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On A pprox im ate P re dict ion Interv als for S upport

V e ctor M achin e Re g re s s ion

Ky ung h a S e ok 1) , Ch an g h a H w an g 2) , D aehy e on Cho3 )

A b s tract

T he support v ector m achin e (SVM ), fir st dev eloped by V apnik and his
group at AT &T Bell Laboratories , is being u sed as a new techniqu e for
regres sion an d clas sificat ion problem s . In this paper w e present an
approach to est im ating approxim ate predict ion interv als for SVM
regres sion based on post erior predictiv e den sities . Furtherm ore, the m ethod
is illu str at ed w ith a dat a ex ample.

1 . Introdu ction

T h e support v ector m achine (SVM ), fir st dev eloped by Vapnik and his group at
A T &T Bell Laboratories , is being u sed as a new techniqu e for regression and
clas sificat ion problem s . SVM is gaining popularity du e to m any attr act iv e features ,
and promising empirical perform ance. SVM ha s been successfully applied to a
number of real w orld problem s such as h andw rit t en charact er an d digit
r ecognition , face detection , t ex t cat egorizat ion an d object det ect ion in m achin e
v ision . T he aforementioned applicat ion s relate to classification problem s . but SVM
is also w idely applicable in regression problem s . SVM w as initially dev eloped to
solv e clas sificat ion problem s , but recently it has been ex tended to th e dom ain of
regression problem s . H ow ev er , SVM clas sificat ion can be view ed as a special case
of SVM regression . F or tutorial introdu ct ion s and ov erview s of recent
dev elopm ent s of SVM regression , see Gunn (1998), Sm ola & Sch ölkopf (1998), an d
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V apnik (1995, 1998).
SVM is based on the stru ctural r isk minimization (SRM ) principle, w hich has

b een show n to be superior to tr adit ion al empirical r isk minimizat ion (ERM )
prin ciple. SRM minimizes an upper boun d on th e expect ed risk unlike ERM
minimizin g the error on the trainin g dat a . By minimizing this bound, high
g en eralization performance can be achiev ed. Based on this ob serv at ion w e believ e
that SVM regres sion w ill perform bett er w hen calculat in g prediction int erv als th an
other m ethods su ch as neural netw ork s an d MARS . A s w e dem on strate , predict ion
int erv als for SVM regression can b e slightly difficult t o obtain . De V eaux el.
al(1998) computed predict ion int erv als for n eural netw ork s an d compared them
w ith prediction int erv als based on MARS . See Bish op (1995) for n eural n etw ork s
and MARS .

Despite it s successes in m any real w orld application s , SVM depen ds only on a
one w eight solution represented in direct ly by the set of Lagrangian mult iplier s in
m akin g prediction s . H ow ev er , according to a Bay esian per spectiv e, the w eight s of
SVM , ev en aft er learnin g , still t ake a cert ain post erior distr ibut ion . T hu s , ut ilizing
ju st a on e w eight solut ion as represent at iv e n eglect s post erior uncertainty in the
w eight s . T his oft en leads to m ore extrem e predict ed output s durin g t esting , an d in
turn indicates an ov erly high confiden ce. T he appropriat e w ay to han dle these
w eight param eter s is t o utilize predict iv e post erior den sities often u sed in Bay esian
Stat istics . Kw ok (1999) u sed this idea to g et the m oderated output s for SVM
clas sificat ion un der the name of m arginalization represented by M acKay (1992). In
this paper w e apply this idea to computing predict ion int erv als for SVM
regression . Sollich (2000) gu arantees th at w e can apply Bay esian m ethods to SVM .

T h e purpose of this paper is to present a Bay esian approach to estim ating
predict ion int erv als for SVM regres sion and to illu strate the m ethod w ith an
ex ample u sing th e sam e real data as in De V eaux el. al (1998). T he rest of this
paper is org anized as follow s . Sect ion 2 giv es an ov erview of SVM regression .
Section 3 briefly review s the relat ion ship betw een th e likelihood prin ciple an d
SVM regression . Sect ion 4 discu sses h ow to compute prediction int erv als for SVM
regression , and in Sect ion 5 th e m eth od is illu str at ed w ith a dat a ex ample .

