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A n aly s i s of In c om plete D at a w ith N onig n orable
M i s s in g V alu e s

Hy un - Je on g Kim 1)

A b s tra ct

In the case of “n onignorable mis sin g dat a”, it is n eces sary to
assum e a m odel dealin g w ith the missin g on each situation s . In this
article, for ex ample, w e som etim es m eet situ ation s w here data set are
in com e am ount s in a surv ey of indiv iduals and assum e a m odel as the
v alues are the larger , a mis sing dat a probability is th e higher . T he
m eth od is to m ax imize u sin g the EM (Ex pect at ion and M aximizat ion )
alg orithm b ased on th e (mis sing dat a ) mechanism that creat es missing
data of the ca se of ex ponential distribution . T he m ethod start ed from any
init ial v alues , and conv erg ed in a few it erat ion s . W e ch ang ed th e missin g
data probability and th e artificial dat a size to show the estim ated
accuracy . T h en w e discu s s th e properties of estim ates .

K ey w ords : EM - alg orithm , M ax imum likelihood, M ech anism , Missing
data

1. Introduction

W h en the con dit ional missin g prob ability giv en the ob serv ed v alues is depen dent
to the mis sing v alu es , it is kn ow n that th e missin g m echanism is nonign orable. In
such cases w e hav e to t ake into account the missing m echanism in th e statist ical
analy sis of the dat a w ith missin g v alues . T he aim of present paper is to show
som e ex ample of st at ist ical analy sis ba sed on the m ax imum likelih ood (ML )
m ethod of the data w ith nonign aorable missin g v alu es and stu dy th e v alidity of
such kin ds of analy sis .

In sect ion 2 the likelih ood fun ct ion is deriv ed for th e dat a w ith n onignorable
missing v alues . In section 3 w e con sider a specific m odel for univ ariate data tak en
from an ex ponential distr ibut ion w ith missing v alues . In this case th e mis sing
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probability is as sumed to increase as the v alu e increases . T h en , in section 4 w e
explain th e m ethod for obtaining the ML est imates , i.e., the EM algorithm in
g en eral case. In sect ion 5 w e simulat e chan ging the missin g dat a probability an d
the artificial dat a size by three st ep s to show th e estim ated accuracy , th en discu ss
on the propert ies of est im ates .

F rom result s , w e know that w hen w e est imate ba sed on the n onignorable
missing data mechanism , it is t o b e unbia s by to as sume th e m odel inclu ding
missing data m ech anism .

2 . Likelih ood for a s am ple w ith m is s in g v alue s

W e w rit e Y = ( Y obs , Y m is ) w ith out any loss of g enerality , w h ere Y obs and

Y m is indicate the ob serv ed an d missing part s of Y , r espect iv ely .

Let R be the pat tern of the missing v alues , that is , R is the ob serv ed v ector
of ran dom v ariables R i , w hich is defin ed as

R i = {1, if y i is ob serv ed ,
0 , if y i is m is s in g .

T hen , w e can formulate a m odel w ith missing dat a in term s of a prob ability
distribution for Y w ith den sity f ( Y | ) , in dex ed by unknow n parameter , and a
probability distr ibut ion g ( R | Y , ) for indicat in g a param eter appeared in the
con dition al den sity of R giv en Y . T he lik elihood funct ion w ith missin g dat a w as
defin ed to be any funct ion of an d proportion al to the joint den sity h of R
and Y as

L ( , |R , Y obs) h ( Y obs , R | , )

=
-

n

i = 1
h ( y i , r i | , ) d Y m is

=
m

i = 1
f (y i | )g ( r i |y i , )

n

j = m + 1
g 1( r j | , ) ,

w h ere m is ob serv ed unit s an d n - m mis sing unit s , an d g 1( r | , ) is th e

m argin al den sity of R , i.e.,

g 1( r | , ) =
-

f ( y | )g ( r |y , ) dy .

