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M u ltiv ariate Cum u lativ e S um Control Ch art
for D i s pers ion M atrix 1 )

D uk - Joon Ch ang 2 ) , Jae - Ky oun g S hin3 )

A b s tract

Sev eral different control st at istics to simultaneou sly m onitor disper sion
m atrix of sev eral qu ality v ariables are presented since different control
st at ist ics can be u sed to describ e v ariability . Multiv ariare cumulativ e
sum (CUSUM ) control ch art s are proposed an d the perform an ces of the
proposed CUSUM chart s are ev alu at ed in t erm s of av erage run
len gth (ARL ). Multiv ariate Sh ew hart chart s are also proposed to compare
th e propert ies of th e proposed CU SUM chart s . T he num erical r esult s
show th at mult iv ariat e CUSUM chart s are m ore efficient than multiv ariate
Shew h art ch art s for sm all or m oderate shift s . A nd w e also foun d that
sm all r eferen ce v alue of the CUSUM chart is m ore efficient for sm all
shift .

K ey w ord s : control st atist ic , ex pected t im e to sign al, false alarm

1. Introduction

Control ch art is a repetit iv e st at istical procedure for continuou sly m onitoring
paramter s of the production process , and is also u sed to quickly detect w h en th e
proces s chan ges an d eliminat e assign able cau ses th at m ay produce any
det eriorat ion in the quality of the m anufactured produ ct s . T o m aint ain a control
chart , samples of size n are t aken at regular samplin g t im e int erv al of len gth d .
T he ability of a control chart is determined by the length of t im e required for th e
chart t o signal w hen th e process is out - of- control, and th e rate of false alarm
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w h en th e proces s is in - control. T herefore a g ood chart should quickly det ect
chan ges in the product ion proces s w hile produ cing few false alarm s .

T h e ba sic Shew h art chart , alth ou gh simple to under st an d and apply , u ses only
the inform ation in the current samples an d is thu s relat iv ely in efficient in
det ect in g sm all chan ges on the process param eter s . M odificat ion s su ch a s the u se
of supplementary run s rules m ay improv e th e efficiency of Shew hart chart
som ew h at , but other approaches w hich t ake full adv antag es of th e information in
past samples are n eeded.

T h e multiv ariate procedure to qu ality control w as fir st introduced by
H otelling (1947) an d becam e popular in recent y ear s . Jack son (1959) an d Ghare and

T org er sen (1968) present ed multiv ariate Shew hart ch art based on H otelling ' s T 2

statist ic. W oodall and Ncube (1985) ex ten ded the univ ariat e CUSUM procedure to
the mult iv ariat e ca se for m onitoring m ean v ector of qu ality v ariables . T hey
operat ed p tw o- sided univ ariat e CUSUM sch em es simultan eou sly , and ev aluat ed
the perform ance of the collect ion of the schem e. Crosier (1988) and Pign atiello and
Run ger (1990) con sidered new mult iv ariat e CUSUM procedures that accumulat e past
sample inform ation for each param eter and then form a univ ariate CUSUM
statist ic from the multiv ariate dat a for m onitoring the m ean v ector .

Up to th e present , multiv ariate control procedures hav e b een w idely u sed for
m onitorin g process mean v ector . But , r elat iv ely lit t le at t ent ion h as been giv en to
the u se of CUSUM chart s for m onitorin g disper sion m atrix . In this paper , w e
propose sev eral different control stat ist ics an d CUSUM chart s for m onitoring the
disper sion m atrix of correlat ed quality v ariables w here th e t arget process mean
v ector rem ain ed know n con st ant .

2 . Ev alu atin g Control S t atis tic s

T h e qu ality of a product is oft en characterized by joint lev els of sev eral qu ality
charact eristics . Becau se it is inappropriat e to u se individual chart s to det ect any
chan ges of each process param eter s in this case, a multiv ariate quality control
procedure for simultan eou sly monitorin g correlat ed v ariables is needed. Sin ce th e
a ssign able cau ses w hich produ ce random v ariat ion of th e quality are tr eat ed a s
inh erent to th e process in it s current state, these qu ality charact erist ics are
ran dom v ariables .