2 . S upport V ector M achin e Re g re s s ion

Let th e training dat a set D be den oted by { ( x i , y ) , i = 1, . . . , n }, w ith

each input x i R d and the output y i R . Our goal is t o find a fun ction

f ( x ) that has at m ost dev iat ion from the actually obtain ed t arget s y i ' s for all

the tr ainin g dat a , an d at th e sam e tim e, is as flat as possible. F latn ess h ere
m ean s that w e seek sm all w . W e fir st con sider the case of lin ear regression .
T hen , w e take the form
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f ( x ) = w
t

x + b w ith w R d , b R

w h ere super script t r epresent s the tran spose of a v ector . On e w ay to en sure this

is to minimize th e Eu clidean n orm | | w || 2 . F orm ally w e can w rit e this problem as
a conv ex optimization problem by requirin g :

minimize 1
2 | | w || 2 ,

subj ect t o y i - w
t

x i - b and w
t

x i + b - y i

T he underlying assumption here is that th e conv ex optimizat ion problem is
feasible. Som etim es , how ev er , this m ay n ot be the case, or w e also m ay w ant to
allow for som e error s . T o m ake it fea sible, w e introdu ce slack v ariables i and

*
i . H en ce w e arriv e at the formulat ion st at ed in V apnik (1995, 1998).

minimize 1
2 | | w || 2 + C

n

i = 1
( i + *

i ) , (1)

subj ect t o {
y i - w

t
x i - b + i

w
t

x i + b - y i + *
i

i , *
i 0

T he con stant C > 0 determin es the trade off betw een the flatness of f and th e

amount up to w hich deviation s larger than are tolerated. H ere, i an d *
i are

slack v ariables represent ing upper an d low er con straint s on the output s . T he
formulat ion abov e correspon ds to dealin g w ith Vapnik ' s - in sen sitiv e loss funct ion
described by

| | = {0 if | |
| | - oth erw is e

T h e key idea is to con struct a Lagrang e funct ion . Hen ce w e proceed as follow s :

L = 1
2 | | w || 2 + C

n

i = 1
( i + *

i ) -
n

i = 1
i ( + i - y i + w

t
x i + b )

-
n

i = 1

*
i ( + *

i + y i - w
t

x i - b ) -
n

i = 1
( i i + *

i
*
i ) (2)

W e notice that th e posit iv ity con straint s i , *
i , i , *

i 0 should b e sat isfied.

A ft er t aking partial deriv ativ es of equat ion (2) w ith reg ard to th e prim al v ariables
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( w , b , i , *
i ) and plu ggin g th em into (2), w e g et th e optimization problem

b elow .

max
, * - 1

2

n

i , j = 1
( i - *

i )( j - *
j ) x t

i x j -
n

i = 1
( i + *

i ) +
n

i = 1
y i ( i - *

i )

w ith con straint s
n

i = 1
( i - *

i ) = 0 an d i ,
*
i [ 0 , C ] .

Solving th e abov e equ ation w ith these con straint s det ermin es the Lagrang e

mult iplier s , i ,
*
i , an d the optim al regres sion fun ct ion is giv en by

w =
n

i = 1
( i - ' *

i ) x i , b = - 1
2 w

t
[ x r + x s ] ,

w h ere x r and x s are support v ector s . H ere, the support v ector s are data point s

w h ere ex actly on e of the Lagrang e mult iplier s is great er than zero. T herefore, the
optim al regres sion fun ct ion can be rew rit t en in the form of

f ( x ) =
n

i = 1
( i - *

i ) x t
i x + b .

A ctu ally , b can be computed by u sing the Karu sh - Kuhn - T ucker (KKT ) condit ion s .
See for det ails Sm ola & Sch lkopf (1998).

W e now con sider th e ca se of nonlin ear SVM regression . A n onlinear m odel is
u su ally required to adequately m odel dat a . In this case SVM regres sion fir st m ap s

x from the input space R d to z = (x ) in a high dim en sional feature space w here
lin ear regression perform ed. T h e kernel approach is employ ed to address the cur se
of dimen sion ality . T he n onlinear SVM regres sion solut ion , u sin g an - in sen sit iv e
los s fun ction , is giv en by

max
, * - 1

2

n

i , j = 1
( i - *

i ) ( j - *
j )K ( x i , x j ) -

n

i = 1
( i + *

i ) +
n

i = 1
y i ( i - *

i )

w ith con straint s
n

i = 1
( i - *

i ) = 0 an d i ,
*
i [ 0 , C ] .