N ote that th e joint den sity of Y an d R can be decomposed into

h (y , r | , ) = f (y | )g ( r |y , ) ,

(see , Litt le and Rubin (1987), and Hogg an d T ain s (1993)). T his decomposit ion w ill
b e u sed for computin g ex pectation of th e abov e likelihood.

168



An aly sis of Incomplete Data w ith Nonignorable Missin g V alu es

3 . T he Cas e of Ex ponential D is tribution

In this sect ion w e con sider th e ca se w here y follow s an ex ponential distr ibut ion
and th e missin g data m echanism is defined by

P r ( R = r |y , ) = g ( r |y , ) = {1 - e
- y

, r = 0 ,

e
- y

, r = 1 .

T he mis sin g probability is display ed in F igure 3.1. A s F igure 3.1 show s th e
missing prob ability in creases an d tends to 1 as y becom es larger .

F igure 3.1 A ssum ed missin g data m echanism g ( r = 0|y , )

A lso suppose th at th e ob serv at ion s Y n are obtained as a ran dom sample from an

expon ential distr ibut ion , i.e.,

f (y | ) = 1 e - y / .

T h en , the joint distr ibut ion h (y , r | , ) of y an d r is obt ain ed as

h ( y , r | , ) = f (y | )g ( r |y , )

= {
1 e - y / ( 1 - e - y / ) , r = 0 ,

1 e - y / e - y / , r = 1 .

an d, therefore , the likelihood funct ion w ith nonign orable missin g dat a is giv en by
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L ( , |y 1, , y m , r 1 , , r m , r m + 1 , , r n )

=
m

i = 1
h ( y i , r i | , )

n

j = m + 1
g 1( r j | , )

=
m

i = 1

1 e - y i / e - y i / n

j = m + 1 +

= ( 1 )
m

( + )
n - m

ex p (- + m

i = 1
y i),

w here

g 1( r j | , ) = f (y j | )g ( r j = 0|y j , ) dy j

=
0

1 e - y j / (1 - e - y j / )dy j

= + .

4 . E s tim ation of P aram eter V ectors an d

T o obtain ML estim ates and w e can con sider to apply a m ethod. T he
m ethod is the so- called EM (Expect ation an d M ax imization ) alg orithm proposed by
Dempster , Laird an d Rubin (1977). T he EM algorithm is a v ery gen eral it erat iv e
alg orithm for ML est im ation in incomplet e dat a problem s . In th e case of EM
alg orithm for m odels , missin g sufficient statist ics rath er than in dividu al
ob serv ation s n eed to be estim ated at each iterat ion of th e algorithm (see,
M cLachlan an d Krishn an (1997), and Dodg e (1985)). Ev en in th e case of ex ponential
distribution the formulat ion becomes complex w here mis sing dat a m ech anism
exist s .

Each iteration of EM algorithm con sist s of E st ep and M step and it s
con stru ct ion is as follow s .

S tep 1 . Set init ial est im ate (0 ) an d ( 0) of , , r espectiv ely .
S t ep 2 . (E st ep ) W e compute th e ex pected v alu es of the (joint ) sufficient

st at ist ics
n

i = 1
y i

E (
n

i = 1
y i | ( t) , ( t) , R , Y obs)

= E (
m

i = 1
y i|

( t) , ( t) , R , Y obs) + E (
n

j = m + 1
y j |

( t) , ( t) , R , Y obs)

=
m

i = 1
y i +

n

j = m + 1
y j

( t)
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w here

y j
( t)

=
0

y jf 1(y |r = 0 , ) dy j

=
0

y j
1

( t) e - y j /
( t)

(1 - e - y j /
( t)

)/
( t)

( t)
+

( t) dy j

=
( t)

+
( t) ( t)

( t)
+

( t) ( j = m + 1, , n ) .

S tep 3 . (M step ) Calculat e th e est im ate

( t + 1)
= (

m

i = 1
y i + ( n - m ) y j

( t))/ n

and solv e the est imate ( t + 1) , u sing th e complet e- dat a sufficient

statist ics
n

i = 1
y i found in the E step.

