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On Jacknife Re liability E s tim ation
in th e W eibu ll Ca s e 1 )

In S uk Le e 2 ) Y oon He e Keum 3 )

A b s tract
W e compare MISE of th e MLE , UMVUE , inv ariantly optim al

est im ator and Jacknife est im ator for the reliability funct ion of the W eibull
distr ibut ion w hen th e sample size is small.

K ey W ords an d P hra s e s : W eibull distribution , Reliability funct ion ,
Jacknife est im ation , m ean integrat ed squared error .

1. Introduction

Recent tr agedies su ch as the Space Shutt le Challen ger accident , th e
Ch ernobyl an d T hree Mile Island nu clear pow er plant accident s , and aircraft
cata stroph es highlight reliability problem s in engin eerin g design . Reliability
engin eer s , actu aries , and biostat ist ician s are all interested in lifet imes . A reliability
engin eer may stu dy the lifet im es of product s u sed in th e m arketplace. An actu ary
might be interested in the distribution of the lifet im e of a per son in order to
det ermin e the appropriate premium for a life in suran ce policy . A biostatist ician
might an aly ze th e surv iv al t im es of cancer pat ient s in order to compare the
effect iv enes s of treatm ent t echniques , such a s radiat ion an d ch em otherapy .

T an aka (1998) compared the a symptot ic mean int egrated squ ared error s (MISE )
of th e ML est im ator , the uniformly minimum v arian ce unbiased (UMVU ) estim ator
and the inv ariantly optim al(IO) est imator in the W eibull case. H e sh ow ed that
these est imator s hav e the sam e asymptotic m ean int egrated squ ared error up to

the order o( n - 2 ) u sing th e con cept of the asymptotic deficiency .
On the other h and, Lee and Kw on (2000) compared the m ean square

error (M SE ) an d bias of the maximum likelih ood (ML ) est im ator , an d th e Jackknife
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est im ator (JML ) of the reliability funct ion in th e W eibull distr ibut ion for sm all
sample. T h ey show ed th at bias of JML est im ator is sm aller than the bias of ML
est im ator w ithout increa sin g M SE in the sm all sample size. H ow ev er they
show ed th at M SE of the UMVU estim ator is sm all than M SE of the JML w hen
the sample size is small. H ence w e sh all compare the MISE s of th e ML est imator ,
the UMVU estim ator , the IO est im ator an d the JML estim ator of the reliability

funct ion for the W eibull distribution w hen the sample size n is sm all.

2 . M e an inte g rate d s qu are d errors (MIS E ) of the e s tim ators

Suppose that X 1 , X 2 , , X n is a sequ en ce of ran dom v ariables

independently an d identically distributed accordin g to the W eibull distr ibution w ith
a probability den sity fun ct ion (p.d .f .)

f (x ; ) = c ( x )
c - 1

ex p {- (x )
c

}(x > 0 ) ,

w here c > 0 is a kn ow n con st an ce and = ( 0 , ) is an unkn ow n

param eter . T hen S n =
n

i = 1
X c

i is distr ibut ion according to the Gamm a distr ibut ion

( n , c ) w ith a p .d.f.

g ( s ; ) = 1
( n ) cn s n - 1 ex p {- s

c } ( s > 0 ) ,

w here (·) is a g amm a function .
An d the reliability funct ion of the W eibull Distr ibut ion is

R ( t ) = P (X 1 t ) = ex p {- ( t )
c

}( t > 0 ) .

T an aka (1998) obtain ed the m ax imum likelih ood estim ator R M L ( t) , the

uniformly minimum v arian ce unbiased est im ator R UM V U ( t) an d th e inv ariant ly

optim al est im ator R I O ( t) of R ( t) w hich are giv en by , respectiv ely ,

R M L ( t) = ex p {- n t c

S n }( t > 0 ) ,

R UM V U ( t ) = ( S n - t c

S n )
n - 1

( 0 < t < S 1/ c
n ) ,

R I O( t) = ( S n

S n + t c ) ( t > 0 ) ,

an d Lee an d Kw on (2000) obtain ed th e Jackknife est im ator (JML ) of the reliability

funct ion R JM L ( t) of R ( t) that are giv en by
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R JM L ( t ) = n ex p {- n t c

S n }- n - 1
n

n

i = 1
ex p {- ( n - 1) t c

S n - X i
c }( t > 0 ) .