Solving the ab ov e equ ation w ith these con straint s det ermin es the Lagran ge

mult iplier s , i ,
*
i , an d the optim al regres sion fun ct ion is giv en by

f ( x ) =
n

i = 1
( i - *

i )K ( x i , x ) + b (3)
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w h ere

b = - 1
2

n

i = 1
( i - *

i ) [ K ( x r , x i ) + K ( x s , x i ) ] ,

T he difference to the lin ear case is that w is n o lon ger ex plicit ly giv en . H ow ev er ,
it is uniquely defined in the w eak sen se by th e dot product s . Also n ote that in
the nonlin ear set t in g , the optimizat ion problem corresponds to fin din g the flatt est
funct ion in th e feature space , not in th e input space. In this paper w e only

con sider the n onlinear case. T hu s , for a t est v ector x R m , w e fir st n eed to
compute

a ( x , w ) = w
t

z + b =
n

i = 1
( i - *

i )K ( x i , x ) + b,

w h ere

w
t

z =
n

i = 1
( i - *

i )K ( x i , x ) .

3 . Lik elihood Princ iple and S V M Re g re s s ion

In this sect ion , w e describe the relat ion ship betw een the likelihood prin ciple and
SVM regression . In order to det ermin e w , w e minimize (1), w hich , for a fix ed C,
is the same a s minimizing

| | w || 2

2 C +
n

i = 1
( i + *

i ) . (4)

W e put = 1/ C . T hen , a m odel H , w ith a k - dimen sion al param eter v ector w ,

con sist s of it s funct ional form f , the distr ibut ion p ( D w , H ) , that the m odel

m ak es about the data D , and a prior param eter distribution p ( w , H ) w ith
a regularization param eter of . T h erefore, w e hav e the post erior distr ibut ion of
w for a giv en v alue of by u sin g Bay es ' rule :

p ( w D , , H ) ∝ p ( w , H ) p ( D w , H ) . (5)

N ow , con sider the follow ing probability model:

T h e prior ov er w is th e norm al prior
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p ( w , H ) ∝ exp ( - 2 | | w || 2 ) .

T h e prob ability distr ibut ion is giv en by

p (y i x i , w , H ) = 1
2 ( 1 + ) exp ( - | i | ) .

N ote th at p (y i x i , w , H ) is actu ally the den sity m odel for an - in sen sitiv e

los s fun ct ion . Sub stitut in g these probabilities into (5) an d assumin g that the
ob serv ation s are i.i.d ., w e obtain

- log p ( w D , , H ) = 2 | | w || 2 +
n

i = 1
( i + *

i ) -
n

i = 1
log p ( x i ) + consta n t . (6)

T h e last tw o term s on the right do n ot depend on w . H en ce, by putting
= 1/ C , opt imizin g (1) can be reg arded a s fin ding th e m ax im um app os teriori

(MAP ) est imate w M P of w . M oreov er , t r adit ional SVM regression can be

con sidered a s u sing w M P as th e sole representativ e of the w hole post erior

distribution upon predict ion .

4 . P os terior Pre dictiv e D is tribution and Prediction Interv als

T o compute predict ion int erv al for each output y , w e need to deriv e the

posterior predict iv e distr ibution p ( y | D , x ) of y giv en the trainin g data set D

and an input v ector x . W e fir st as sum e th at th e post erior distr ibut ion of w can

b e approx im ated by a single n orm al distr ibut ion at w M P . Sin ce

a ( x , w ) = w
t

z + b , th e post erior distr ibut ion of a ( x , w ) w ill also b e

n orm al N ( a M P , s2 ) , w ith mean a M P ( x ) = a ( x , w M P ) and v ariance

s2 ( x ) = z
t

A
- 1

z , (7)

