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Hierarchic al B ay e s A n aly s i s of Lon g itu din al
P oi s s on Count D at a

D al H o Kim 1) Im H ee S hin2 ) In S un Choi3 )

A b s tra ct

In this paper , w e con sider hierarchical Bay es gen eralized lin ear models
for the an aly sis of longitudin al count data . Specifically w e intoduce the
hierarchical Bay es ran dom effect s m odels . W e discu s s implem entat ion of
th e Bay es procedures via M arkov chain M onte Carlo (M CM C) int egration
techniques . T h e hierarchical Bay e meth od is illu str at ed w ith a real dat aset
and is compared w ith other st at ist ical m ethods .

K ey w ord s : Random effect s m odels , hierarchical Bay es , longitudinal
count data , Gibb s sampling .

1. Introduction

T h ere is con siderably recent statist ical interest in the analy sis of longitudinal
dat a . Unlike cross - sect ional studies , w h ere sin gle outcom e is m easured for each
individual, lon gitudin al studies inv olv e repeat ed m easurem ent s of in dividu als or
subj ect s through tim e. T his introduces a n atural correlation among th e
m ea surem ent s w ithin a subject w hich mu st b e t aken into account for any
statist ical an aly sis . Also, longitudin al studies can det ect chan ges ov er t im e w ithin
individuals w hich cross - sect ional studies cannot .

Diggle, Liang and Zeg er (1994) provided a comprehen siv e frequentist an aly sis of
lon gitudin al dat a . T hey ex tended the g eneralized linear m odel (GLM ) con cept s to
the analy sis of lon gitu din al dat a . In part icular they h av e con sidered m arginal,
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ran dom effect s an d tran sition m odels , an d h av e provided a v ariety of frequ entist
analy ses for all these m odels .

F or the random effect s m odels , W aclaw iw and Lian g (1994) con sidered empirical
Bay es (EB ) approach and Ghosh , Kim an d M ait i (1997) h av e con sidered hierarchical
Bay es (HB ) approach to the an aly sis of lon gitudin al binary dat a based on
g en eralized lin ear mix ed m odels (GLMM ). Our object iv e is to introdu ce HB GLMM
for the an aly sis of longitudin al count dat a .

T h e ran dom effect s m odel introdu ces correlation s w ithin a subject ov er tim e.
A ssignin g distr ibut ion s to th e prior hyperparameter s a s done in a HB an aly sis also
builds dependen ce betw een subject s across different t im e periods . T his en ables on e
to "borrow strength " from other subject s as w ell as across t ime.

T h e outline of the rem ainin g sect ion s is a s follow . Section 2 introdu ces a
g en eral HB ran dom effect s model. Sect ion 3 provides the HB analy sis of a real
dat aset an d compares w ith th e other an aly ses u sin g oth er comparable m ethods .

2 . B ay e s i an Generalize d Lin e ar M ix e d M odel s

Suppose th at Y ij den otes th e respon se of the ith subject (or in dividu al) at the

j th t im e ( j = 1, , n i ; i = 1, , m ) . W e con sider the follow in g HB m odels :

(I) f (y ij | ij ) = ex p [ {y ij ij - ( ij )}/ ij ]h (y ij ; ij )

w here ij ( >0) are assum ed to b e know n , ij = log ij , ij = x ij
T

+

d ij
T

u i + log t ij , , an d d ij is sub set of x ij and u i = ( u i1 , u i2 , , u iq) T .

(II) u i
iid N (0 , G ) .

(III) and G are m argin ally in depen dent w ith U n iform ( R p ) and

G In v ers e Wish art ( S , k ) .
N ote that an offset , log t ij , w as introduced to t ake account of different int erv al

len gth s in th e log - linear m odel. Here the Inv er se W ishart distr ibution has the
probability den sity fun ct ion (pdf) of th e form

f ( G ) |G | - ( q + k ) / 2 ex p ( - t race ( SG - 1) / 2) .
T he GLMM w as also con sidered in Breslow and Clayton (1993) as w ell as Zeger
and Karim (1991) in a related but different contex t .

T h e HB m ethod is implem ented via the M CM C integration t echnique. (cf.
Gelfand an d Smith (1990)). T his requires gen erat ion of samples from the follow in g
full con dition als .