A s sum e that the produ ct ion process of int erest ha s p (p 2) correlat ed qu ality
v ariables represent ed by the random v ector X = (X 1 , X 2 , X 3 , , X p) ' an d w e

obtain an independent sequ ence of random v ector s X 1 , X 2 , X 3 , , w h ere th e

v ector X i = ( X ' i1 , , X ' in ) ' is a sample of ob serv at ion s at each sampling t im e

i an d X ij = (X ij 1 , X ij2 , , X ijp) ' . T he underlyin g probability distr ibut ion of th e p

qu ality v ariables is assum ed to b e multiv ariate normal distr ibut ion w ith m ean

22



Multiv ariat e Cumulat iv e Sum Control Chart for Disper sion M atrix

v ector and disper sion m atrix .
In pract ice , it may be necessary in many cases to est im ate both and from

the past dat a , but for simplicity w e a ssum e th at 0 and 0 are kn ow n . Let

0 = ( 0 , 0 ) be th e know n targ et v alu es for th e proces s param eter s of p

qu ality charact eristics an d 0 is r epresented as

0 =
10

20

p0

and 0 =

2
10 120 10 20 1p0 10 p0

120 10 20
2
20 2p0 20 p0

1p0 10 p0 2p0 20 p0
2
p0

,

w h ere the targ et cov ariance compon ent of X r and X s is rs0 = rs0 r0 s0 for

r , s = 1, 2 , , p .

In univ ariat e case , the process disper sion can be m onitored by S 2 chart or

ran ge ch art , w here S 2 denote an unbiased sample v arian ce for a random sample

of size n from a process . T h e S 2 chart signals for large v alues of S 2
i or

equiv alent ly for larg e v alues of T i = ( n - 1) S 2
i / 2

0 w h ere 2
0 is t arget v alue of

the process disper sion 2 and S 2
i is obtain ed at samplin g t ime i . W hen the

proces s is in - control, th e statist ic T i ha s a chi- squ ared distr ibut ion w ith ( n - 1)

degrees of freedom .

F or mult iv ariat e case, on e pos sible mult iv ariat e v er sion of T i is

V i =
n

j = 1
( X ij - X i ) ' - 1

0 ( X ij - X i ) = tr (A i
- 1

0 ) (2.1)

w h ere A i =
n

j = 1
( X ij - X i ) ( X ij - X i ) ' an d the p p sample disper sion m atrix

S i is A i / ( n - 1) . W hen th e process is in - control, th e disper sion matrix is 0

and th e control st atist ic V i h as a chi- squ ared distr ibution w ith ( n - 1) p degrees

of freedom . H otelling (1947) proposed th at th e stat ist ic V i can be u sed to m onitor

the proces s disper sion m atrix of p quality v ariables .
T h e general multiv ariate statist ical quality control chart can be con sidered as a

repet it iv e t est s of significance w h ere each quality characterist ic is defined by p
qu ality v ariables X 1 , X 2 , , X p . T herefore, w e can obtain another chart st at istic

for m omitoring by u sin g th e likelih ood ratio test (LRT ) st atist ic for t est ing
H 0 : = 0 v s H 1 : 0 w here t arget m ean v ector of th e quality v ariables 0

is know n . T he region s abov e the UCL correspon ds to the LRT rejection region .
F or the i th sample , likelihood rat io can b e expressed as
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= n
- np

2 |A i
- 1

0 |
n
2 ex p [- 1

2 tr ( - 1
0 A i) + 1

2 np].

Let T V i be - 2 ln . T hen

T V i = tr (A i
- 1

0 ) - n ln |A i | + n ln | 0 | + np ln n - np . (2.2)

H ence, the statist ic T V i can be u sed as th e sample st at ist ics for m onitoring .

