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N onin form ativ e P riors for the R at io of the F ailure
R ate s in E x pon ential M ode l 1 )

Jan g S ik Cho 2) S un g U k B aek3 )

A b s tra ct

In this paper , w e deriv e n oninformativ e prior s for the ratio of failure
rates in ex ponential model. A class of prior s is foun d by m atchin g the
cov erage prob abilit ies of on e- sided Bay sian credible int erv al w ith the
correspon din g frequ entist cov erage probabilities . A nd w e prov e that the
noninform ativ e prior m atch es the altern at iv e cov erage prob abilit ies and is
a HPD matchin g prior up to th e secon d order . F in ally , w e provide
simulated freqentist cov erag e probabilit ies un der the deriv ed
noninform ativ e prior for small samples .

K ey W ords : Altern at iv e cov erage probability ; HPD maching prior ;
M atching prior ; Reference prior .

1. IN T ROD U CT ION

In lifet im e studies , ex ponential m odel h as been w idely u sed as a m odel in areas
ran ging from stu dies on th e lifetim es of m anufactured it em s to research inv olving
surviv al or remission t im es in chronic diseases .

Now let X be a ran dom v ariable h avin g ex ponential m odel w ith param eter .
T hen probability den sity funct ion (pdf ) for random v ariable is a s follow s :

f (x ) = ex p - x x >0 , >0 . (1)

An d let Y be an other random v ariable having ex ponential m odel w ith param eter
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. Here X an d Y are independent . W e focu s on th e rat io of th ese failure rates ,
r 1 = / . T hen w e can see that the rat io of failure rat es mean s th e

comparat iv ereliability of Y for X . T hat is , if r 1 = 1 then X an d Y are same

failure rate . If r 1 = 1 (or r 1 < 1 ) then the failure rate of Y is great er (or less )

than that of X . So w e focu s ex clu siv ely on dev eloping noninform ativ e prior s for
r 1.

In Bay esian an aly sis , inferen ce problem s are not simple becau se of problem s
a ssociated w ith select ion of prior s a s w ell a s computat ional difficult ies . A
comm only u sed noninform ativ e prior is the Jeffrey s prior (1961) ut ilizing a data
tr an slated lik elihood. Althou gh it s su cces sful commitm ent , Berg er an d Bernardo
(1989) argu e that the Jeffrey s prior has seriou s deficiencies in mult iparam eter case.
T o ov ercom e these deficien cies , Berger and Bern ardo (1992) and Ghosh and
Mukerjee (1992) introdu ced th e reference prior . Recently , Mukerjee and Ghosh
(1997) dev eloped a second order m atchin g prior .

In this paper , w e deriv e th e secon d order matchin g prior for r 1 and obtain the

propriety of posterior un der the deriv ed n oninform ativ e prior . W e prov e that the
second order m atching prior m atches the alt enat iv e cov erage probabilities up to
the same order and is a HPD m atching prior up to th e sam e order . F inally , w e
provide simulat ed freqentist cov erag e probabilities under the deriv ed n oninform ativ e
prior for sm all samples .

2 . N ON IN F ORMA T IV E PRIORS

2 .1 T h e Prob ability M atchin g Priors

Suppose that X = (X 1 , , X m ) are random samples from ex pon ential ( ) , and

Y = ( Y 1 , , Y m ) are ran dom samples from ex pon ential ( ) . H ere, X and Y are

independent . T he log - likelihood funct ion of ( , ) is

l( , ) m ln ( ) + n ln ( ) -
m

i = 1
x i -

n

j = 1
y j .

By a simple alg ebra , the F isher inform ation m atrix of ( , ) is giv en by

I ( , ) =
m

2 0

0 n
2

.

T h en Jeffrey s ' prior is |I ( , ) |
1
2 ( ) - 1 . T hat is ,
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J ( , ) 1 . (2)

In this paper , sin ce the parameter of int erest is r 1 = / , our int erest is to find
the probability matchin g prior for r 1 .