( i) [ | , G , y ] N( i j

( ( ij ) - log t ij )

d ij
T

G d ij

x ij ,
i j

x ij x ij
T

d ij
T

G d ij

- 1
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( ii) p ( ij | k l( k i , l j ) , G , , y ) ex p {y ij ij - ( ij ) -
( ( ij ) - x ij

T
- log t ij )

2

2 d ij
T

G d ij }
( iii) p ( G | , , y ) i j ( d ij

T
G d ij )

- 1/ 2 ex p {[ ( ij ) - x ij
T

- log t ij ]
2

2 d ij
T

G d ij }
| G | - ( q + k ) / 2 ex p {- t race ( S G

- 1
) / 2}

It is easy to g en erate samples from the full con dition als giv en in (i). How ev er ,
(ii ) and (iii) are n ot a st andard den sity from w hich one can gen erat e samples
easily . T his difficulty is ov ercom e by employing the M etropolis - H asting s
alg orithm . An altern at iv e approach to g enerat e sample form (ii) w ould be to u se
the adaptiv e rejection samplin g (ARS ) of Gilk s an d W ild (1992) sin ce ( ij | ) are

all log - con cav e . But the latt er is n ot pur sued here .

3 . D at a A n aly s is

W e provide in this section a HB an aly sis of a real dat aset giv en T hall and Vail
(1990) and by Breslow and Clayton (1993). F or each pat ient , the number of epilept ic
seizures w a s recorded durin g a baseline period of eight w eek s . P atient s w ere then
ran domized to treatm ent w ith the ant i- epilept ic dru g progabide, or to placebo in
addit ion to st andard ch em otherapy . T he number of seizures w as then recorded in
four con secutiv e tw o- w eek int erv als . Let Y ij denote the Poisson count s respon se

from 0 to infinit e correspondin g to occur th e epilept ic seizures . T h e objectiv e is
w h ether or not the prog abide redu ces th e rat e of epilept ic seizures . T h e su cces siv e
seizure count s for 59 pat ient s . Cov ariat es are tr eatm ent (0, 1), 8- w eek baseline
seizure count s , an d ag e in y ear s .

W e fir st con sider th e follow in g m odels . M odel 1 is a log - linear m odel w ith a
ran dom intercept as follow s .

( I) log E ( Y ij |u i) = 0 + 1x ij 1 + 2x ij2 + 3x ij 1x ij2 + u i + log ( t ij )

i = 1, , 59 , j = 0 , , 4

w h ere x ij 1 = {1 if th e ith subject s is as s ign ed t o th e prog ab ide g roup

0 if t h e ith subject s is as s ign ed t o th e placebo g roup

x ij2 = {1 if j = 1, 2 , 3 , or 4

0 if j = 0

( II) u i
iid N (0 , r - 1

u )

( III) = ( 0 , 1 , 2 , 3) T and r u are m arginally independent w ith

U n iform ( R 4 ) an d r u Gamm a (a / 2 , b / 2) .
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T h en the joint pdf of , , an d r u giv en y ij is giv en by

f ( , , r u |y ij )
i j

[ ex p {y ij ij - ( ij )}]

i j
r 1/ 2

u ex p [ -
r u

2 ( ij - log t ij - x ij
T

) 2]

i j
r b/ 2

u ex p { - ( r u + a) / 2}.

T o implem ent th e M CM C integrat ion t echniqu es in M odel 1, w e n eed to
g en erate samples from th e full con dit ional distr ibution s like below :

( i) [ r u | , , y ] Gamm a ( {a + (
i j

ij -
i j

log t ij -
i j

x ij
T

) 2 }/ 2 ,

{ u i + b }/ 2)

( ii) [ | , y , r u ] N (r u
i j

( ij - log t ij ) x ij
T

, r - 1
u

i j
( x ij x ij

T
) - 1)

( iii) p ( ij | k l( ( k , l) ( i , j ) ) , , r u , y ) ex p {y ij ij - ( ij )

- r u ( ij - log t ij - x ij
T

) / 2}

T o complete th e hierarchical M odel 1, w e assign a Uniform ( R 4 ) prior for

= ( 0 , 1 , 2 , 3) T , an d Gamm a (0 .0005/ 2 , 0 .0005/ 2) prior for r u .

In M odel 2, w e add a secon d ran dom effect for the pre/ post - tr eatm ent indicator
( x 2) as follow s .

log E ( Y ij |u i) = 0 + 1x ij 1 + 2x ij2 + 3x ij 1x ij2 + u i1 + x ij2 u i2 + log ( t ij )

w h ere u i = ( u i1 , u i2) T is as sumed to follow a biv ariat e n orm al distr ibut ion w ith

m ean 0 and v arian ce m atrix G w ith element s ( )G 11 G 12

G21 G22
. M oreov er , the

hyperprior s are as sumed th at = ( 0 , 1 , 2 , 3) T an d G are margin ally

independent w ith U n iform ( R 4 ) an d G In v ers Wish art ( S , k) . Denote

d ij = ( 1, x ij2) T . T he inclu sion of u i2 allow s u s to addres s the concern that there

might be h eterogeneity am on g subject s in th e rat io of th e ex pected seizure count s
b efore an d after th e ran domizat ion . T h e degree of h et erog eneity can be m easured
by the m agnitude of G22 , the v ariance of u i2 .