w h ere A = 2 M = 2 ( 2 | | w || 2 +
n

i = 1
( i + ' *

i ) ) is the H essian . T hu s , w e can

g et th e posterior predictiv e den sity giv en b elow

p ( y D , x ) = p (y a , D , x ) p ( a D , x ) da

= 1
2 ( 1 + ) 2 s

e - |y - a | e
- ( a - a M P ) 2 / 2s 2

da

= 1
2 ( 1 + ) [e

- y + +
s 3 + 2 a MP

2 ( y - - a M P - s2

s )
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+ e
y + +

s 2 - 2a M P

2 (1 - (y - - a M P - s2

s ))
+ (y + - a M P

s )- (y - - a M P

s )] ,

w h ere is th e distr ibut ion fun ct ion of a st an dard n orm al distr ibut ion . A plot of
the post erior predict iv e distr ibut ion is sh ow n in F igure 1. T his plot can b e m ade
aft er w e train SVM regression for fix ed v alu es of C, , an d a kernel parameter . If
an int erv al summ ary is desir ed, a central interv al of post erior predictiv e
probability , w hich corresponds , in the case of a 100 (1- a )% int erv al, t o the rang e
of v alues abov e and below w hich lies ex actly 100 (a/ 2 )% of the posterior
predict iv e probability can be calculated. Su ch int erv al estim ates are referred to as
predict ion int erv als .

Now , it is left t o illu str at e how to compute s2 ( x ) . T o compute s2 ( x ) in (7),
w e hav e to det ermin e the H essian A . W e already kn ow that computin g the
H es sian m atrix for n eural n etw ork is v ery complicated. But , w e w ill see th at it is
mu ch simpler to compute the H es sian m atrix for SVM regression . W e know that

i , ' *
i m ea sures the difference betw een y i an d w

t
z i + b. Here, w e u se z i

for both linear an d n onlinear cases . T hu s , w e hav e

i = step (y i - a i) ( y i - a i - )
*
i = step ( a i - y i) ( a i - y i - )
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Figure 1: Post er predict iv e den sity an d Stan dard normal den sity

w h ere a i = w
t

z i + b an d step (x ) is th e st ep fun ction . It should be n oted th at

step (x ) is not different iable. T hu s , w e replace it by th e sigm oid fun ction

(x ) = 1/ (1 + e - x ) . Sin ce a i = z i an d 2 a i = O , w e obtain
2

i = r (y i - a i ) z i z t
i and 2 *

i = r ( a i - y i ) z i z t
i . Here, O is th e zero

m atrix and r (x ) = (x - ) ″(x ) + 2 ′(x ) . F in ally , w e h av e A = I + B w h ere

B =
n

i = 1
r i z i z t

i an d r i r ( | y i - a i |) .

W e now compute the eig env alu es k of B . F or the lin ear case, w e put

z i = x i .. T hen , computing eigenv alues k is straightforw ard. H ow ev er , w e

n eed som ething m ore for the n onlinear case. W e now w ill ex plain in det ail how to
compute eigenv alues k for the nonlin ear case. W e kn ow th e trainin g alg orithm

depends on som e kernel funct ion . W e put z i = ( x i ) for som e m apping . Let

v k b e the eigenv ector s of B . T h en w e hav e v k =
n

i = 1
u k i z i for som e

con st ant s u k i an d k z ' t
j v k = z t

j B v k . . T his leads to k K u k = K K u k , ,

w h ere u k = ( u k 1, . . . , u t
kn ) , K is the n × n m atrix w ith elem ent s

z t
i z j = K ( x i , x j ) and K is an other n × n m atrix w ith elem ent s

r i z t
i z j = r i K ( x i , x j ) . In general, w e can as sum e that K is inv ert ible.

H en ce, w e hav e k u k = K u k , an d obtain the eigenv alues k of A a s

k = + k . U sin g these result s , A can be approxim ated as

A P A P t , (8)
w h ere

P = ( v 1, . . . , v m ) = (
n

n = 1
u 1i z i , . . . ,

n

i = 1
u m i z i ) , (9)

and

= d iag ( + 1 , . . . , + m ) (10)

H ere, th e v k ' s are orth og on al and m is the number of significant eig env alu es in

the n × n m atrix K .

