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N onin form ativ e P riors in F reund 's B iv ariate
E x pon ential D i s tribut ion : S y m m etry Ca s e
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A b s tra ct

In this paper , w e dev elop noninform ativ e prior s th at are u sed for
est im ating the rat io of failure rat es under F reun d ' s biv ariat e expon ential
distr ibut ion . A class of prior s is foun d by m atchin g the cov erage
prob abilit ies of on e- sided Bay sian credible interv al w ith the corresponding
frequ entist cov erag e probabilit ies . Also the propriety of post erior under th e
noninform ativ e prior s is prov ed an d the frequentist cov erage probabilit ies
are inv est igat ed for sm all samples via simulation study .

K ey W ords : F requentist cov erag e probability ; Jeffr ey s prior ; M atchin g
prior ; Referen ce prior .

1. IN T ROD U CT ION

T h e qu antificat ion of the reliability of parallel sy st em s is b ased on the
a ssumption th at , w hen a redundant compon ent fails , the failure rat e or th e
reliability of th e survivin g component s is not affect ed by th e failed component . In
som e situ at ion s , how ev er , all th e component s share the load during th e mission
and th e failure rat e of the survivin g component s m ay in crease du e to increa sed
load w hen a component fails . Sy stem s such as a mult i- processor computer and
electric g en erator s sh arin g an electrical load in plant can be described by a
shared - load m odel. T o correct ly det ermin e th e reliability of su ch sy st em s , th e
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increase of failure rat e of the surviving compon ent s ha s to be con sidered. F reun d
(1961) formulat ed a biv ariat e ex ten sion of the ex ponential m odel as a m odel for a
sy st em w here the failure t im es of the tw o component s m ay depend on each other .
T he Freun d m odel applies , in part icular , to tw o- compon ent shared - load sy stem
that can funct ion ev en if one component has failed. He also obtain ed the
m ax imum likelihood est im ator s of th e model parameter s . W eier (1981) obtained
Bay es est im ator s of param eter s and reliability fun ction for th e Freund m odel. Ch o
(1999) obtained Bay esian t est s of symm etry in F reun d m odel.

Let the ran dom v ariables ( X , Y ) b e F reun d ' s biv ariat e expon ential m odel w ith
param eter s = ( , , ' , ' ) . T hen th e joint probability den sity fun ct ion (pdf) for

( X , Y ) by Freund (1961) is as follow s :

f (x , y ) = { ' ex p ( - ' y - ( + - ' )x ) ,y >x >0
' ex p ( - ' x - ( + - ' )y ) , x >y >0 . (1)

T h e Freund biv ariate ex pon ential model is symmetry ca se w h en the failure rat es
of tw o compon ent s are same, th at is , = , ' = ' . In symm etry case , w e let
r 1 = ' / , th en the quantit ies of r 1 mean the degree of tw o- compon ent

shared - load. So, w e con sider Bay esian an aly sis for r 1 in this paper . In Bay esian

analy sis , inference problem s are not simple becau se of problem s as sociat ed w ith
selection of prior s as w ell as computation al difficulties .

A comm only u sed noninform ativ e prior is th e Jeffrey s prior (1961) ut ilizing a
dat a tr an slated likelihood. Berg er an d Bern ardo (1989) argued th at the Jeffrey s
prior has seriou s deficiencies in multiparam eter case. Also Berg er an d Bernardo
(1992) proposed a gen eral algorithm to deriv e a referen ce prior . Datta an d Gh osh
(1995) introduced m atchin g prior , that is founded by m atchin g th e cov erag e
probabilit ies of on e- sided Bay sian credible int erv al w ith the correspon ding
frequentist cov erag e probabilit ies .

In this paper , w e focu s ex clu siv ely on dev elopin g noninform ativ e prior s for r 1 .

F ir st , w e deriv e the n oninformativ e prior for r 1 . Nex t , w e obtain the propriety of

posterior un der th e deriv ed n oninformativ e prior an d w e giv e the m arginal den sity
of r 1 un der this prior . F inally , w e provide simulat ed frequentist cov erag e

probabilit ies un der the deriv ed n oninformativ e prior for sm all sample sizes .