Now w e den ote th e MISE for R ( t) of R ( t) by

MISE ( R ) : =
-

E [ { R ( t) - R ( t) }
2
]dt .

T he or em . T h e MISE of the Jackknife reliability estim ator R JM L ( t) is obt ain ed

a s

MISE ( R JM L ( t ) ) = (2 + 1/ c)
2 2 + 1/ c {1

n + 1
48 n 2 (2 - 105

c - 10
c 2 )}.

P r o of : MISE ( R JM L ( t ) ) =
0

E [ n R M L ( t ) - ( n - 1) R ( i)
M L ( t ) - R ( t ) ] 2dt

=
0

{n 2E [ R M L ( t ) ] 2 + ( n - 1) 2 E [ R ( i)
M L ( t) ] 2

+ R 2
θ ( t) - 2 n ( n - 1)E [ R M L ( t) R

( i)
M L ( t) ]

- 2 ( n - 1)R θ ( t )E [ R ( i)
M L ( t ) ]

- 2 n R ( t )E [ R M L ( t ) ]}dt

= n 2

0
E [ R M L ( t) ] 2d t + ( n - 1) 2

0
E [ R ( i)

M L ( t) ] 2d t

+
0

R 2 ( t) d t - 2 n ( n - 1)
0

E [ R M L ( t) R ( i)
M L ( t) ]dt

+ 2 ( n - 1)
0

R ( t) E [ R ( i)
M L ( t) ] dt

- 2 n
0

R ( t) E [ R M L ( t) ]d t,

w here R
( i)

M L ( t) = 1
n

n

i = 1
R

( i)
M L ( t) an d R

( i)
M L ( t) is th e MLE of the

R ( t) for th e sample that deleted i th sample from origin al sample

(X 1 , X 2 ,… , X n ) . Aft er t ediou s calculat ion w e can obtain

I 1 = E [ R M L
( i)

( t) ] 2

= Γ ( 1/ c)
2 1/ c

Γ ( n - 1 + 1/ c)
( n - 1) 1/ cΓ ( n - 1)

( θc ) . (3. 1)
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Since

E [ R M L ( t ) R ( i)
M L ( t ) ] = E [ R M L ( t ) ] E [ R ( i)

M L ( t ) ] ,

w e hav e

I 2 =
∞

0
E [ R ML ( t) R ML

( i)
( t) ]d t

=
∞

0
[ {R θ ( t) + 1

2n ( log 2R θ ( t) + 2 log R θ ( t) )R θ ( t)}
×{R θ ( t) + 1

2 ( n - 1) ( log 2R θ ( t) + 2 log R θ ( t) )R θ ( t)}]d t . (3. 2)

H ence w e obtain MISE ( R JM L ( t ) ) by T an aka (1998), (3.1) an d (3. 2).

3 . S im ul ation an d c on clu s ion

Design parameter s in the simulation ex perim ent s in clu de sample size n ,

shape param eter c an d scale param eter 1/ . W e gen erat e W eibull r an dom
v ariables generat in g IM SL an d run 1000 replicat es in each fix ed param eter v alu es .
W e est im ate each reliability estim ator s an d their MISE s . In T able , w e ob serv e

that MISE of the R JM L est im ator is sm aller than R M L , R UM V U , an d R I O in

the sm all size
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T ab le : M ean Int egrat ed Squ ared Error of E st im ator s

c
n = 10

M ISE of M L M ISE of UM VU M ISE of IO M ISE of JM L

3.0

6.0 4.732873E- 02 4.736611E- 02 4.990840E- 02 4.724767E- 02
6.2 4.890635E- 02 4.894498E- 02 5.157201E- 02 4.882259E- 02
6.4 5.048398E- 02 5.052385E- 02 5.323562E- 02 5.039751E- 02
6.6 5.206160E- 02 5.210272E- 02 5.489923E- 02 5.197243E- 02
6.8 5.363922E- 02 5.368159E- 02 5.656285E- 02 5.354736E- 02

