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A n ot e on a trian g u lar n orm hierarchy 1 )

D u g Hun H on g 2 )

A b s trac t

In Cretu (2001), triangular norms and their hierarchy are investigated. In this
paper , w e give new proofs which are significantly shorter than those given in
Cretu, applying a known result which involves only one argument of
one- place rather than two- place argument s by Klement et al.(1997).
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1. Introduction

T riangular n orm s ( t- norm s ) an d th e correspondin g t- con orm s are u sed in
sev eral bran ches of m athem atics in different m anner s , e.g ., in prob abilistic m etric
spaces , m any - v alu ed logic, fu zzy set s , decomposable m easures and th eir
application s [Butnariu and Klem ent (1993), Klem ent (1982), M esiar (1993),
Zimm ermann (1991)]. A t- n orm T is a tw o- place funct ion from th e unit squ are
into the unit int erv al w hich is associativ e, commutativ e, non - decreasin g , and
fulfills , for all x in [ 0 , 1] , the b oundary con dit ion T ( 1 , x ) = x .

It s dual funct ion S defin ed v ia S (x , y ) = 1 - T ( 1 - x , 1 - y ) is called a t
- conorm (see Schw eizer an d Sklar (1961)).

W e are now interested in th e qu est ion w heth er , giv en tw o t- n orm s T 1 an d

T 2 , T 1 is w eaker than T 2 or , equiv alent ly , T 2 is stron ger than T 1 (in symbols

T 1 and T 2 , i.e., T 1(x , y ) and T 2 ( x , y ) for all point s ( x , y ) ) in th e unit

square.
Cretu (2001), r ecent ly , show ed the m on otonicity of som e w ell- kn ow n classes of t
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- n orm s . In this paper , w e simplify this result , applyin g a kn ow n result w hich
inv olv es only one argum ent of one - place rath er than tw o place argum ent s by
klem ent et al.(1997).

2 . S om e know n re s ult s about t- norm

T h e follow in g s are th e m ost important t- norm s , tog ether w ith their
correspon ding t- con orm s :

T M ( x , y ) = m in (x , y ) , S M ( x , y ) = m ax (x , y ) ,
T P ( x , y ) = x y , S P (x , y ) = x + y - x y ,
T L (x , y ) = max (x + y - 1 , 0) ,
S L (x , y ) = m in (x + y , 1) ,

T h e follow ing lemm a is obv iou s from the m on otonicity and boundary condit ion s .

L em m a 2 .1 . Let T be a t- norm . T hen th e follow ing st atement holds
T ( x , y ) T M (x , y ) , for a ll x , y [ 0 , 1] .

P ro of . T (x , y ) T (x , 1) = x , T (x , y ) = T (1 , y ) = y
w hich m ean s that

T ( x , y ) m in (x , y ) = T M (x , y ) .

Continuou s t- n orm s ( t- conorm s ) w ere stu died ex ten siv ely by Ling (1965),
among oth er s . A continuou s t- norm T is called Archim edean if T (x , x ) <x for
all x (0 , 1) . A continuou s t- norm T is str ict if T (x , y ) < T (x , z ) w h enev er
x (0 , 1) and y <z . Each strict t- n orm T is Archim edean . Non - str ict continu ou s

A rchim edean t- norm s are called nilpot ent . A cz é l (1969), M ost ert and Shields (1997)
and Ling (1965) h av e prov ed the follow ing result :

T h e orem 2 .1 . T is a continu ou s Archim edean t- n orm if and only if there is a
continu ou s str ict ly decreasin g function : f : [ 0 , 1] [ 0 , ] such th at f ( 1) = 0 an d

T ( a , b) = f ( f ( a) + f ( b) ) w here f is the pseudoinv er se of f , i.e., for all

x [ 0 , ] , f ( x ) = f - 1 ( m in ( x , f (0) ) ) .

T is str ict if and only if f (0) = + , i.e., f is biject iv e and f = f - 1 .