T o implem ent the M CM C integration t echniqu es in M odel 2, w e gen erat e
samples from th e full con dit ional distr ibution s as follow s :

( i) [ | , G , y ] N
i j

( ij ) - log t ij

d ij
T

G d ij

x ij ,
i j

x ij x ij
T

d ij
T

G d ij

- 1

( ii) p ( ij | k l( k i , l j ) , G , , y ) ex p {y ij ij - ( ij )

- ( ( ij ) - x ij
T

- log t ij )
2 / {2 d ij

T
G d ij }}
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( iii) p ( G 11|G 12 , G22 , , , y )
i j

( G 11 + 2x ij2 G 12 + x 2
ij2 G22) - 1/ 2

ex p {-
( ( ij ) - x ij

T
- log t ij )

2

2 ( G 11 + 2x ij2 G 12 + x 2
ij2 G22) }

|G 11G22 - G2
12 | - ( q + k ) / 2 ex p {- 1

2
G 11 + G22

G 11G22 - G2
12 }

( iv) p ( G 12 |G 11 , G22 , , , y )
i j

( G 11 + 2x ij2 G 12 + x 2
ij2 G22) - 1/ 2

ex p {-
( ( ij ) - x ij

T
- log t ij )

2

2 ( G 11 + 2x ij2 G 12 + x 2
ij2 G22) }

|G 11G22 - G2
12 | - ( q + k) / 2 ex p {- 1

2
G 11 + G22

G 11G22 - G2
12 }

( v) p ( G22 |G 12 , G22 , , , y )
i j

( G 11 + 2x ij2 G 12 + x 2
ij2 G22) - 1/ 2

ex p {-
( ( ij ) - x ij

T
- log t ij )

2

2 ( G 11 + 2x ij2 G 12 + x 2
ij2 G22) }

|G 11G22 - G2
12 | - ( q + k ) / 2 ex p {- 1

2
G 11 + G22

G 11G22 - G2
12 }

T o complete th e hierarchical M odel 2, w e assign a Uniform ( R 4 ) prior for

= ( 0 , 1 , 2 , 3) T an d Inv er s W ish art (( )0 .0005 0
0 0 .0005

, 7) prior for G .

In our set t in g G ij , i = 1, 2 ; j = 1, 2 is a posit iv e real number , but M - H

alg orithm h as all r eal numb er space, i.e. the ran ge for M - H alg orithm is
( - , ) . Hen ce w e n eed to m odify the M - H alg orithm lik e bellow .
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T able 1: Estim ate and st andard errors (in parentheses ) for the pr ogabide data w ith 49th
observ ation .

M odel 1 M odel 2

Variable AML HB_MH HB_BUGS AML HB_MH HB_BUGS

Intercept ( 0 )
1.0

(0.15)

1.3012

(0.3302)

1.5012

(0.1302)

1.1

(0.14)

1.0344

(0.2322)

1.0182

(0.1134)

T reatment ( 1 )
- 0.023

(0.20)

- 0.0225

(0.1502)

- 0.0325

(0.1120)

0.050

(0.18)

0.0574

(0.1134)

0.0636

(0.1526)

T ime ( 2 )
0.11

(0.047)

0.1102

(- 0.0417)

0.1623

(0.0547)

0.002

(0.11)

0.0030

(0.0838)

0.00189

(0.0875)

T rt by time ( 3 )
- 0.10

(0.065)

- 0.0986

(0.0584)

- 0.1092

(0.0658)

- 0.31

(0.015)

- 0.2938

(0.01175)

- 0.2961

(0.2152)

G 11

0.62

(0.12)

0.6145

(0.1364)

0.6614

(0.2364)

0.51

(0.10)

0.5117

(0.1499)

0.5242

(0.1089)

G 12 - - -
0.054

(0.056)

0.0667

(0.0462)

0.0623

(0.0489)

G22 - - -
0.24

(0.062

0.2189

(0.0761)

0.2395

(0.1034)

M odified M etropolis - H ast in g Algorithm : Sin ce G ij ( i = 1, 2 : j = 1, 2) is a

v ariable w ith rang e in posit iv e real line, w e can u se a tran sform ation su ch as
G' ij = log G ij , to m ap (0 , ) into ( - , ) , then u se the tran sition kern el an d

applyin g of the M - H algorithm to the den sity of G' ij . After one tran sit ion of th e

M etropolis - Hasting alg orithm is don e th en w e tran sform G' ij back to the original

scale mean s of G ij = ex p G' ij .

