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A N ote on the T w o D epen dent B ern oulli A rm s

D al Ho Kim 1)·Y oung Joon Ch a·Jae M an Le e 2 )

A b s tra ct

W e con sider th e Bern oulli tw o- armed b andit problem . It is w ell kn ow n
th at th e my optic str at egy is optim al w h en th e prior distr ibut ion is
con centrat ed at tw o point s in th e unit squ are. W e inv estigat e sev eral
cases in the unit squ are w h ether th e my optic str at egy is optimal or not .
In g eneral, the my optic str at egy is n ot optim al w h en the prior distr ibution
is n ot concentrated at tw o point s in the unit squ are

K ey w ords : Bandit problem , Bern oulli, my opic, opt im al., prior
distr ibut ion , tw o- arm ed.

1 . T w o - A rm e d B an dit Problem s

Con sider tw o depen dent Bernoulli arm s (or ex perim ent s ) w ith the prior for
( 1 , 2 ) only con centrat ed on tw o point s in the unit square . So arm 1 generat es

i.i.d. Bernoulli r andom v ariables (generically denoted by X ) w ith m ean 1 , an d

arm 2 gen erat es i.i.d . Bern oulli r an dom v ariables (generically denoted by Y ) w ith
m ean 2 . Furth ermore, ev ery X is independent of ev ery Y . T h e discount

sequen ce is the N - horizon uniform . Object iv e is to m ax imize the expect ed sum of
N ob serv at ion s w hen N is fix ed. T his tw o- arm ed Bandit problem is w ell

introdu ced in Berry an d F rist edt (1985).
It is of int erest t o kn ow un der w h at con dition s the my opic str at egy is optim al:

alw ay s select th e arm w ith greater m ean . It is called my opic becau se it "behav es"
a s if there w ere alw ay s ju st on m ore trial t o b e allocated. W hen th e my opic
str at egy is optimal, it m ean s that the optim al strategy does not depend on th e
number of tr ials rem aining : it is tim e inv ariant , so to speak .

F eldm an (1962) con sidered this problem in the case that ( 1 , 2 ) is eith er
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( a , b) or ( b , a ) w here 0 a < b 1. So the distr ibution of ( 1 , 2 ) can be

specified by th e sin gle number = P ( 1 = a ) = P ( 2 = b) . He con sidered th e
procedure w hich minimizes the ex pected numb er of "mist akes " m ade by th e
statist ician during th e procedure (or minimizes the ex pected number of the inferior
arm ). In fact , this is equiv alent to m aximizing the ex pected number of successes
in this situ at ion .

F or j = 1 , , N and 0 1, w e shall con sider th e situ ation in w hich th e tot al
number of ob serv ation s rem aining to be t aken is j and the distr ibut ion of 1 and

2 is specified by the probability = P ( 1 = a ) . In this situ ation , let j
X denote

the procedure w hich specifies that th e fir st ob serv at ion should be t aken on X an d
then an optim al procedure should be adopted ov er the remainin g j - 1

ob serv ation s , an d let m j
X ( ) denote th e ex pect ed number of mistakes during th e

j ob serv ation s for w hich the procedure j
X is u sed. Similarly , let j

Y den ote the

procedure w hich specifies that the fir st ob serv at ion sh ould be taken on Y an d
then an optim al procedure should be adopted ov er the remainin g j - 1

ob serv ation s , an d let m j
Y ( ) den ote the expect ed number of mist akes w hen th e

procedure j
Y is u sed.

Furth erm ore, let j
X Y be th e procedure w hich specifies that the fir st

ob serv ation should be tak en on X , the secon d ob serv at ion sh ould be t aken on Y ,
and th en an optim al procedure should be adopted ov er th e rem ainin g j - 2

ob serv ation s . Similarly , let j
YX be the procedure w hich specifies that the fir st

ob serv ation should be tak en on Y , the second ob serv at ion should be taken on X ,
and th en an optim al procedure should be adopted ov er th e rem ainin g j - 2

ob serv ation s . Also, let m j
X Y ( ) an d m j

YX ( ) be the ex pected number s of
mist akes for these procedures .

A s u sual, for the prior probability , let (X ) , ( Y ) , (X , Y ) , or ( Y , X )

den ote the post erior probability w hen either X (or Y ) is t aken or (X , Y ) (or
( Y , X ) ) are t aken in th at order . T he follow ing tw o lemm as and T heorem 1 are

giv en in DeGroot (1970).

L em m a 1 . F or and for 0 1, j = 2 , 3 , m j
X Y ( ) = m j

YX ( ) .

