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A B S T R A CT

In this paper , the problem of estim ating a p - v ariat e (p 4) n orm al m ean
v ector in a decision - th eoret ic setup is con sidered. U sin g a t echniqu e of
Guo an d P al (1992), a sequen ce of est im ator s domin at in g the Lindley type
est im ator is deriv ed and each improv ed est im ator is bet ter th an th e
previou s on e.

K ey W ords and P hras es : Improv ed est im ator , Lin dley type estim ator ,
Norm al m ean v ector .

1 . IN T R OD U CT ION

Let X = ( X 1 , , X p ) ' be a p - v ariat e ran dom v ector an d X N p ( , I p) ,

R p . F or any estim ator ( X ) of , the loss in estim atin g by ( X )
is

L ( , ) = || - | | 2 = ( - ) ' ( - ) . (1.1)

T he st an dard est imator (MLE as w ell as th e best locat ion estim ator ) of is
0

= X (1.2)
w hich is admis sible for p 2 . St ein (1956) and Jam es an d Stein (1961) show ed th at

o
is in admissible for p 3 and it is dominated by
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JS
= (1 - (p - 2)

| | X | | 2 )X , p 3 , (1.3)

w hich shrink s X t ow ard the origin . Sub sequ ently a number of author s provided

clas ses of Stein - type est imator s dominat in g X (see, for ex ample, Efron and M orris
(1976), Ghosh , Hw ang , an d T sui(1984) w h ere other references are cited ). One

comm on feature of the abov e classes of est imator s dominat ing X is th at th ey are

all spherically symm etric shrinking X tow ard som e part icular point , not
n eces sarily the origin .

Gu o an d P al(1992) con sidered a sequen ce of improv ed est im ator s providing

successiv e improv em ent ov er
JS

. T he Lin dley (1962) type est im ator is
1

= X 1 + (1 - p - 3
|| X - X 1 || 2 )( X - X 1 ) , p 4 (1.4)

w h ere X = (X 1 + + X p) / p and 1 = ( 1, , 1) ' . His est imator possesses b ett er

risk propert ies than th e ordinary Jam es - Stein est im ator ov er a large region of th e
param eter space, sug gest in g th at from a sampling theoretic view point the

shrinkag e should b e tak en tow ard X 1 as opposed to th e origin .
In this paper , a sequence of improv ed estim ator s providin g successiv e

improv em ent s ov er
1

is con stru ct ed. In Sect ion 2, su ch improv ed est im ator s are

deriv ed an d in Sect ion 3, th e ab ov e result s is gen eralized w hen X ∼N p ( , 2I p) ,

w h ere cov arian ce m atrix is 2I p for som e unkn ow n scalar 2 > 0 .

2 . IM P R OV E D E S T IM A T OR S D OM IN A T IN G
1

Con sider a sequen ce of est imator s of th e form
n

= X 1 + K n ( X - X 1 ) , n = 1 , 2 , 3 , , (2.1)

w h ere K n = K n ( X ) is a suitable function of X . W e choose K 1 =

(1 - p - 3
|| X - X 1 | | 2 ) t o m ake the fir st elem ent

1
of the sequ en ce {

n
}. Our

g oal is to con struct
n

, n 2 , such th at for any integer n 1 an d p 4 ,

R ( n + 1 , ) R ( n , ) , R p . (2.2)

T o dominat e the est imator
n

for any n 1, defin e n + 1 as
n + 1 = n + r *

n ( X - X 1 ) , i . e . , K n + 1 = K n + r *
n , (2.3)

w h ere r *
n = r *

n ( X ) is a suit able real v alued funct ion . Let r n = r *
n

( X - X 1 ) . Define the risk differen ce ( R D ) b etw een R ( n + 1 , ) an d

R ( n , ) as
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R D ( n + 1, n ) = R ( n + 1 , ) - R ( n , )

= E {
p

i = 1
r 2

n i + 2
p

i = 1
r n i (

n
i - i) }, (2.4)

w h ere n
i , i , an d r n i denote th e i th elem ent s of n , , an d r n , r espect iv ely .