F or a prior , let r 1 -
1 ( : X , Y ) den ote th e 100 ( 1 - ) th percent ile of th e

posterior distr ibut ion of r 1 , th at is ,

P [ r 1 r 1 -
1 ( ; X , Y ) | X , Y ] = 1 - . (3)

W e w ant to find prior s for w hich

P [ r 1 r 1 -
1 ( ; X , Y ) | , ] = 1 - + o( n - u ) , (4)

for som e u >0 , as n g oes to infinity . Prior s sat isfying (4) are called matchin g
prior s . If u = 1/ 2 , then is referred to as a fir st order matchin g prior , w hile if
u = 1, is referred to as a secon d order m atching prior .

In order to find su ch m atching prior s , it is conv enient to introdu ce
orth og on al param etrization (Cox an d Reid, 1987 ; T ib shirani,1989). Now w e let

r 1 = , r 2 = . (5)

W ith this param etrization , th e log - likelih ood ha s th e alt ern ate representation .

l( r 1, r 2) = ln r 2 - r
- 1

2
1 r

1
2

2 x - r
1
2

1 r
1
2

2 y . (6)

Ba sed on (6), the F ish er inform ation m atrix is giv en by

I ( r 1 , r 2) =
1

2r 2
1

0

0 1
2 r 2

2

.

T hu s r 1 is orth og on al to r 2 in the sen se of Cox an d Reid (1987). F ollow ing
T ib shirani (1989), th e clas s of fir st order matchin g prior is charact erized by

( 1)
M ( r 1 , r 2) 1

r 1
d ( r 2) , (7)

w here d ( ) is an arbitrary fun ct ion different iable in it s argum ent .
Clearly th e clas s of prior of giv en (7) is quite large an d it is import ant to

n arrow dow n this class of prior . T o do this , w e con sider the class of second order
probability m atching prior s as giv en in Mukerjee and Ghosh (1997). A second
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order matchin g prior is also of th e form (7), but the function d mu st satisfy an
addit ion al different ial equation , n am ely

1
6 d ( r 2) r 1

( I
- 3

2
11 L 1 , 1, 1) + r 2

{I
- 1

2
11 L 112I

22 d ( r 2) } = 0 , (8)

w here

L 1, 1, 1 = E [ ( l
r 1

) 3 ] = 0 , L 112 = E [
3 l

2 r 1 r 2
] = - 1

4 r - 2
1 r - 1

2 ,

an d

( )I 11 I 12

I 21 I 22 = ( )I 11 I 12

I 21 I 22

- 1

= ( )2r 2
1 0

0 2 r 2
2

.

T h en (8) simplifies to

r 2
{2

- 1
2 r - 1

1 r 2 d ( r 2) } = 0 . (9)

H ence the set of (9) is of th e form d ( r 2) = 1/ r 2 . T h at is , the uniqu e secon d
order m atching prior is giv en by

( 2)
M ( r 1 , r 2) 1/ ( r 1 r 2) .

Back to ( , ) formulation th e abov e second order matchin g prior tran sform s to

( 2)
M ( , ) 1/ ( ) . (10)

Other possible n oninformativ e prior is the reference prior of Bernardo (1979).
Due to the orthogonality of r 1 w ith r 2 from Datt a and Ghosh (1995b ), th e
referen ce prior as w ell as the rev er se reference prior is giv en by

R ( r 1 , r 2) 1/ ( r 1 r 2) .

T his prior is clearly a secon d order probability m atching prior . T hu s it turn s out
that th e Jeffrey s ' prior , the reference prior s and second order m atching prior for
( , ) are the same in the ex ponential m odel. T herefore w e den ote

( , ) = J ( , ) = R ( , ) = ( 2)
M ( , ) . (11)

2 .2 M atc hin g th e A lte rn at iv e Cov erag e Prob ability

Mukerjee and Reid (1999) stu died that a prior sat isfying (10) m atches

P [ 1 + ( I 11) 1/ 2 1 -
1 ( ; Z ) ] w ith the correspon ding posterior probability ,
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up to th e same order an d for each an d , w h ere the scalar is fr ee from

n , an d Z . If a m atching prior m atches the altern at iv e cov erag e probabilit ies
then th ere is a stron ger ju st ification for calling it n oninform ativ e in so far as
agreem ent w ith a frequentist is con cern ed. In g eneral a secon d order m atchin g
prior m ay or m ay n ot m atch th e alt ernat iv e cov erage probabilities up to the same
order of approx imation .