A lt (1982) proposed the u se of sample gen eralized v ariance | S i | t o monitor

disper sion m atrix . An d Hui (1980) also u sed th e sample g eneralized v ariances for
m onitorin g the process disper sion by u sing the follow in g st at istic

n - 1 ( | S i | / | 0 | - 1) . T his st at istic is asymptot ically n orm ally distr ibuted w ith

m ean 0 and v ariance 2p .
If the st at istic V i or T V i plot s abov e the upper control lim it s , the process

disper sion m atrix is deemed out - of- control st at e and as signable cau ses are sou ght .
T he st atist ic V i has a chi- squared distr ibut ion w ith ( n - 1) p degrees of freedom

and th e percentage point of the V i can be obtained from chi- square distr ibut ion

w h en th e proces s is in - control. But , if th e process shift s from 0 th en it is

difficult t o obtain the ex act distr ibut ion of V i . T hu s in order to obtain th e

percentag e point s of V i w hen the proess is out - of - control state, it is n eces sary
to u se computer simulat ion s . A nd, it is difficult to obtain the ex act distr ibut ion of
T V i w h en the proces s is in - control or out - of- control st at es . T hu s , in order to

ev alu at e the perform ances of the chart s b ased on the st atist ics V i or T V i for

it is n ecessary to carry out computer simulation s .

3 . M ultiv ari ate S h ew h art Ch art

Shew hart ch art is w idely u sed to display sample dat a from a process for the
purpose of determining w hether a produ ct ion proces s is in - control, for brin ging an
out - of - control process into in - control, and for m onitoring a process to m ake sure
that it st ay s in - control. A Shew hart ch art has a good ability to det ect larg e
chan ges in monitored param eter quickly an d is ea sy to implem ent the process .
H ow ev er , th e Shew hart chart is slow to sign al sm all or m oderate ch ang es in the
proces s param eter s .

T h e run len gth N is defined a s the ran dom number of samples required for the
chart t o sign al and th e t im e required to signal T is dN w here d is the length
of th e sampling int erv al. T he av erag e run length (ARL ) is E (N ) and the ex pected
t ime to signal E ( T ) is simply the produ ct of the A RL and d . T h erefore, th e
A RL can be thought of as the ex pected t im e to sign al.

Let q b e th e probability th at a chart statist ic falls out - of - control lim it s , then N
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is geom etrically distributed w ith param eter q w hen the process is in - control. T h e
expect ed tim e to sign al E ( T ) an d the v arian ce of the t ime to signal V ( T ) can
b e represent ed as

E ( T ) = d E (N ) = d
q and V ( T ) = d 2 ( 1 - q)

q2 .

Since the control lim it s for a multiv ariate Shew hart ch art based on the sample

statist ic V i w ould be set as {0 , 2
1 - [ ( n - 1)p ] }, a Shew hart ch art based on V i

signals w henev er

V i
2
1 - [ ( n - 1) p ] . (3.1)

An d b ecau se the control lim it s for a mult iv ariat e Shew hart chart based on the
statist ic T V i w ould be set by u sin g percent ag e point of T V i , a Shew hart chart

b ased on T V i signals w hen ev er

T V i h T V ( S ) (3.2)

w h ere h T V ( S ) can be obtained to sat isfy a specified in - control ARL by simulat ion .

[Result 3.1] Let X ij = (X ij 1 , X ij2 , , X ijp ) ' b e distr ibut ed a s N p ( 0 , 0 ) an d

X ij 's be independent w hen the process is in - control. A ssum e that mult iv ariat e

Sh ew hart chart based on th e stat ist ic V i in (2.1) is u sed a s stated abov e. If th e

proces s param eter s of th e distr ibution shift ed as N p ( 0 , c 0 ) w h ere c is a

con st ant , th en

A R L = 1
1 - F ( h V / c ) (3.3)

w h ere h V = 2
1 - [ ( n - 1)p ] is th e control lim it of the chart in (3.1) and F ( ) is

a chi- squ ared distr ibution function w ith ( n - 1) p degrees of freedom .

4 . Multiv ariate CU S U M Ch art

T h e CUSUM ch art is a good alt ernat iv e to the Shew h art chart and is often
u sed in stead of st andard Shew h art chart w hen det ect ion of sm all shift s in a
product ion process is import ant . A CUSUM chart dir ect ly in corporat es all of th e
inform ation in th e sequ ence of sample v alues by plot t in g the cumulat iv e sum of
the deviat ion of the sample v alu es from th e targ et v alu e.

A mult iv ariat e CU SUM chart based on th e st at ist ic V i in (2.1) is giv en by

Y V , i = max { Y V , i - 1 , 0 } + ( V i - k V ) (4.1)
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w h ere Y V , 0 = V ( V 0) an d reference v alu e k V 0 . T his chart for disper sion

m atrix sign als w hen ev er Y V , i h V .

