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S om e P ropertie s of Operation s on F uz zy N um bers 1 )

D u g Hun H on g 2 )

A b s trac t

In this paper , w e introdu ce a concept of (H )- property w hich gen eralize
th at of increasin g (decreasing ) property of bin ary operat ion . W e also treat
some w ork s related to operat ion s on fuzzy number s an d g eneralize earlier
result s of Kaw aguchi an d Da - t e (1994).

K ey w ords : Fuzzy arithm etic ; A lg ebraic ; Sup - ( t- n orm ) conv olut ion .

1. Introduction

Out of the m ost basic con cept of fu zzy set theory w hich can be u sed to
g en eralize crisp m athem atical con cept s to fu zzy set s is the ex ten sion prin ciple.
A n important field of application s for the ex t en sion principle is giv en by algebraic
operat ion s su ch as addition an d mult iplicat ion . M any researcher s h av e stu died th e
propert ies of th e operat ion s ba sed on the so- called sup - min conv olution [Dub ois
and Prade (1979a, 1980b , 1987f ), Kaufm ann an d Gupta (1985), Kaw aguchi and
Da - te (1992a, 1994b )]. T hese operat ion s g eneralize interv al an aly sis an d are
computation ally at t ractiv e. Although the set of real fuzzy number s equipped w ith
an ex tended addit ion or multiplication is no lon ger a group, m any structural
propert ies are preserv ed.

On th e other h and, Dubois an d Prade (1998a, 1984b , 1984c) studied the operat ion s
b ased on a sup - t- norm conv olut ion . Full é r (1991a, 1991b ) et al. illu str ated th e
sum of triangular fuzzy number s based on v ariou s t- n orm s . H on g an d
H w an g (1994) g eneralized these result s t o L - R fu zzy number s b ased on
A rchim edean t- n orm s . Recently Kaw agu chi an d Da - t e (1994)] tr eat th e
alg ebraic structure of fuzzy arithm etic, especially addition and mult iplicat ion , b ased
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on the sup - t- n orm conv olut ion .
In this paper , w e introduce a concept of (H )- property on bin ary operat ion an d

g en eralize some result on fu zzy numbers and their operation s in Kaw aguchi and
Da - te (1994).

2 . Prelim in ary

In this sect ion w e recall the definit ion of tr ian gular norm ( t- norm ) and th e
definit ion relat in g to fuzzy number s (Dubois and Prade (1980b ), T anaka (1987)).

D e fin it ion 1 . t- Norm T : [ 0 , 1] 2 [ 0 , 1] is a fun ct ion satisfyin g the follow in g
four con dit ion s :

(T 1) boun dary con dition : T ( a , 1) = a , T (0 , a) = 0 ,
(T 2) m onotonicity : a b T ( a , c) T ( b, c) ,
(T 3) commutat ivity : T ( a , b) = T ( b , a) ,
(T 4) as sociat ivity : T ( T ( a , b) , c) = T ( a , T ( b, c) ) .

D e fin it ion 2 . By u sing commutat ivity (T 3) and associat ivity (T 4) of t- n orm , a
n - ary fun ct ion

T * ( a 1, a 2 , , a n ) T ( T ( T ( T ( a 1 , a 2) , a 3) , , a n + 1) , a n ) .

D e fin it ion 3 . A fuzzy number X is a fu zzy set on the real line R , w h ose
m embership function X : R [ 0 , 1] sat isfies the follow in g propert ies :

(FN 1) norm ality : there exist s at least one point x R su ch that

X (x ) = 1,

(FN2) conv ex ity : [ 0 , 1] , x 1 , x 2 R ,

X ( x 1 + ( 1 - )x 2) m in ( X ( x 1) , X (x 2 ) ) .

D e fin it ion 4 . Giv en a bin ary operat ion z = x * y on R an d tw o fu zzy number
X and Y , w e define a fuzzy bin ary operat ion Z = X * Y by th e follow ing

exten sion principle, i.e ., sup - ( t- norm ) conv olution :

Z ( z ) = sup z = x * y T ( X ( x ) , Y (y ) ) .

3 . A lg ebraic operation s w ith fuz zy num bers

D e fin it ion 5 [D ub oi s an d P rade (1986b )] . A binary operat ion * in R is
called increasing (decreasing ) if for x 1 >y 1 and x 2 >y 2

x 1 * x 2 > y 1 * y 2 (x 1 * x 2 < y 1 * y 2) .
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F or (x 0 , y 0) , (x 1 , y 1) R 2 , the b ox sub set B
( x 1 , y 1)
( x 0 , y 0) of R 2 is defin ed a s

B ( x 1 , y 1)
( x 0 , y 0 ) = {(x , y ) R 2 | m in {x 0 , x 1 } x max {x 0 , x 1 } an d

m in {y 0 , y 1 } y m ax {y 0 , y 1 }}.