T h e fun ct ion f is called an addit iv e generator of T and it is unique up to a
posit iv e mult iplicat iv e con st ant .

Now , let T 1 , T 2 b e tw o continu ou s Archim edean t- n orm s w ith additiv e
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g en erator s f 1 and f 2 , espect iv ely . T h e full inform ation about T i is cont ain ed in

f i and, as a con sequen ce, it sh ould be possible to decide w heth er T 1 is w eaker

than T 2 only by m ean s of f 1 an d f 2 .

T h e fir st st ep into this direct ion w as don e by Schw eizer and Sklar (1961), w ho
prov ed that if both T 1 and T 2 are strict , then T 1 T 2 if an d only if th e

composite h = f 1 f - 1
2 is a subaddit iv e funct ion , i.e., if for all s , t 0

h ( s + t) h ( s) + h ( t) .

Klem ent et al.(1997) show ed the follow ing result as a corollary of this result .

T h e orem 2 .2 . Let T 1, T 2 be tw o continu ou s Archim edean t- norm s w ith

differentiable additiv e generator s f 1 an d f 2 , r espect iv ely . If g = f 1
' / f 2

' is a

n on - decreasing funct ion on (0 , 1) , then w e h av e T 1 T 2 .

3 . t- n orm hierarchy

In this sect ion , w e recon sider families of t- n orm s w hich are inv estigated by
Cretu (2001). T h e reasoning s are significantly sh ort en the the proofs giv en in
Klem ent , M esiar an d P ap (1997). M any application s deal w ith the F rank (1979)
family of t- norm s , w h ere for s [ 0 , ]

T F
s ( x , y ) =

T M (x , y ) if s = 0 ,
T P (x , y ) if s = 1,
T L ( x , y ) if s = ,

log s(1 + ( sx - 1)( sy - 1)
s - 1 ) oth erw i s e .

Cretu (2001) show ed at Proposit ion 2.1, 2.2, an d 2.3 in his paper that , for
0 < r < 1 < s < ,

T F T F
s T F

1 T F
r .

But Klement et al.(1997) already gav e a proof u sin g T heorem 2.2 w hich is
significantly short er th an th at giv en in Butn ariu and Klem ent (1993) an d
Cretu (2001). H ere w e summ arize them .

Frank show ed th at this family is continu ou s w ith respect to th e parameter s.

N ote that tr ivially T F
0 = T M T F

s for all s ( 0 , ) . F or each s ( 0 , ) , T F
s is a
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strict t- n orm w hose generator is giv en by

f s (x ) = {- log x if s = 1,

log s - 1
s x - 1

if s 1 .

T F is a nilpot ent t- norm an d it s gen erator is giv en by f ( x ) = 1 - x . T hen

f ' ( )
f s

' ( )
= 1

log s ( 1 - s - ) for s ( 0 , ) {1},

f ' ( )
f 1

' ( )
= for s ( 0 , ) ,

f t
' ( )

f s
' ( )

= log s
log t

1 - b
1 - a

for 1 < s < t < ,

( th e cas e 0 < s < t < 1 is com plet ely analog ous )
are non - decreasin g on ( 0 , 1) . H en ce, T heorem 2.2 implies the follow in g three
result s w hich are Proposit ion 2.1, 2.2, an d 2.3 in Cretu (2001).

P ropo s it ion 1 . Let s (0 , 1) , T s(x , y ) = log s ( 1 + ( sx - 1) ( s y - 1) / ( s - 1) ) an d

T 1( x , y ) = xy , for a ll x , y [ 0 , 1] .

T h en
T s (x , y ) T 1( x , y ) , for a ll x , y [ 0 , 1] .

P ropo s it ion 2 . Let s ( 1 , ) , T s(x , y ) = log s ( 1 + ( sx - 1) ( s y - 1) / ( s - 1) ) and

T 1( x , y ) = xy , for a ll x , y [ 0 , 1] .

T h en
T s (x , y ) T 1( x , y ) , for all x , y [ 0 , 1] .