S tep 4 . If conv erged, ( t)
an d

( t) are regarded as the ML estim ates , i.e.,

=
( t) and =

( t) . Oth erw ise go back to st ep 2 after put t in g
t : = t + 1.

N um eric a l ex am ple . T o illu str at e our procedure w e h av e g enerated a set of
n = 100 art ificial dat a b ased on the model of expon ential distr ibution w ith = 1

and on the mis sin g dat a m echanism w ith = 3 .0 about 30% missing . A s sh ow n
in T able 4.1, 79 ob serv at ion s out of 100 are actu ally obtain ed. Values w ith asterisk
are reg arded as missin g .

T able 4.2 show s the conv erg ence of EM to this solut ion st art in g from the init ial
v alu es ( 0) = 0 .01 and (0 ) = 0 .01. T he EM algorithm hav e took 14 it eration s . T he
it erativ e procedure is con sidered to b e conv erged, w h en it h olds that th e Eu clidean

n orm of the differen ces of su cces siv e tw o v alues of ( t)
and

( t) is sm aller

than = 0 .00001. T he obtain ed result s are = 0 .96715 and = 2 .99999 . T o
show th e difference of conv erg ed v alues , w e founded tw o param eter s of stan dard
error : s e ( ) = 0 .03285 and s e ( ) = 0 .00001. An d the correlat ion coefficient of

tw o est im ated parameter s w as corr ( , ) = 0 .96703 . It is not ed th at in this case
the est im ated parameter s are v ery close to th e populat ion param eter s an d th at our
procedures seem to w ork w ell.
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T able 4.1: A set of 100 artificial dat a (ex ponential distr ibut ion
w ith = 1 and the mis sin g v alu e mechanism w ith = 3 .0 )

Note. * : missing dat a

1
6
11
16
21
26
31
36
41
46
51
56
61
66
71
76
81
86
91
96

0.633907
3.801593
0.208814
3.409731*
3.382418*
0.145197
2.129653
0.703712
1.200620
0.005993
2.524394
0.247183
0.954158
0.372242*
1.806685
1.227496
3.636831*
0.153316
1.460142
0.478107

0.062182
0.263736
0.013400
4.170736
1.872162
0.582066*
3.625779*
1.680004
1.676158*
0.693403
0.576381
0.850727
0.136173
0.022994
0.606821
0.510398
0.897983
1.783356
0.656768
2.636776

0.702323
0.670557
0.702941
1.234908

0.769794
0.083993
2.632828*
0.123132
1.258658*
3.443318*
0.741285
0.244805
0.295892
0.603037
0.273151
0.605348
0.026007
0.406625
1.483078
1.327901

0.134175
1.096038
1.241645
0.349487
0.745341
0.192054
0.623568
3.007779
0.192693
0.478826
0.257411
0.096543
0.096641
4.252598*
0.657411
0.263653
2.898733
1.981601*
0.857258*
0.010663

2.125615*
0.495486
0.253232
0.062779
0.040246
0.858098
3.334371*
1.273178*
0.408614
0.083737
0.661249
0.821901
0.922874*
0.178885
1.724596
2.014738*
1.704346*
1.466127
1.926649
0.354965

5 . S im ulation S tu dy

T o discu ss m ore in det ail, w e hav e simulat ed tw o cases to show the estim ated
accuracy for missin g probability and sample size. T h e simulation processin g is
sam e to num erical ex ample of previou s sect ion and w e chang ed th e missing
probability and sample size. On e of tw o is set s of n = 100 , 400 , and 1600 artificial
dat a based on th e expon ential distr ibut ion w ith = 1. F or the oth er , w e chang ed
the mis sing dat a probability by three steps 10% ( = 12 .0) , 30% ( = 3 .0) , an d

50% ( = 1.0) for th e gen erat ed dat a set s . W e h av e found th at the low er the
v alu e is , the higher th e missin g dat a probability is .