F or b oth m odels , a burn - in of 7500 it eration s w as follow ed by a further 15000
it eration . T able 1 is b ased on th e complet e data an d T able 3 is based on the dat a
w ithout 49th ob serv at ion . T h ese result s are based on Gibba sampling w ith 5 ch ain
and 15000 replicat ion follow in g Gelm an an d Rubin (1992).

T h e BUGS provides a declarativ e language for str aightforw ard specificat ion of
statist ical models based on th e as sumed graphical structure, although th ere are
som e restr iction s on th e cla ss of m odels that can be analy sed currently . A
compiler then proces ses the m odel an d dat a and set s up the sampling distribution s
required for the Gibb s sampling . F inally , appropriat e samplin g algorithm s are
implem ented to simulat e v alues of th unknow n qu antities in th e m odel. T o

implem ent BUGS for b oth M odel 1 and M odel 2, w e assign a N (0 , 10 4 I) prior

in stead of a Uniform ( R 4 ) prior for = ( 0 , 1 , 2 , 3) T . Also b oth m odels w ere

fitt ed u sing the approx imay e m ax imum lik elihood (AML ) alg orithm . See Diggle ,
Liang and Zeg er (1994) for detailed calculat ion s .
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T able 2 : Estim ate and st andard err ors (in parentheses ) for the pr og abide data w ithout 49th
observ ation .

M odel 1 M odel 2

Variable AML HB_MH HB_BUGS AML HB_MH HB_BUGS

Intercept ( 0 )
1.0

(0.14)

1.0012

(0.1302)

1.2022

(0.1252)

1.1

(0.13)

1.1222

(0.1532)

1.0843

(0.1341)

T reatment ( 1 )
- 0.009

(0.19)

- 0.0121

(0.1975)

- 0.0134

(0.0455)

- 0.029

(0.19)

- 0.0194

(0.1248)

- 0.0342

(0.0109)

T ime ( 2 )
0.11

(0.047)

0.1100

(0.0724)

0.1346

(0.2746)

0.10

(0.11)

0.0135

(0.0854)

0.0531

(0.0567)

T rt by time ( 3 )
- 0.30

(0.070)

- 0.3181

(0.06243)

- 0.2897

(0.07423)

- 0.34

(0.15)

- 0.3326

(0.1141)

- 0.3453

(0.2133)

G 11

0.53

(0.10)

0.5497

(0.2186)

0.6030

(0.2314)

0.46

(0.10)

0.5512

(0.1614)

0.5762

(0.0945)

G 12

0.014

(0.053)

0.0657

(0.0437)

0.0532

(0.0185)

G22

0.22

(0.059)

0.2349

(0.0782)

0.2384

(0.0228)

In the result from T able 1 and T able 2, three meth ods are quite comparable.
F or M odel 1, there is m odest eviden ce th at progabide is m ore effect iv e than th e

placebo in redu cin g the occurrence of seizures ( 3 = - 0 .0982 0 .0584 ). W ith

pos sible outlier pat ient number 49 delet ed, strong er tr eatm ent effect is su gg est ed

( 3 = - 0 .3181 0 .06242 ). F ocu sin g on th e result s of M odel 2 fit ted to th e

complet e data , subject s in the placebo group hav e ex pect ed seizure rat e aft er
t r eatm ent w hich are estim ated to be roughly th e sam e as before treatm ent

( ex p ( 2) = ex p (0 .003) = 1.003 ). F or th e progabide group, th e seizure rat es are

redu ced aft er tr eatment by about 25.5 percent ( 1 - ex p (0 .003 - 0 .293) = 0 .255 ).
H en ce, th e tr eatm ent seem s to hav e a m odest effect . T he estim ated effect is

3 = - 0 .293 w ith a st andard error of.117. F in ally , if w e set aside of the m oment

pat ient numb er 49, w h o h ad unu sually high seizure rates , ( 3 = - 0 .3326 0 . 114 1).

T he analy sis w ithout pat ient 49 is only exploratory , an d is carried out in order to
under st an d this patient s ' s influ ence on th seizure count s and perh aps has special
m edical problem .
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