2 . D EV ELOPM EN T OF T HE N ON IN F ORM A T IV E PRIOR S

Recently , dev elopm ent of n oninformativ e prior ha s receiv ed a lot of at tent ion .
N otably am on g these are n oninformativ e prior s leadin g to Bay esian confidence
region s w ith frequ entist ' s desir ed confiden ce lev el.
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W hen the param eter of interest is t( ) , an arbitr ary fun ct ion of p - dimen sion al
param eter v ector , Datt a an d Gh osh (1996) con sidered the follow ing fir st - order
a symptot ic property :

P ( n ( t( ) - t( ) )
b

z)= P ( n ( t( ) - t( ) )
b

z |X )+ o( n - 1/ 2) ,

for all z, w h ere is the post erior mode or m ax imum likelih ood est im ator of

theta and b is th e asymptotic post erior v ariance of n ( t( ) - t( ) )up to

op ( n - 1/ 2 ) . T hey prov ed th at if t( ) is a tw ice continu ou sly differentiable

funct ion , ( ) is a fir st - order m atching prior if and only if ( ) satisfies the
follow ing probability matchin g equ ation :

p

i = 1 i (
T
i I - 1( ) t( )

t( ) T I - 1( ) t( )
( ))= 0 ,

w here t( ) = ( 1
t( ) ,

2
t( ) , ,

p
t( ))

T

an d T
i is the ith unit column

p - v ector and I - 1( ) is th e inv er se of the per unit ob serv ation inform ation m atrix
of .

In this sect ion , the fir st - order m atching prior s are presented so that th e
a symptot ic frequentist cov erag e probability of one sided posterior credible int erv al

agree w ith frequentist ' s desir ed confidence lev el up to o( n - 1/ 2) w hen r 1 is the

param eter of int erest .

L em m a 1 A prior ( , ' ) is the fir st - order m atchin g prior for r 1 if and only

if :

(-
2

( , ' ))+ ' ( '
2

( , ' ))= 0 . (2)

P ro of : Since the param eter of int erest is r 1 = ' / , it follow s

( r 1) = (- '
2 , 1 )

T

,

I - 1( , ' ) ( r 1) = (- ' , ' 2

)
T

,

( r 1)I - 1( , ' ) ( r 1) = 2 ' .
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H ence, the probability matchin g equ ation is simplified to

(-
2

( , ' ))+ ' ( '
2

( , ' ))= 0 . (3)

T h e orem 1 . In th e F reun d ' s biv ariate ex ponential distr ibut ion , the fir st - order
m atchin g prior is of the form :

M ( , ' ) - 1 ' - 1 . (4)

P ro of : By (3), it is t r iv ial. □

By simple alg ebra , F isher inform ation m atrix of ( , ' ) is giv en by

I ( ) = ( )1/ 2 0
0 1/ ' 2 .

So |I ( ) | 1/ 2 - 1 ' - 1 . T hen Jeffrey s ' prior is

J( , ' ) - 1 ' - 1 . (5)

By the tran sform ation of v ariables , the joint prior for th eta becomes r - 1
1 r - 1

2

,w h ere r 1 is the param eter of int erest and r 2 = is the nuisance param eter .

Other pos sible noninform ativ e prior is the reference prior of Bernardo(1979).
Ch oosin g rect angle compact s for each on e of r 1 an d r 2 , w hen r 1 is th e

param eter of int erest , du e to th e orthogonality of r 1 w ith r 2 , , from Datta and

Gh osh (1995b ), the reference prior a s w ell as the rev er se prior is giv en by

R ( r 1, r 2) = r - 1
1 r - 1

2 .

Back to ( , ' ) formulation th e abov e reference prior tr an sform s to

R ( , ' ) = - 1 ' - 1 . (6)

T hu s it turn s out that the Jeffrey s ' prior , the reference prior and the fir st order
m atchin g prior for ( , ' ) are the sam e in the Freund m odel. T h erefore w e
den ote
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( , ' ) = J( , ' ) = R ( , ' ) = M ( , ' ) . (7)

Note that the sam e phen om en on w as ob serv ed in Ghosh and Sun (1998) for th e
expon ential case.