3.2

6.0 4.443927E- 02 4.447947E- 02 4.600405E- 02 4.436908E- 02
6.2 4.592058E- 02 4.596212E- 02 4.753752E- 02 4.584804E- 02
6.4 4.740189E- 02 4.744477E- 02 4.907099E- 02 4.732701E- 02
6.6 4.888320E- 02 4.892742E- 02 5.060446E- 02 4.880598E- 02
6.8 5.036451E- 02 5.041007E- 02 5.213793E- 02 5.028495E- 02

3.4

6.0 4.189106E- 02 4.193250E- 02 4.301264E- 02 4.182910E- 02
6.2 4.328743E- 02 4.333025E- 02 4.444639E- 02 4.322340E- 02
6.4 4.468380E- 02 4.472801E- 02 4.588015E- 02 4.461771E- 02
6.6 4.608016E- 02 4.612575E- 02 4.731390E- 02 4.601201E- 02
6.8 4.747653E- 02 4.752351E- 02 4.874766E- 02 4.740631E- 02

3.6

6.0 3.962567E- 02 3.966746E- 02 4.049955E- 02 3.957018E- 02
6.2 4.094653E- 02 4.098971E- 02 4.184953E- 02 4.088918E- 02
6.4 4.226739E- 02 4.231196E- 02 4.319952E- 02 4.220819E- 02
6.6 4.358824E- 02 4.363421E- 02 4.454951E- 02 4.352719E- 02
6.8 4.490910E- 02 4.495646E- 02 4.589949E- 02 4.484620E- 02

3.8

6.0 3.759760E- 02 3.763917E- 02 3.831353E- 02 3.754729E- 02
6.0 3.885085E- 02 3.889380E- 02 3.959065E- 02 3.879887E- 02
6.0 4.010411E- 02 4.014844E- 02 4.086777E- 02 4.005045E- 02
6.0 4.135736E- 02 4.140308E- 02 4.214489E- 02 4.130203E- 02
6.0 4.261061E- 02 4.265773E- 02 4.342201E- 02 4.255360E- 02

T able : (continu e)

c
n = 13

M ISE of M L M ISE of UM VU M ISE of IO M ISE of JM L

3.0

6.0 3.639283E- 02 3.641496E- 02 3.791927E- 02 3.634487E- 02
6.2 3.760593E- 02 3.762879E- 02 3.918324E- 02 3.755637E- 02
6.4 3.881902E- 02 3.884262E- 02 4.044722E- 02 3.876786E- 02
6.6 4.003212E- 02 4.005645E- 02 4.171119E- 02 3.997936E- 02
6.8 4.124521E- 02 4.127029E- 02 4.297517E- 02 4.119086E- 02

3.2

6.0 3.417211E- 02 3.419590E- 02 3.509802E- 02 3.413057E- 02
6.2 3.531118E- 02 3.533576E- 02 3.626795E- 02 3.526826E- 02
6.4 3.645026E- 02 3.647562E- 02 3.743789E- 02 3.640594E- 02
6.6 3.758932E- 02 3.761549E- 02 3.860782E- 02 3.754363E- 02
6.8 3.872839E- 02 3.875535E- 02 3.977776E- 02 3.868132E- 02

3.4

6.0 3.221341E- 02 3.223794E- 02 3.287707E- 02 3.217675E- 02
6.2 3.328719E- 02 3.331253E- 02 3.397297E- 02 3.324931E- 02
6.4 3.436098E- 02 3.438713E- 02 3.506887E- 02 3.432187E- 02
6.6 3.543475E- 02 3.546173E- 02 3.616478E- 02 3.539442E- 02
6.8 3.650853E- 02 3.653633E- 02 3.726068E- 02 3.646698E- 02