Un der orth og on al param etrizat ion , Muk erjee an d Reid (1999) giv es the simple
differential equation s th at a second order probability m atchin g prior m atch es
alt ernat iv e cov erage probabilit ies up to the secon d order . T he differential equ at ion s
are giv en by

t

i = 2

t

j = 2 i
{L 11jI

ij I - 1/ 2
11 d ( 2 , , t) } = 0 , (12)

t

i = 2

t

j = 2 i
{L j , 11I

ij I - 1/ 2
11 d ( 2 , , t) } = 0 , (13)

1
{I - 3/ 2

11 L 111 } = 0 ,
1

{I - 3 / 2
11 L 1, 11 } = 0 , (14)

w here = ( 1, , t)
T , 1 is the param eter of int erest .

T h e orem 1 . T he secon d order probability m atchin g prior for r 1,

( 2)
M ( r 1, r 2) = ( r 1 r 2) - 1 , (15)

m atches th e alt ernativ e cov erage probabilit ies up to the secon d order .

P ro of : Since r 1 is orth og on al to r 2 , the different ial equ at ion s for the case of

r 1 are giv en as

log L
r 2

{L 112I
22I - 1/ 2

11 d ( r 2) } = 0 ,

log L
r 2

{L 2 , 11I
22I - 1/ 2

11 d ( r 2) } = 0 ,

log L
r 1

{I - 3/ 2
11 L 111 } = 0 , log L

r 1
{I - 3/ 2

11 L 1 , 11 } = 0 .

Since

d ( r 2) = ( r 2) - 1 , L 111 = E [
3 log L

r 1
3 ] = 3

2 r - 3
1 ,
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L 112 = E [
3 log L
r 2

1 r 2
] = - 1

4 r - 2
1 r - 1

2 , L 1, 11 = E [ log L
r 1

2 log L
r 2

1
] = - 1

12 r - 3
1 ,

L 2 , 11 = E [ log L
r 2

2 log L
r 2

1
] = 1

4 r - 2
1 r - 1

2 , I 11 = 1
2 r 2

1
, I 22 = 2 r 2

2 ,

w e can see that

log L
r 2

{L 112I
22I - 1/ 2

11 d ( r 2) } = 0 ,

log L
r 2

{L 2 , 11I
22I - 1/ 2

11 d ( r 2) } = 0 ,

log L
r 1

{I - 3/ 2
11 L 111 } = 0 , log L

r 1
{I - 3 / 2

11 L 1, 11 } = 0 .

T h erefore the secon d order m atching prior m atches th e alt ern ativ e cov erag e
probabilit ies up to the secon d order . □

2 .3 HPD M at chin g P riors

T h ere are altern at iv e w ay s throu gh w hich m atching can be accomplish ed. One
such approach (Ghosh an d Muk erjee, 1995) is m atchin g throu gh the HPD region .

Specifically , if denotes the post erior distr ibut ion of 1 un der a prior , and

k k ( ; Z ) is such th at

P [ ( 1 Z ) k Z ] = 1 - + o( n - u ) , (16)

then th e HPD region for 1 w ith post erior cov erag e prob ability 1 - + o( n - u )
is giv en by

H ( ; Z ) = { 1: ( 1 Z ) k }. (17)

Ghosh and Murkerjee (1995) characterized prior s for w hich

P [ 1 H ( ; Z ) ] = 1 - + o( n - u ) , (18)

for all and all (0 , 1) . T hey found necessary an d sufficient condition s w hich
sat isfies (18). Du e to th e orthogonality of r 1 w ith r 2 , a prior is a HPD

m atchin g prior if and only if it satist ies

2

r 2
1

{I 11 } - r 1
{L 111( I 11) 2 } - r 2

{L 112I
22I 11 } = 0 . (19)

222



N oninform ativ e Prior s for the Ratio of
the F ailure Rates in Expon ential M odel

T h e orem 2 . T he second order probability matchin g prior for r 1 ,

( 2)
M ( r 1 , r 2 ) = 1/ ( r 1 r 2) , (20)

is a HPD matchin g prior up to th e sam e order .