L em m a 2 . F or each fix ed v alu e of t in the int erv al 0 t 1, the
probabilit ies P { (X ) t } and P { ( Y ) t } are nondecreasin g function s or
( 0 1).

T h e orem 1 . Let * be a procedure w hich specifies that an ob serv at ion
should be t aken on X at any st ag e for w hich = P ( 1 = a ) < 1 / 2 and that an
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ob serv ation should b e tak en on Y at any stage for w hich > 1/ 2 . T h en * is an
optim al sequ ential procedure.

T h eorem 1 m ean s th at at ev ery st ag e th e st at ist ician should t aken an
ob serv ation on the random v ariable X an d Y for w hich there is the greater
probability that th e ob serv ed v alue w ill be 1. In oth er w ords , th e optim al
procedure is the my opic procedure un der w hich th e stat ist ician m akes a choice at
each st ag e as if it w ere the fin al stag e.

Kelley (1974) con sidered the case that the prior for ( 1 , 2 ) is concentrated on

tw o point s : ( a , b) and ( c , d ) w here 0 a , b , c , d 1. F or n = 0 , , N , let
V n ( ) denote the optim al ex pect ed g ain for the rem ainin g n tr ials w h en is the

current prior distr ibut ion for ( 1 , 2 ) . T hese function s are defin ed by th e
follow ing recur siv e formulas .

V0 ( ) = 0 ,
and

V n ( ) = max {E [X + V n - 1 ( (X ) ) ] , E [ Y + V n - 1 ( ( Y ) ) ]} for n = 1 , , N ,

w h ere (X ) denotes the post erior distr ibut ion aft er an ob serv at ion on X , and
( Y ) the posterior distr ibut ion aft er an ob serv at ion on Y . It follow s from abov e

formulas that th ere ex ist s funct io V n ( ) = max {F n ( ) , G n ( ) }n s F n ( ) an d

Gn ( ) su ch that

for n = 1 , , N
T hese fun ction s are also defin ed recursiv ely . Let F 0 ( ) = 0 an d G0 ( ) = 0 . T h en

for n = 1 , , N ,
F n ( ) = E [X + max {F n - 1 ( (X )) , G n - 1 ( (X ))}] ,

and
Gn ( ) = E [ Y + max {F n - 1 ( ( Y )) , Gn - 1 ( ( Y ))}] .

Let D n ( ) = F n ( ) - Gn ( ) , the relat iv e adv antage of experim ent 1 ov er

experim ent 2. Recur siv e formulas m ay be dev eloped for definin g D n ( ) . In fact ,

D 1 ( ) = E ( 1 ) - E ( 2 ) ,

and for n = 2 , , N ,
D n ( ) = E [D n - 1 ( (X )) + ] + E [D n - 1 ( ( Y )) - ]

w h ere X + den otes max {X , 0 } an d X - den otes m in {X , 0 }.
U sin g th ese formulas , the optim al str at egies can b e charact erized. If a band

c d , then D n ( ) 0 for all an d for n = 1 , , N . So th e optim al str at egy is

to alw ay s u se arm 2. Now a ssum e th at b > a and c > d .
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T h e orem 2 . F or each n = 1 , 2 , . N , the follow in g are true :

(ⅰ) D n ( ) is a str ict ly increa sin g fun ct ion of .

(ⅱ) D n ( ) is a continuou s fun ct ion of .

(ⅲ) D n ( ) < 0 and D n ( ) > 0 .

(ⅳ) T here ex ist s an uniqu e n (0 , 1) such th at D n ( n ) = 0 .

T h eorem 2 w as prov ed by Kelly (1974). T his theorem m ean s that the optim al
str at egy is det ermin ed by an unique sequence of con stant s 1 , 2 , , , N . F rom

abov e result s , it follow s th at w hen ev er a b an d c d th e my opic str at egy is
optim al. Also, this is t rue w h enev er a b an d c d . W h en b > a and c > d , from
abov e theorem , the my opic str at egy w ill be optim al if an d only if

1 = 2 = = N = w h ere 1 , 2 , , N are those unique con st ant s det erminin g
the optim al str ategy .

In search for condit ion s un der w hich the my opic strategy is optim al,
Kelley (1974) show ed that for N 3 , ex cept for som e simple special cases ,
F eldm an ' s as sumption th at a = d an d b = c is n ecessary for th e conclu sion that
my opic strategies are optim al.

T h e orem 3 . Suppose the prior distr ibution on ( 1 , 2 ) is concentrat ed at

tw o point s ( a , b) and ( c , d ) in the unit squ are an d that N 3 . T he my opic
str at egy is optim al if and only if one of the follow in g four con dition s holds .