Utilizing (8), (9), (10) an d th e fact that P
- 1

= P
t
, s2 ( x ) in (7) can then be

computed as

s2 = z
t

A
- 1

z = z
t

P
- 1

P z = ( P
t

z ) t - 1
( P

t
z )
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=
n

i = 1

1
+ i (

n

j = i
u ij K ( x j , x ))

2

(11)

5 . D at a Ex am ple

A s explained in Section 1, SVM regres sion is b ased on the SRM prin ciple,
w hich minimizes an upper boun d on the expect ed risk , unlike ERM w hich
minimizes the error on the trainin g dat a . By minimizing this b ound, SVM
regression achiev es high gen eralizat ion performance. T hu s , w e can gu ess th at
SVM regres sion w ill perform bett er than predict ion int erv als ba sed on other
m ethods su ch as n eural netw ork s and MARS .

In this sect ion w e w ill illu str at e how to compute approx im ate prediction
int erv als w ith the data set in De Veaux e t al.(1993). F or this dat a set De Veaux
e t al. (1998) computed predict ion int erv als for neural n etw ork s and compared them
w ith prediction interv als based on MARS/ GAM . T hey sh ow ed that the
MA RS/ GAM fit appear s to be a slight ly sm ooth er fit th an the n eural n etw ork
m odel w ith correspondin gly slightly sm ooth er predict ion interv als . F rom tw o
figures for prediction int erv als in this paper and De V eaux e t al. (1998) w e can
presumably compare th e perform ances of such m ethods . T his data set is from a
polym er process w ith 10 predictor v ariables ( x 1 , . . . , x 10) and a sin gle respon se

v ariable y . Becau se the dat a are propriet ary , no oth er inform ation is av ailable on
the v ariables . T h e dat a set con sist of 61ob serv at ion s and are av ailable v ia ftp at
ftp .cis .upenn .edu : pub/ un gar/ chem data .

F igure2: Predict ion Int erv als for SVM Regression

Shao(1999) discu s ses sev eral m odel select ion crit eria an d fin ally argu es the
m odel selection crit erion based on VC- dim en sion w ork s b est . H ow ev er , in this
paper w e basically u se cross v alidat ion m ethod to det ermin e m odel param eter s

sin ce it g enerally w ork s quit e w ell. T he Gau s sian kernel K ( x , y ) = ex p {

- x - y 2

2 2 } is u sed in this ex periment for SVM regres sion . F or SVM

regression C, an d should be pre- specified. H ere, w e chose C = 100, = 0.01
and = 0.541. Based on our simulation stu dies , w e found that SVM m odel is n ot
sen sit iv e to choices of C an d that v ary a lit tle bit from our choices of C = 100
and = 0.01. T h e import ant param eter that does require careful con sideration is
the k ernel param eter . T o det ermine the k ernel param eter , w e perform ed 10- fold
cross - v alidation s . In each run , 50 point s w ere u sed for tr aining and the rem aining
11 w ere u sed to compute the predict ion sum of - in sen sitiv e los ses . T h e best
r esult on the prediction sum of - in sen sitiv e losses w as obtain ed u sing = 0.541.
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T w o stan dard error prediction int erv als for = 5,000 are show n in F igure 2.
Becau se there are mult iple input s , w e h av e ordered the respon ses in this plot . A s
seen from Figure 2, the est im ates of the prediction v ariance at alm ost ev ery point
seem s to be st able an d reasonable. F rom tw o figures for predict ion int erv als in
this paper an d De Veaux e t. al(1998) w e can presum ably compare th e
perform ances of such m ethods . T he SVM fit appear s to be a much sm oother fit
than MARS/ GAM an d the neural n etw ork fit in De V eaux e t. al(1998). In addition ,
SVM giv es slightly sm ooth er prediction int erv als . T h e predict ion interv als for
SVM are som ew hat n arrow er compared w ith the oth er tw o m odels in De V eaux
e t. al(1998). W e ch ecked th e effect of v arying in the sigm oid function ( x ) on
the av erag e size of the predict ion interv als for SVM regression . W hen = 1,000
the av erag e size is 0.181 an d decreases to 0.081 w hen = 5,000 and furth er
decrea ses to 0.057 w hen = 10,000. T h e av erage size of th e predict ion int erv als
for the other tw o m odels is v ery close, 0.235 for the n eural n etw ork an d 0.253 for
the GAM m odel. T his ex perim ent in dicat es th at SVM compares fav orably w ith
other m ethods for regres sion m odelling . T o con clude, w e recomm en d SVM as the
t echnique for regres sion m odellin g .
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