D e fin it ion 6 . A binary operation * in R is said to h av e ( H D ) - property ( ( H I )

- property ) if for giv en (x 0 , y 0) , (x 2 , y 2) R 2 and z 1 R su ch that

x 0 * y 0<z 1 <x 2 * y 2 ( x 0 * y 0>z 1 >x 2* y 2) there ex ist s a (x 1 , y 1) B
( x 2 , y 2 )
( x 0 , y 0 ) such that

x 1 * y 1= z 1 .

D e fin it ion 7 . A binary operat ion in R is said to hav e ( H ) - property iff it
h as both ( H D ) - property and ( H I ) - property .

T h e follow ing lemma sh ow s that ( H ) - property is a g eneralized con cept of
increasing and decreasing property .

L em m a 1 . Let * be a continuou s increa sin g binary operat ion . T hen * h as
( H ) - property .

P ro of . Fir st it is noted that for ( x , y ) , (x ' , y ' ) R 2 su ch that x x ' and

y y ' , w e hav e x * y x ' * y ' . Let (x 0 , y 0) , (x 2 , y 2) R 2 and z 1 R be giv en

such that x 0 * y 0 <z 1 <x 2 * y 2 . By th e increasing property , there are three possible

cases w h ere
i) x 0 x 2 an d y 0 y 2 ,
ii) x 0 x 2 an d y 0 y 2 ,
iii) x 0 x 2 an d y 0 y 2 .

In the case of i) w e can be prov ed easily by the continuity an d increasin g
property of * . W e prov e for th e case of ii ) sin ce in the case of iii ) it is prov ed
similarly . W e see that x 0 * y 0 <x 2 * y 0 . If n ot , then x 0 * y 0 = x 2 * y 0<x 2 * y 2 . Let

x 2 * y 2 - x 2 * y 0 = >0 . By the continuity of * , th ere ex ist >0 su ch th at

| (x 2 + ) * y 0 - x 2 * y 0 | < / 2 . T hen

x 2 * y 2 - ( x 2 + ) *y 0 = ( x 2 * y 2 - x 2 * y 0) - ( (x 2 + ) *y 0 - x 2 * y 0) > - / 2 = / 2 >0 .

T his is contradict that * is increa sin g . Now the continuity of * on {(x , y ) |x 0 x

x 2 , y = y 0 }, th e orderin g of x 0 * y 0<x 2 * y 2<x 2 * y 0 and th e interm ediate v alu e

theorem [Ru din (1964), p93] prov es that * has ( H D ) - property . T h e case of ( H I )

- property is similar .
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Similarly w e can prov e that decreasing property implies ( H ) - property .

E x am ple 1 . Let f ( x ) , g (x ) and h (x ) b e non - decreasing function s on R . T hen

x * y = h ( f ( x ) + g ( x ) ) , x * y = h ( f (x ) g ( x ) ) , hav e ( H ) - property . Special

cases are x * y = (x + y ) , x * y = (x y ) , x * y = e x + y .

T h e proof of Ex ample 1 is easy to check so w e leav e the proof to th e leader . It
is n ot ed that x * y = x y is n ot in creasin g operat ion on R but it ha s ( H )
- property .

L em m a 2 . Let M and N b e tw o fuzzy number s su ch that M is

n on - decreasing on ( - , m ] an d n on - increasing on [ m , + ) and N is

n on - decreasing on ( - , n ) an d non - increasin g on [ n , + ) . Let * ha s ( H )
- property . T h en M * N is non - increa sin g on ( - , m * n ] and non - increasin g on

[ m * n , ) .

P ro of . Let t m * n . F or giv en (x , y ) , t ' and t w ith x *y = t and m * n < t ' < t,

there ex ist s a ( x ' , y ') B ( x , y )
( m , n ) su ch th at x ' * y ' = t 'by the definition of ( H )

- property . T hen , u sing n on - decrea sin g an d non - decreasin g property on som e
region an d th e m onotonicity of T , w e can easily ch eck th at T ( M (x ) , N (y ) )

T ( M (x ' ) , N (y ' ) ) .

T h en it follow s that

M * N ( t ' ) = sup x * y = t ' T ( M ( x ) , N (y ) )
sup x * y = t T ( M ( x ) , N (y ) ) = M * N ( t) .

