [ 2 ( K - ) + O ( 1/ n ) ] .

(3) ( W j ) 2 = ( S n , 2 ) 2 K 2 ( x - x j

h )+ ( S n , 1)
2 K 2 ( x - x j

h )( x - x j )
2

- 2 S n , 1 S n , 2 K 2 ( x - x j

h )(x - x j )

= n 3h 7 [ 2
0 ( K 2 ) + O ( 1/ n ) ] .

N ow , w e con sider the bia s and v arian ce of ( x 0 ) , x 0 [ h , 1 - h ] in the

follow ing .
P rop o s it i on 2 .2 A ssum e that th e jump size is (x 0 ) at point x 0 .
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(1) Bias : E ( (x 0 ) - ( x 0) ) = o ( h 2 ) .

(2) V arian ce : V ar ( (x 0 ) ) = 2 2

n h ( 0 ( K 2
- ) + o( 1) ) .

P r oof (1 ).

E [ (x 0 ) - (x 0 ) ]

= E [ m + ( x 0 ) - m - ( x 0 ) ] - E [ m + (x 0 ) - m - ( x 0 ) ]

= E [ m + ( x 0 ) - m + (x 0 ) ] - E [ m - (x 0 ) - m - (x 0 ) ]

= E
W +

j ( Y j - m + ( x 0 ) )
W +

j
- E

W -
j ( Y j - m - (x 0 ) )

W -
j

= 1
n 2h 4 [ 2 ( K - ) + O( 1/ n ) ] [ {m ( x j ) - m + (x 0 ) }W +

j - {m ( x j ) - m - (x 0 ) }W -
j ]

by Proposit ion 2.1- (2). Let n ow be

R (x j ) = m ( x j ) - m ( x 0 ) - (x j - x 0 ) m ' (x 0 ) .

Since

(x j - x 0) W j = (x j - x 0) K ( x - x j

h )( S n , 2 - (x - x j ) S n , 1 )

= - S n , 2 S n , 1 + S n , 2 S n , 1 = 0 ,

{m ( x j ) - m (x 0 ) } w j = {m ( x j ) - m (x 0 ) - (x j - x 0) m ' (x 0 ) }w j

and hen ce w e hav e

1
n R + (x j ) K + ( x 0 - x j

h )
= {m ( x ) - m + (x 0 ) - ( x - x 0)m '

+ ( x ) } K + ( x 0 - x
h ) dx + O( 1/ n )

= h
0

- 1
{ m ( x 0 - h u ) - m + (x 0 ) + h u m '

+ ( x 0 ) } K + ( u ) d u + O( 1/ n )

= h
0

- 1
( m + ( x 0 ) - hu m '

+ (x 0 ) + h 2 u 2

2 m ' '
+ (x 0 ) - m + (x 0 ) + hu m '

+ (x 0 )

+ o( h 2 u 2) ) K + ( u ) d u + O( 1/ n )

= h 3

2 m ' '
+ ( x 0 ) 2( K - ) + o( h 3) + O( 1/ n ) .
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1
n R + ( x j ) (x 0 - x j ) K + ( x 0 - x j

h )
= {m (x ) - m + (x 0 ) - ( x - x 0 ) m '

+ ( x ) }(x 0 - x j ) K + ( x 0 - x
h ) dx + O( 1/ n )

= h
0

- 1
{m (x 0 - h u ) - m + (x 0 ) + h u m '

+ (x 0 )}hu K + ( u ) d u + O( 1/ n )

= h 2
0

- 1
( m + (x 0 ) - hu m '

+ (x 0 ) + h 2 u 2

2 m ' '
+ ( x 0 ) - m + ( x 0 ) + hu m '

+ (x 0 )

+ o( h 2 u 2) ) u K + ( u ) d u + O( 1/ n )

= h 4

2 m ' '
+ ( x 0 ) 3( K + ) + o( h 4) + O( 1/ n ) .

T hu s it follow s from Proposit ion 2.1- (1), (2) and (3) that

( m (x j ) - m + (x 0 ) ) W +
j = R + (x j ) W +

j = n 2h 6

2 [m ' '
+ (x 0 ) 2

2( K - ) + o( 1) ] .

Similarly , ( m (x j ) - m - (x 0 ) ) W -
j = n 2h 6

2 [ m ' '
+ (x 0 ) 2

2 ( K - ) + o( 1) ] .

T herefore

E ( (x 0 ) - (x 0 ) ) = 1
n 2h 4 { 2 ( K - ) + O ( 1/ n ) }

( R + (x j ) W +
j - R - (x j ) W -

j )

= o( h 2) .

P r oof (2 ). Fir st , n ot e that Cov ( m + ( x 0 ) , m - ( x 0 ) ) = 0 since j ' s are

independent and ( j : - 1 ( x 0 - x j ) / h < 0 ) an d ( j : 0 (x 0 - x j ) / h < 1 )

are disjoint . T hu s , V ar ( (x 0 ) ) = V ar ( m + ( x 0 ) ) + V ar ( m - ( x 0 ) ) . Since it n ow

follow s from Proposit ion 2.1- (2) and (3) th at

V ar ( m (x 0 ) ) =
2 ( W j ) 2

( W j ) 2 =
2

n h [ 0 ( K 2 ) + o( 1) ] ,

V ar ( (x 0 ) ) = 2 2

n h ( 0 ( K 2
- ) + o( 1) ) .