P ropo s it ion 3 . Let s ( 1 , ) , T s (x , y ) = log s ( 1 + ( sx - 1) ( sy - 1) / ( s - 1) ) an d

T (x , y ) T s(x , y ) , for a ll x , y [0 , 1] .

T h en
T ( x , y ) T s (x , y ) , for a ll x , y [ 0 , 1] .

T h e follow in g tw o proposit ion s , w hich are Proposition 2.4 an d 2.5 in Cretu (2001),
can be ea sily obtained by Lemm a 2.1.

P ropo s it ion 4 . Let s (0 , 1) , T s(x , y ) = log s( 1 + ( s x - 1) ( sy - 1) / ( s - 1) ) and

T 0 ( x , y ) = m in (x , y ) , for a ll x , y [ 0 , 1] .

T h en
T s (x , y ) T 0 ( x , y ) , fora ll x , y [ 0 , 1] .
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P ropo s it ion 5 . Let a [ 0 , 1] and T a ( x , y ) = xy
max (x , y , a) (Dubois an d Prade

int er section ), T 0 (x , y ) = m in (x , y ) .

T h en

T a (x , y ) T 0 ( x , y ) , for a ll x , y [ 0 , 1] .

Next , w e giv e a simple proof of Proposit ion 2.12 in Cretu (2001).

P ropo s it ion 6 . Let T Y ag er ( p ) : [ 0 , 1] [ 0 , 1] [ 0 , 1] , su ch that

T Y ag er ( p ) (x , y ) = 1 - m in (1, ( ( 1 - x ) p + ( 1 - y ) p )
1
p

, p 1 .

T h en
T ( x , y ) T Y ag er ( p ) (x , y ) T 0 (x , y ) .

P ro of . By Lemm a 2.1 T Y ag e r ( p) T 0 is t r ivial. So w e prov e that

T T Y ag er ( p ) , p 1 . W e kn ow that

f ( ) = 1 - an d f Y ag e r ( p) ( ) = ( 1 - ) p .

T h en

f ' ( )
f Y ag er

' ( )
= 1

p ( 1 - ) p - 1

is clearly n on - decreasing on (0 , 1) for p 1, w hich completes th e proof by
T heorem 2.2.

F inally , w e prov e the follow ing tw o proposit ion s w hich are Proposit ion 3.1 and
3.2 in Cretu (2001).

P ropo s it ion 7 . Let T E in ste in : [0 , 1] [0 , 1] [0 , 1] , su ch that

T E in ste in (x , y ) = xy
1 + ( 1 - x ) ( 1 - y ) .

T h en
T ( x , y ) T E in ste in (x , y ) T 1(x , y ) , for a ll x , y [ 0 , 1] .

P ropo s it ion 8 . Let T H am ach e r ( ) : [ 0 , 1] [ 0 , 1] [ 0 , 1] , such that

T H am ach e r( ) (x , y ) = xy
+ ( 1 - ) (x + y - xy ) , [ 1 , 2 ] .

T h en
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T ( x , y ) T H am ach e r ( ) ( x , y ) T 1(x , y ) .

Since T H am ach e r (2) = T E in ste in , it is enough to prov e Proposition 8.

P ro of of P ropo s iti on 8 . It is know n that

f H am ach er ( ) ( ) = log + ( 1 - ) .

T h en

f H am ach er ( )
' ( ) = - [ + ( 1 - ) ]

an d h ence

f ' ( )
f H am ach e r( )

' ( )
= [ + ( 1 - ) ]

is in creasin g for [ 1, 2 ] an d similarly
f H am ach er ( ) ( )

f '
1( )

= + ( 1 - ) is

n on - decreasing for [ 1, 2 ] , w hich complet es the proof.

4 . Conclu s ion

W e recon sidered most result s about t- n orm hierarchy giv en by Cretu (2001) an d
g av e significantly simple proofs u sin g a kn ow n result w hich inv olv es only on e
argum ent of one - place rath er than tw o- place argum ent s by Klem ent et al.(1997).
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