(ⅰ) a b an d c d ,
(ⅱ) a b an d c d ,
(ⅲ) a + b = c + d = 1,
(ⅳ) ( c , d ) = ( b , a ) .

T h eorem 3 w as also prov ed by Kelly (1974). T his theorem giv es necessary an d
sufficient condit ion s for the optim ality of the my optic str at egy in t erm s of
a , b , c and d .

2 . M ain Re s ult s

Now w e con sider m ore g en eral situat ion s . Qu est ion : Ev en if th e prior
distribution is not con centrat ed at tw o point s , does th e my opic str at egy rem ain
optim al for som e ca ses?

Let G be the distr ibut ion on { ( 1 , 2 ) | 0 j 1 , i = 1 , 2 }, an d let F j be the

correspon ding margin al distribution of th e j ( i = 1 , 2 ) .
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Case 1: { ( 1 , 2 ) | 1 = 0 }.

Since F 2 is t o th e right of F 1 , w e alw ay s u se arm 2. So the my opic str at egy is
optim al.

Case 2: { ( 1 , 2 ) | 2 1 }. Sin ce 2 1 a .s ., w e alw ay s u se arm 1. So th e
my opic strategy is optim al.

Case 3: { ( 1 , 2 ) | 2 + 1 = 1}. Let v 1 = E [ 1 ] an d v 2 = E [ 1
2 ] . So

E [ 2 ] = 1 - v 1 and E [ 2
2 ] = 1 - 2 v 1 + v 2 . Let n = 2 . A ssum e stay - on - a - w inn er

rule. Con sider
= v 1 + v 2 + ( 1 - v 1 ) [ ( v 1 - v 2 ) / ( 1 - v 1 ) ( 1 - v 1 ) ]

- { ( 1 - v 1 ) + ( 1 - 2v 1 + v 2 ) + v 1 [ ( v 1 - v 2 ) / v 1 v 1 ]}

w h ere denotes m ax imum . W e sh ow that if v 1 1/ 2 , then 0 for any v 2

such th at v 1
2 v 2 v 1 . Now

= 2(2v 1 - 1) + [ ( v 1 - v 2 ) ( 1 - v 1)
2 ] - [ ( v 1 - v 2 ) v 1

2 ].

ⅰ) ( v 1 - v 2 ) > v 1
2 : = 2(2v 1 - 1) 0 .

ⅱ) ( 1 - v 1
2 ) ( v 1 - v 2 ) v 1

2 : = 2(2v 1 - 1) + ( v 1 - v 2) - v 1
2

= (2v 1 - 1) + [ ( v 1 - v 2 ) - ( 1 - v 1 ) 2 ] 0 .

ⅲ) ( v 1 - v 2 ) < ( 1 - v 1 ) 2 : = 2(2v 1 - 1 ) + ( 1 - v 1)
2 - v 1

2 = 2v 1 - 1 0 .
N ow con sider

' = v 1 + v 1 [ v 2 / v 1 ( 1 - v 1 ) ] + ( 1 - v 1)[ ( v 1 - v 2) / ( 1 - v 1) ( 1 - v 1 ) ]

- { ( 1 - v 1 ) + ( 1 - v 1 )[ ( 1 - 2v 1 + v 2) / ( 1 - v 1) v 1 ] + v 1[ ( v 1 - v 2 ) / v 1 v 1 ]}

= (2v 1 - 1) + [ v 2 v 1 ( 1 - v 1 ) ] + [ ( v 1 - v 2) ( 1 - v 1 ) 2 ]

- [ ( 1 - 2v 1 + v 2) v 1 ( 1 - v 1 ) ] - [ ( v 1 - v 2 ) v 1
2 ]

Since [ v 2 v 1 ( 1 - v 1 ) ] [ ( 1 - 2v 1 + v 2) v 1 ( 1 - v 1 ) ]

and
(2v 1 - 1) + [ ( v 1 - v 2 ) ( 1 - v 1)

2 ] - [ ( v 1 - v 2 ) v 1
2 ] 0 from ca se,

w e can g et ea sily ' 0 .
Case 4: { ( 1 , 2 ) | 0 1 , 2 1} In gen eral, my opic str at egy is n ot opt im al in

the unit square . W e hav e the follow in g counter ex ample. A ssum e n = 2 . Con sider
G = F 1 F 2 , dF 1 ( 1 ) 1

- ( 1 - 1 ) - / 2 d 1 , and dF 2 ( 2 ) d 2 . T hen

E ( 1 | F 1 ) = 1 / 2 - for som e > 0 and E ( 2 | F 2 ) = 1 / 2 . So in this case , my opic
str at egy is n ot optim al.
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