3 . M ain Re s ult s

In this sect ion , w e con sider the asymptot ic distr ibut ion s an d correspon din g rates
of conv ergen ce for chang e- point est imator s .
L e m m a 3 .1 . F or fix ed x 0 (0 , 1) as n , h 0 in su ch a w ay th at

n h
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C K n (x 0 )
(x 0 ) - (x 0 )

n V n
N (0 , 1) , (3.1)

w h ere n is a con sistent est im ate of and

V n = ( W -
j ) 2 / ( W -

j ) 2 + ( W -
j ) 2 / ( W -

j ) 2 .

In addition ,

n h ( (x 0 ) - (x 0 ) )

n 2 0 ( K 2
- )

d N ( 0 , 1) . (3.2)

P r oof . F or simplicity , let a j den ote a j = W +
j / W +

j - W -
j / W -

j . T h en

j
a 2

j = V n an d hen ce C K n can be rew rit ten as
j

a j j / n
2

j
a 2

j . Sin ce it

is sh ow n th at n
2 2 , it is sufficient to prov e (3.1) w ith respect to CK n w ith

in place of n . It follow s , in Proposition 2.1- (2) an d (3), that

m ax 1 j n
a 2

j

a 2
j

= O( 1
n h ) an d h ence Lin db erg ' s con dit ion is sat isfied. T herefore

a symptot ic n orm ality of CK n follow s . Since

a 2
j = 2 0 ( K 2

- ) / ( n h) + o( 1/ ( n h) ) , th e equat ion (3.2) follow s .

Let den ote a locat ion of a chang e point of m ( x ) . A ssum e that w e know A
is a closed n eighborhood of in w hich is only on e chang e point of m ( x ) .
Define the est im ator

= in f { A : ( ) = sup x A (x ) }
for the locat ion of a chang e point . Now , w e inv est ig at e lim iting propert ies of

. In order to do th at defin e

(y ) = ( + y h ) = m + ( + y h ) - m - ( + y h )

and define for som e 0 < M < , - M z M , th e sequ ence of stochastic

proces ses

n ( z ) = ( n h ) ( + 1) / ( 2 ) ( ( z
( n h ) 1/ ( 2 ) )- (0)).

N ote that

K ( x - x j

h )m (x j ) S n , 2 = n 2 h 4
2 ( K - ) K ( u ) m (x - hu ) d u + O( n h 4 ) ,

K ( x - x j

h )(x - x j ) m ( x j ) S n , 1 = O ( n h 4 ) .

256



E stim ation of the Number of Chan ge - P oint s w ith Local Linear F it

T hu s w e hav e E { m ( + y h) } = K ( u ) m ( + y h - u h) d u + O ( 1/ n ) and

h ence

E { (y ) } =
1

- 1
( K + ( u ) - K - ( u ) ) g ( + y h - u h) d u + O( 1/ n ) ,

w hich is the sam e as the equation (6.2) of Muller (1992). T herefore follow ing the
sam e techniques u sed below (6.2) of Lemm a 6.1 in Muller giv es

E n ( z ) = - z + 1 K - ( 0) / ( + 1) ! + o( 1) .

N ow , w e con sider cov ariance of n ( z ) . F ir st , let = ( + 1) / ( 2 ) , = 1/ (2 ) ,

S n , l ( z ) = K ( + ( z h) / ( n h) - x j

h )( + ( z h) / ( n h) - x j ) l , l = 0 , 1, 2 .

and

W j , z = K ( + ( z h) / ( n h) - x j

h ){S n , 2 ( z ) - ( + ( z h) / ( n h) - x j ) S n , 1( z ) }.

T hen

n ( z ) - E { n ( z ) } = ( n h)
j

W +
j , z

j
W +

j ,z
-

W +
j , 0

j
W +

j , 0
j -

j

W -
j , z

j
W -

j , z
-

W -
j , 0

j
W -

j , 0
j .

Ob serv e n ow for any z [ - M , M ]

S n , l ( z ) = n h l + 1 [ l ( K - ) + O ( 1/ n ) ] , w j ,z = n 2h 4 [ 2 ( K - ) + O( 1/ n ) ] .

T hu s w e hav e
Cov ( n ( z 1) , n ( z 2 ) )

= ( n h) 2 2

n 4 h 8
2 ( K - ) 2

j
[ ( W +

j , z 1
- W +

j , 0) ( W +
j ,z 2

- W +
j , 0) - ( W +

j ,z 1
- W +

j , 0)( W -
j , z 2

- W -
j , 0)

- ( W -
j ,z 1

- W -
j , 0) ( W +

j , z 2
- W +

j , 0) + ( W -
j ,z 1

- W -
j , 0) ( W -

j , z 2
- W -

j , 0) ]

= ( n h) 2

n h 2
2{ {[K + ( + ( z 1h) / ( n h) - x

h )- K + ( - x
h )]

[K + ( + ( z 2h ) / ( n h) - x
h )- K + ( - x

h )]
- [K + ( + ( z 1h) / ( n h) - x

h )- K + ( - x
h )]

[K - ( + ( z 2 h) / ( n h) - x
h )- K - ( - x

h )]
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+ [K - ( + ( z 1h) / ( n h) - x
h )- K + ( - x

h )]
[K - ( + ( z 2 h) / ( n h) - x

h )- K - ( - x
h )]}dx + O( 1/ n )}.