P ro of : T he second order probability m atchin g prior mu st satisfies the
differential equ at ion s (19). Since

L 111 = E [
3 log L

r 3
1

] = 3
2 r - 3

1 , L 112 = E [
3 log L
r 2

1 r 2
] = - 1

4 r - 2
1 r - 1

2 ,

I 11 = 1
2 r 2

1 , I 22 = 2 r 2
2 ,

thu s

2

r 2
1

{I 11 ( 2)
M } - r 1

{L 111( I 11) 2 ( 2)
M } - r 2

{L 112I
22I 11 ( 2)

M } = 0 .

T h erefore the secon d order m atching prior is a HPD m atching prior up to the
second order . T his complet es the proof. □

3 . IM PLEMEN T A T ION OF T HE B A Y E S IA N PROCED U RE

W e n ow prov e that the post erior is proper under th e n oninform ativ e prior giv en
in (10).

T h e orem 3 . T he posterior distr ibut ion of ( , ) under the prior , (10), is
proper .

P ro of . Note that

0 0
L ( , ) 1 d d = ( m )

(
m

i = 1
x i )

m

( n )

(
n

j = 1
y j )

n

0 0

m - 1 ex p ( -
m

i = 1
x i)

( m ) / (
m

i = 1
x i)

m

n - 1 ex p ( -
n

j = 1
y j )

( n ) / (
n

j = 1
y j )

n
d d

= ( m )

(
m

i = 1
x i )

m

( n )

(
n

j = 1
y j )

n
< . (21)
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T his complet es the proof. □

Next , w e provide the m argin al den sity of r 1 under th e secon d order m atching

prior .

T h e orem 4 . Under the prior r 1 , the m arginal post erior den sity of r 1 = / , is

giv en by

p ( r 1 | X , Y )
r ( n - m - 2 ) / 2

1

( r - 1/ 2
1

m

i = 1
x i + r 1/ 2

1

n

j = 1
y j )

m + n
. (22)

P ro of : It is t rivial. □

T h e n orm alizing con stant for th e m argin al den sity of r 1 r equires a one

dimen sion al integrat ion . T herefore w e h av e the m argin al posterior den sity of r 1 ,

and so it is easy to compute the m argin al m oment of r 1.

5 . S IMU LA T ION S T U D Y

W e ev aluat e th e frequentist cov erag e probability by inv est ig at in g the credible
int erv al of th e m arginal posterior den sity of r 1 w hen m and n are sm all an d
m oderate size. T o do this , w e n eed th e frequ entist cov erage probability for 0 to
0.05 (0 to 0.95) post erior qu antile for the our prior . T he computation of these
num erical v alues is ba sed on the follow in g alg orithm . F or any fix ed tru e ( , )

and any prespecified prob ability v alu e = 0 .05 ( 0 .95) , let r 1 ( | X , Y ) be th e

posterior - quantile of r 1 un der prior . T hen the frequentist cov erag e probability

of this one sided credible int erv al of r 1 is

P ( , ) ( ; r 1 ) = P ( , ) (0 < r 1 r 1 ( | X , Y ) ) . (23)
T h e est imated P ( , ) ( ; r 1 ) is show n in T able 1. In part icular , for fix ed

( . , m , n ) , w e take 10,000 independent random samples of size m

ex ponential ( ) and of size n expon ential( ). Note th at for fix ed X and Y ,

r 1 r 1 ( | X , Y ) if an d only if F ( r 1| X , Y ) . Un der the prior

, P ( , ) ( ; r 1) can be estim ate by the relat iv e frequency of
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F ( r 1 ( | X , Y ) ) . F or the cases present ed in T able 1, w e can see that the

fir st order m atchin g prior meet s v ery w ell the targ et cov erage probability .

Also w e n ote that th e result s in T able 1 are not much sen sitiv e to the chang e

of the v alues of ( , ) .

T able1: F requentist Cov erag e Prob ability of 0.05 and 0.95,

Post erior Quantiles of r 1

r 1 m = n
0.05 0.95

1

3 0.046 0.947

5 0.049 0.951

10 0.051 0.947

20 0.050 0.949

2

3 0.050 0.955

5 0.048 0.949

10 0.055 0.953

20 0.051 0.951

3

3 0.048 0.950

5 0.049 0.950

10 0.053 0.952

20 0.054 0.951

5

3 0.052 0.950

5 0.053 0.950

10 0.053 0.948

20 0.048 0.949
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