W h en th e proces s param eter s are on - t arget , decision int erv al h V can b e

ev alu at ed by th e M arkov chain or integral equat ion approach to sat isfy a specified
in - control ARL. And w hen the proces s param eter s in h av e chan ged, th e
perform ances and propert ies of this ch art can be ev aluated by simulation .

T h e CUSUM procedure can be con sidered as a sequ ence of independent t est s
w h ere each t est is actu ally equiv alent to a sequ ential probability rat io t est (SPRT )
for t esting H 0 : = 0 v s H 1 : 0 . T his sequence of SPRT ' s is equiv alent to

u sing th e CU SUM statist ic

Y i = max { Y i - 1 , 0 } + (L i - k ) (4.2)

w h ere the likelih ood rat io L i = max {L ( , ) } / max {L ( , 0 ) } and L ( , ) is

lik elihood function of random v ector X i = ( X ' i1 , X ' i1 , , X ' in ) ' an d k 0 .

T his chart sign als w h enev er Y i > c . T herefore , a CU SUM procedure based on the

statist ic T V i in (2.2) can also be con struct ed as

Y T V , i = max { Y T V , i - 1 , 0 } + ( T V i - k T V ) (4.3)

w h ere Y T V , 0 = T V ( T V 0) and k T V 0 . T his chart sign als w hen ev er

Y T V , i h T V ( C) .

Since it is difficult t o obtain the ex act perform an ces of mult iv ariat e CUSUM
schem e ba sed on T V i , the percent age point and propert ies of this ch art can be

ev alu at ed by simulat ion under th e process param eter s of th e process are on - t arget
or chan ged.

5 . N um eric al P erform an c e s an d Con cludin g Rem ark s

T h e design of a CUSUM chart r equires the specification of the sample size n ,
the samplin g int erv al d , an d the chart param eter s h and k . A g ood ch oice for
the ch art param eter s depen ds on th e number of qu ality v ariables in the proposed
control sch em e and the size of shift on interest in g .

In order to ev aluat e th e perform an ces an d compare the proposed mult iv ariat e
CUSUM and Sh ew hart chart s fair ly , it is necessary to calibrat e each schem es so
that on - t arget ARL E (N | 0 , 0 ) be the sam e for all the proposed schemes . In

our computat ion , each sch em e w as calibrated so that the on - t arget A RL w as
approxim ately equ al to 370.4 and the sample size for each ch aract erist ic w as fiv e
for p = 3 and p = 4 . F or conv enience, w e let th at the samplin g int erv al of unit
t ime d = 1 an d know n target m ean v ector 0 = 0 . T h e perform an ce of th e
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chart s for m onitorin g a disper sion m atrix depends on the component s of . F or

computation al simplicity in our computation , w e assum e th at 2
r0 = 1, rs0 = 0 .3 for

r , s = 1, 2 , , p .
Since it is not possible to inv estigate all of the different w ay s in w hich

could chan ge, w e con sider the follow ing typical types of shift s for comparison in
the proces s param eter s :

(1) V i : 10 of 0 is increa sed to [ 1 + (4 i - 3) / 10] .

(2) C i : 120 and 210 of 0 are chan ged to [0 .3 + (2 i - 1) / 10]

(3) ( V i , C i ) for i = 1, 2 , 3 .

(4) S i : 0 is ch ang ed to c i 0 w here c i = [ 1 + (3 i - 2) / 10]2 .

Aft er the referen ce v alue of the proposed CUSUM chart based on the control
statist ic V i , decision interv al h V w as calculated by M ark ov chain m ethod w ith

the number of tr an sient st at es r = 100 . And the param eter s h T V ( C) based on T V i

for CUSUM scheme, and th e ARL v alu es for all the proposed types of shift s for
Sh ew hart and CUSUM chart s ba sed on V i or T V i w ere obtained by simulation

w ith 10,000 it erat ion s .