By th e assumption s for K , th en

K ( + ( z h) / ( n h) - x
h )- K ( - x

h )
= K ' ( - x

h ) z
( n h)

+ O( 1
( n h) 2 ) 1 {K ' ( - x

h ) 0}{K ' ( + ( z h ) / ( n h ) - x
h ) 0}

S i n c e 1 {K ' ( - x
h ) 0} K ' ( + ( z h ) / ( n h ) - x

h ) 0}dx = O ( h) .

K '2 ( - x
h )dx = h K '2

- ( u ) d u , an d K '
+ ( - x

h ) K '
- ( - x

h )dx = 0 , then

Cov ( n ( z 1) , n ( z 2 ) ) = 2z 1z 2
2 K '2

- ( u ) d u + O ( 1/ ( n h) ) . (3.3)

Let

a j = ( n h)
W +

j ,z

j
W +

j ,z
-

W +
j , 0

j
W +

j , 0
-

W -
j , z

j
W -

j ,z
-

W -
j , 0

j
W -

j , 0
.

T hen n ( z ) - E n ( z ) = a j j . Sin ce m ax 1 j n a 2
j / a 2

j 0 ,

n ( z ) - E n ( z ) sat isfies Lin dberg ' s con dit ion . T hu s w e h av e a symptot ic

n orm ality of n ( z ) as follow s .

L e m m a 3 .2 . F or fix ed z [ - M , M ] ,

n ( z ) - E n ( z ) d N (0 , 2 z 2 2 K '2
- ( u ) d u ).

F or fix ed z 1, z 2 , , z l [ - M , M ] ,

( n ( z 1) - E n ( z 1) , , n ( z l) - E n ( z l) ) d N ( 0 , ) ,

w h ere = ( i , j ) an d i , j = 2 z 1 z 2
2 K '2

- ( u ) d u .

By follow in g the similar lin es to the proof of Lemm a 6.5 in Muller (1992), it can

b e show n that th e sequ ence n = n ( z ) - E n ( z ) is t ight . T his an d Lemm a 3.2

together imply the follow in g .
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T h e orem 3 .1 F or fix ed z [ - M , M ] ,

n
w on C ( [ - M , M ]) , (3.4)

w h ere is a continuou s Gau s sian process w ith

E ( z ) = - z + 1 K - (0) / ( + 1) .

Cov ( ( z 1) , ( z 2 ) ) = 2 z 1 z 2
2 K '2

- ( u ) d u .

N ote that ( z ) in abov e th eorem can be w rit t en equiv alently as

( z ) = - z + 1K - ( 0) / ( + 1) ! + X z ,

w h ere X N (0 , 2 K '2
- ( u ) d u ) and has a unique m ax imum at

Z * = [ x ! / ( ( ) K - ( 0) ) ] 1/ .

Let Z n be the location of th e maximum of n . T hen

= + Z n h / ( n h) 1/ ( 2 ) .

Since Z n
d Z * by T h eorem 3.1 th e asymptotic normality of follow s .

Corollary 3 .1

n h ( -
h ) d N (0 , 2 2 ( !

( ) K ( )
- (0) )

2

K '2
- ( u ) d u). (3.6)

A pplyin g the fun ct ional mapping th eorem giv es that n ( Z n ) d ( Z * ) an d

h ence ( n h) 1/ 2
n ( Z n ) / ( n h) ( + 1) / ( 2 ) 0 . T his implies

( n h) 1/ 2 { ( ) - ( ) } p 0 by the definit ion s of n ( ) , Z n , ( )

and . M oreov er sin ce n h n V n
p K , for som e finit e con stant K ,

{ ( ) - ( ) } / n V n
p 0 . T herefore combining this w ith Lemm a 3.1,

w e h av e the asymptot ic n orm ality of ( ) .
Corollary 3 .2

C K *
n ( ) = ( ) - ( )

n V n

d N (0 , 1) . (3.7)

A symptot ic 100 ( 1 - ) % confiden ce int erv als of and ( ) are
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h [ - 1 ( 1 - / 2) ! n / ( ( ) K - (0) ) ] 1/ [ 2 K '2
- ( u ) du / ( n h) ] 1/ ( 2 ) , (3.8)

( ) - 1 ( 1 - / 2) n V n . . (3.9)

By Corollary 3.2. th e number of chan ge point s is equiv alent to the number of
the clu st er s of th e closed neighborh ood satisfied as

C K *
n ( ) > - 1 ( 1 - / 2) .
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