An d w e hav e est im ated tw o parameter s and by u sin g EM alg orithm as

the st art point s : (0 ) = 0 .01 and ( 0) = 0 .01. T he processin g m ethod w as equal
to th e num erical ex ample. T he obtained result s are giv en in T able 5.1, it is sam e
to the result s of T able 4.2 for n = 100 an d = 3 .0 .
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T able 4.2: E stim ated param eter s an d w ith th e EM alg orithm

iteration |
( t + 1)

-
( t)

| |
( t + 1)

-
( t)

|

0
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15

0.01
0.61465
0.84667
0.92693
0.95382
0.96275
0.96570
0.96667
0.96699
0.96710
0.96713
0.96715
0.96715
0.96715
0.96715
0.96715

-
0.60465
0.23202
0.08026
0.02689
0.00893
0.00295
0.00097
0.00032
0.00011
0.00002
0.00000
0.00000
0.00000
0.00000
0.00000

0.01
- 0.30225
0.41418
1.55003
2.38373
2.77549
2.92327
2.97438
2.99151
2.99719
2.99907
2.99969
2.99990
2.99997
2.99999
2.99999

-
0.28775
0.71643
1.13585
0.83370
0.39176
0.14778
0.05111
0.01713
0.00568
0.00188
0.00062
0.00021
0.00007
0.00002
0.00000

It is show n that the conv ergen ce iterat ion s of about 10% missin g probability
is few er th an those of 50% missin g rat e. An d w e can foun d that the low er the
missing rat e is , the few er the it erat ion of conv ergency is . In the case of identical
missing probability , it is n ot able that th e larger th e number of dat a is , the closer
the est im ation is to population param eter s . T he est im ated accuracy of param eter

w as v ery ex act regardless of the mis sing rat e an d the dat a size .
In the present paper , w e hav e show n some ex amples of st at istical an aly sis

b ased on th e ML m ehtods of th e dat a w ith n onignorable miss sin g v alu es an d hav e
stu died the v alidity of such kinds of analy sis . W e can discu ss on th e propert ies of
est im ates .

A s w e know n in simulat ion , in the case of the EM alg orithm , if it find the ML
est im ates on the m odel inclu ding th e missin g - data m echanism , thou gh th e
missing - data probability is high er , it can estim ate accurat ely w ell. W e hav e know n
the est imated accuracy is v ery close and low er mis sin g prob ability , m ore the
accuracy is higer , t oo.
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T able 5.1: T he estim ate of param eter s w ith mis sing probability chan ging

n s e ( ) s e ( ) iterat ions

1.0
(50%)

100
400
1600

0.91198
1.05876
1.00712

0.08802
0.05876
0.00712

0.99998
0.99994
0.99997

0.00002
0.00006
0.00003

30
26
26

3.0
(30%)

100
400
1600

0.96715
0.95617
1.00214

0.03285
0.04383
0.00214

2.9999
2.99984
2.99982

0.00001
0.00016
0.00018

15
14
13

12.0
(10%)

100
400
1600

1.00287
0.95453
0.98088

0.00287
0.04547
0.01912

11.99997
11.99985
11.99973

0.00003
0.00015
0.00027

12
7
7

Referen c e s

1. Dempster , A . P ., Laird , N . M . an d Rubin , D. B. (1977). M ax imum likelihood
from in complet e dat a via the EM algorithm , J ournal of R oy al S tat is t ical
S ocie ty , B39, 1- 38.

2. Dodge, Y . (1985). A naly s is of E xp er im ents w ith M iss ing D ata , John W iley
& Son s , New York .

3. Hogg , R . V . and T anis , E . A . (1993). P robability and S tat is t ical I nf erence
4 th E d ition , M acmillan .

4. Litt le , R. J . A . and Rubin , D . B. (1987). S tat is t ical A naly s is w ith M iss ing
D ata , John W iley & Son s , New York .

5. M cLachlan , G. J . and Krishn an , T . (1997). T he E M A lg orithm and
E x tens ions , John W iley & Son s , New York .

[ 2002년 9월 접수, 2002년 9월 채택 ]

174