W hen t m * n , a similar proof holds .

Now w e can w rit e th e follow ing theorem w hich is a generalizat ion of T h eorem
1(Kaw aguchi an d Da - t e (1994)) by Lemm a 1 and 2.

T h e orem 1 . If M and N are fu zzy numb er s an d * is a continuou s binary
operat ion w hich h as ( H ) - property th en M * N based on th e sup - t- n orm
conv olut ion are also norm al and conv ex .

P ro of . T he conv ex ity is immediat e from Lemm a 2, so w e prov e the norm ality .
Since M and N are n orm al, there ex ist m , n R su ch th at M ( m ) = N ( m ) = 1
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and M * N ( m * n ) = 1, w hich prov es th e normality of M * N .

W e also con sider som e other propert ies of M * N .

T h e orem 2 . Let M an d N be tw o fu zzy number s such that M is

n on - decreasing on ( - , m ] an d non - in creasin g on [ m , ) an d N is

n on - decreasing on ( - , n ] and non - in creasin g on [ n , + ) . Let * be a

continu ou s binary operat ion . A ssum e lim
|x |

M (x ) = lim
|x |

N ( x ) = 0 and

lim
|x | , |y |

|x * y | = . h en w e h av e

lim
|x |

M * N (x ) = 0 .

P ro of . F or giv en >0 , let in f {x | M (x ) } = m , sup {x | M ( x ) } = m ,

in f {x | N ( x ) } = n an d sup {x | N (x ) } = n . Let m ax {|m | , |m | , |n | ,

|n | } = K . Since * is continuou s an d [ - K , K ] [ - K , K ] is compact ,

sup {|x * y | | |x | K , |y | K } = M < .
T h en for |z | >M , w e hav e

sup x * y = z T ( M (x ) , N ( Y ) ) sup x * y = z m in { M (x ) , N (y ) }
sup {m in { M (x ) , N ( y ) }| (x , y )
( [ - K K ] [ - K , K ]) c }

,
w hich complet es the lemma .

T h e orem 3 . Let T be continu ou s and * be a continuou s bin ary operat ion
w hich ha s ( H ) - property . If M an d N are upper semicontinuou s then M * N is
upper semicontinu ou s .

P ro of . Let m , n be real number s such that M ( m ) = 1 an d N ( n ) = 1. T hen

by Lemm a 2, M * N is non - increasin g on [ m * n , ) . Let z 0 > m * n , th en it is

enough to show th e left continuity by Lemm a 2. Since * is continuou s , there
exist ( x 0 , y 0 ) such that x 0 * y 0 = z 0 , T ( M ( x 0 ) , N (y 0 ) ) = M * N ( z 0 ) an d

T ( M ( x ) , N (y ) ) M * N ( z 0 ) for any (x , y ) sat isfyin g x * y = z 0 and
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(x , y ) < (x 0 , y 0) . Now let z n z 0 , z n > m * n , n = 1, 2 , , th en by ( H ) - property

and Lemm a 2, th ere ex ist ( x 1 , y 1) B
( x 0 , y 0 )
( m , n ) an d (x n , y n ) B

( x 0 , y 0 )
( x n - 1 , y n - 1) , n = 1, 2 ,

such that M * N ( z n ) = T ( M ( x n ) , N ( y n ) ) an d x n * y n = z n . Since x n , y n

and z n z , by the con struct ion of (x 0 , y 0) an d continuity of * , w e h av e x n x 0

and y n y 0 . T hen by upper semicontinuity of M and N , an d continuity of T ,

lim
z n z 0

M * N ( z n ) = lim
n

T ( M (x n ) , N (y n ) )

= T ( M (x 0 ) , N (y 0 ) ) = M * N ( z 0 )

T h e case for z < m * n is similar .

W e con sider th e follow ing ex ample for ab ov e result .

E x am ple 2 . Let T = m in an d let

M (x ) = N (x ) = {1 - |x | if |x | 1 ,
0 oth erw is e .

W e defin e * as follow s :

x * y = f (x + y ) = {0 |x + y | 1,
(x + y ) - 1 x + y > 1,
(x + y ) + 1 x + y < - 1.

T h en , T , * an d M , N sat isfy con dit ion s in T heorem 3. It is easy to h av e
that

M * N (x ) = {
1 x = 0 ,
1
2 ( 1 - |x |) 0 <x 1,

0 oth erw is e .
W e note that ev en though M and N are continuou s , M * N is not continuou s

but upper semicontinu ou s .
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