< T able 1> ARL v alu es for disper sion m atrix ( p = 3 )

types Shew hart CUSUM
of shift s V i T V i based on V i based on T V i

no shift 370.4 370.4 370.4 370.4 370.4 370.3 370.3 370.3
V 1 177.7 340.6 86.1 91.5 99.5 302.2 311.9 318.0
V 2 15.8 53.9 12.6 10.7 9.8 24.5 25.2 26.4
V 3 4.5 8.8 6.2 5.0 4.5 7.2 6.6 6.3
C1 419.7 354.4 623.3 564.2 530.6 321.6 329.1 334.2
C2 403.8 244.7 1663.7 1121.5 880.8 103.5 119.9 136.4
C3 309.0 101.3 3019.5 1502.3 996.9 18.5 19.1 20.9

( V 1 , C1) 203.8 328.2 116.3 123.9 133.6 274.5 288.6 296.8
( V 2 , C2) 19.2 46.3 15.6 13.3 12.4 20.3 20.4 21.3
( V 3 , C3) 5.6 6.9 7.5 6.2 5.5 5.7 5.2 4.9

S 1 65.3 299.6 26.6 24.5 24.7 213.8 229.0 242.0
S 2 4.5 27.2 5.8 4.7 4.1 12.3 11.9 11.9
S 3 1.7 4.3 3.1 2.6 2.0 4.2 3.8 3.5
S 4 1.2 1.8 2.2 1.8 1.6 2.4 2.1 2.0

k V = 12 .5 k V = 13 k V = 13 .5 k T V = 9 k T V = 9 .5 k V = 10
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T h e perform an ces of the proposed mult iv ariat e Shew hart and CU SUM chart are
giv en in T able 1 an d 2. By v ariou s num erical computat ion , w e foun d the follow ing
propert ies . W hen a shift in v ariance compon ent s hav e occured, multiv ariate sch em e
b ased on the control statist ic V i is efficient . And a shift in correlation coefficient s

h av e occured, control procedure based on the T V i w ill b e recomm en ded. A shift

for both v ariances and correlation coefficient s in has occurred, the multiv ariate
CUSUM procedure b ased on T V i w ill be recomm en ded.

W h en sm all or m oderat e ch ang es in the production process hav e occurred,
CUSUM procedures are m ore efficient than Sh ew hart chart s in t erm s of ARL.
Num erical r esult s for v ariou s referen ce v alues of CUSUM sch em es sh ow th at
sm all r eferen ce v alues are m ore efficient in det ect in g sm all shift s and larg e
referen ce v alues are more efficient for large shift s .

H ence, w e recomm en d CUSUM chart ba sed on th e control st atist ic T V i t o

simult aneou sly monitor both v ariances an d correlation coefficient s of in th e
mult iv ariat e n orm al process w hen sm all or m oderat e shift has occured in the
product ion proces s .

< T able 2> ARL v alu es for disper sion m atrix ( p = 4 )

types Shew hart CUSUM
of shift s V i T V i based on V i based on T V i

no shift 370.4 370.4 370.4 370.4 370.4 370.4 370.4 370.4
V 1 199.9 357.3 97.9 103.6 111.9 316.3 322.8 325.8
V 2 19.3 118.7 14.9 12.6 11.6 43.5 41.8 42.8
V 3 5.3 19.3 7.2 5.9 5.2 13.8 12.0 11.0
C1 397.6 359.7 540.7 506.5 488.8 331.8 334.7 339.9
C2 374.3 291.6 1107.9 859.3 721.2 130.8 140.9 153.6
C3 291.8 166.4 1795.4 1106.6 815.8 33.8 32.1 32.8

( V 1 , C1) 2191.1 349.6 123.6 130.5 139.9 290.7 298.0 305.9
( V 2 , C2) 22.5 100.7 17.7 15.1 14.0 35.7 33.6 33.9
( V 3 , C3) 6.2 14.2 8.5 7.0 6.2 10.7 9.2 8.4

S 1 55.3 326.6 23.2 20.7 20.0 215.1 226.6 237.2
S 2 3.4 47.9 5.2 4.2 3.7 17.9 15.7 14.7
S 3 1.4 5.7 2.9 2.4 2.1 6.3 5.3 4.8
S 4 1.1 2.0 2.0 1.7 1.5 3.5 2.9 2.6

k V = 16 .5 k V = 17 k V = 17 .5 k T V = 16 k T V = 16 . 5 k V = 17
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