3 . IM PLEMEN T A T ION OF T HE B A Y E S IA N PROCED U RE

Let D 1 = {i | i = 1 } , |D 1 | is number of elem ent s for D 1an d D 0 , respectiv ely .

W e n ow prov e th at the posterior is proper un der the n oninform ativ e prior giv en in
(7).

T h e orem 2 . T he post erior distr ibut ion of ( , ' ) un der the prior is proper .

P ro of : Note that

0 0
L ( ) - 1 - 1d d ' =

( |D 1 | + |D 0 |)

(2
i D 1

x i + 2
j D 0

y j )
|D 1 | + |D 0 |

( |D 1| + |D 0 |)

(
i D 0

x i +
j D 1

y j -
i D 1

x i -
j D 0

y j )
|D 1 | + |D 0 | < .

T his complet es the proof. □

Nex t , w e provide the m arginal posterior den sity of r 1 un der the abov e

n oninform ativ e prior .

T h e orem 3 . Un der the prior r 1 , the m arginal posterior den sity of r 1 = ' / , is

giv en by

p ( r 1 |X , Y )
r

|D 1 | + |D 0 | - 1
1

( r 1 (
i D 0

x i +
j D 1

y j ) - (2 - r 1) (
j D 0

y j +
i D 1

x i) )
2|D 0 | + + 2 |D 1 | .

P ro of : It is t r ivial. □

T h e n orm alizin g con st ant for th e m argin al den sity of r 1 r equires on e
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dimen sion al int egration . T herefore w e hav e th e m argin al post erior den sity of r 1 ,

and so it is easy to compute the m argin al m oment of r 1 .

4 . S IM U LA T ION S T U D Y

W e ev alu at e th e frequ entist cov erage probability by inv estigat ing th e credible
int erv al of the m arginal post erior den sity of r 1 un der our prior for small

sample sizes (n =3,5,10,20). T he computat ion of th ese num erical v alues is based on
the follow ing algorithm for any fix ed tru e ( , ' ) and any prespecified prob ability

v alu e . Here is 0.05 (0.95). Let r 1 ( |X , Y ) be the post erior - qu antile of r 1

giv en ( X , Y ) . T hat is t o say , F ( r 1 ( |X , Y ) |X , Y ) = , w here F ( |X , Y ) is

the m argin al post erior distr ibut ion of r 1 .

T h en the frequ entist cov erag e probability of this one sided credible int erv al of
r 1 is

P ( , ' ) ( ; r 1) = P ( , ' ) (0 < r 1 r 1 ( |X , Y ) ) . (8)

T ab le 1 : Frequentist Cov erage Probability of 0.05 and 0.95,

Post erior Quantiles of r 1
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r 1 n
0.05 0.95

1

3 0.052 0.949

5 0.049 0.950

10 0.053 0.950

20 0.046 0.950

2

3 0.050 0.952

5 0.049 0.948

10 0.052 0.948

20 0.050 0.952

3

3 0.049 0.954

5 0.053 0.951

10 0.050 0.948

20 0.052 0.949

5

3 0.050 0.952

5 0.050 0.949

10 0.045 0.950

20 0.053 0.953

T h e est im ated P ( , ' ) ( ; r 1) w h en = 0.05 (0.95) is show n in T able 1. In

particular , for fix ed ( r 1 , n ) , w e take 10,000 in depen dent random samples from

X = (X 1 , , X n ) an d Y = ( Y 1 , , Y n ) , r espect iv ely . Note that under

r 1 r 1 ( |X , Y ) if and only if F ( r 1 |X , Y ) . F or the cases present ed in

T able 1, w e see that the noninform ativ e prior m eet s v ery w ell th e t arget
cov erag e prob ability . Also n ote th at the result s in T able 1 are not mu ch sen sitiv e
to the chan ge of the v alues of ( , ' ) .
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