3.6

6.0 3.047196E- 02 3.049669E- 02 3.098905E- 02 3.043912E- 02
6.2 3.148769E- 02 3.151324E- 02 3.202201E- 02 3.145376E- 02
6.4 3.250343E- 02 3.252980E- 02 3.305499E- 02 3.246840E- 02
6.6 3.351916E- 02 3.354635E- 02 3.408795E- 02 3.348303E- 02
6.8 3.453489E- 02 3.456291E- 02 3.512092E- 02 3.449767E- 02

3.8

6.0 2.891283E- 02 2.893743E- 02 2.933646E- 02 2.888306E- 02
6.0 2.987659E- 02 2.990200E- 02 3.031434E- 02 2.984583E- 02
6.0 3.084035E- 02 3.086659E- 02 3.129222E- 02 3.080860E- 02
6.0 3.180411E- 02 3.183117E- 02 3.227010E- 02 3.177137E- 02
6.0 3.276787E- 02 3.279575E- 02 3.324799E- 02 3.273414E- 02
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T able : (continu e)

c n = 16
M ISE of M L M ISE of UM VU M ISE of IO M ISE of JM L

3.0

6.0 2.956213E- 02 2.957674E- 02 3.056982E- 02 2.953047E- 02
6.2 3.054754E- 02 3.056263E- 02 3.158881E- 02 3.051482E- 02
6.4 3.153294E- 02 3.154852E- 02 3.260780E- 02 3.149917E- 02
6.6 3.251835E- 02 3.253441E- 02 3.362680E- 02 3.248351E- 02
6.8 3.350375E- 02 3.352030E- 02 3.464579E- 02 3.346787E- 02

3.2

6.0 2.775878E- 02 2.777448E- 02 2.837002E- 02 2.773135E- 02
6.2 2.868407E- 02 2.870029E- 02 2.931568E- 02 2.865573E- 02
6.4 2.960936E- 02 2.962611E- 02 3.026135E- 02 2.958011E- 02
6.6 3.053465E- 02 3.055192E- 02 3.120702E- 02 3.050449E- 02
6.8 3.145995E- 02 3.147774E- 02 3.215269E- 02 3.142887E- 02

3.4

6.0 2.616808E- 02 2.618427E- 02 2.660619E- 02 2.614387E- 02
6.2 2.704034E- 02 2.705707E- 02 2.749307E- 02 2.701533E- 02
6.4 2.791261E- 02 2.792989E- 02 2.837994E- 02 2.788680E- 02
6.6 2.878488E- 02 2.880269E- 02 2.926681E- 02 2.875826E- 02
6.8 2.965715E- 02 2.967550E- 02 3.015369E- 02 2.962972E- 02

3.6

6.0 2.475373E- 02 2.477005E- 02 2.509509E- 02 2.473205E- 02
6.2 2.557885E- 02 2.559572E- 02 2.593159E- 02 2.555645E- 02
6.4 2.640398E- 02 2.642139E- 02 2.676810E- 02 2.638086E- 02
6.6 2.722910E- 02 2.724706E- 02 2.760460E- 02 2.720526E- 02
6.8 2.805423E- 02 2.807273E- 02 2.844110E- 02 2.802966E- 02

3.8

6.0 2.348741E- 02 2.350364E- 02 2.376707E- 02 2.346775E- 02
6.0 2.427032E- 02 2.428710E- 02 2.455930E- 02 2.425001E- 02
6.0 2.505323E- 02 2.507055E- 02 2.535154E- 02 2.503227E- 02
6.0 2.583615E- 02 2.585401E- 02 2.614377E- 02 2.581453E- 02
6.0 2.661906E- 02 2.663746E- 02 2.693601E- 02 2.659679E- 02
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