T he secon d term of (2.4) can be simplified as

E {
p

i = 1
r n i(

n
i - i)}=

p

i = 1
E [ r n i { X + K n (X i - X ) - i }]

=
p

i = 1
E [ ( K n - 1) r n i (X i - X ) + r n i (X i - i) ]

=
p

i = 1
E [ ( K n - 1) r n i ( X i - X ) + X i

r n i ] . (2.5)

T he expression (2.5) is obt ained by u sin g Stein ' s n orm al identity assuming that
r n i ' s ( i = 1, 2 , , p) satisfy all th e regularity condit ion s of th e identity . Combinin g

(2.4) an d (2.5) w e g et

R D ( n + 1, n ) = E [
p

i = 1 {r 2
n i + 2 (K n - 1) r n i (X i - X ) + 2 2

X i
r n i}]. (2.6)

W e now look for suitable r n = r *
n ( X - X 1 ) su ch that R D ( n + 1 , n ) 0 ,

n 1 .
Before w e deriv e the general result , let u s look at som e special cases .

Sp ecial cas es

(1) W h en n = 1 , i.e., w e are trying to domin at e
1
(Lindley ), t ake r *

1 =

c 1 | | X - X 1 | | - ( 2 + 1) w h ere 1 >0 and c 1 is a suit able con st ant . T hen

2
p

i = 1 X i
r 1i =

2 c 1 {p - (3 + 1) }

| | X - X 1 ||
2 + 1

,
p

i = 1
r 2

1i =
c 2

1

| | X - X 1 ||
2 + 2 1

and 2 ( K 1 - 1)
n

i = 1
r 1i (X i - X ) = -

2 c 1(p - 3)

|| X - X 1 ||
2 + 1

.

T herefore, from (2.6) on e can g et

R D (2 , 1) = E
c 2

1

T
1 + 1

-
2 c 1 1

T
1 + 1

2

, (2.7)

w h ere T = || X - X 1 | | 2 n on cen tra l 2
p - 1( ) w ith = || - 1 || 2 an d

= ( 1 + + p) / p . It is w ell know n th at T can be treat ed as a mixture of

central 2
p - 1 + 2 U an d U P oisson ( 2 ) . Let U = U + p - 1

2 , then
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R D (2 , 1) = E U c 2
1 2

- ( 1 + 1)
( U - ( 1 + 1) )

( U)

- 2 c 1 12
- ( 1 + 1

2 ) ( U - ( 1 + 1

2 ) )

( U) . (2.8)

T o m ake R D ( 2 , 1) 0 , it is sufficient to c 2
1 2 - ( 1 + 1)

( U - ( 1 + 1) )

( U)

2 c 1 12
- ( 1 + 1

2 ) ( U - ( 1 + 1

2 ) )

( U) for all U , U = 0 , 1, 2 , . H ence , th e

con dition c 1 is

0 <c 1 < 1 2
( 1 + 1

2 ) ( U - ( 1 + 1

2 ) )

( U - ( 1 + 1) ) for U = 0 , 1, 2 ,… .

Let

1(p , 1) = m in
U

( U - ( 1 + 1

2 ) )

( U - ( 1 + 1) ) . (2.9)

T hen a sufficient condit ion on c 1 is

0 <c 1 < 1 2
1 + 1

2
1( p , 1) , (2.10)

provided p - 1 >2 ( 1 + 1) . In fact , th e optim al v alu e of c 1 w hich minimizes

c 2
1 2 - ( 1 + 1) ( U - ( 1 + 1) )

( U) - 2 c 1 12
- ( 1 + 1

2 ) ( U - ( 1 + 1

2 ) )

( U) for all U

is

c 0
1 = 12

1

2
1( p , 1) . (2.11)

It can be prov ed as a part of a m ore general r esult that the minimum in (2.9) is

att ained at U = 0 , i . e . , U = ( p - 1)
2 ( see Guo and Pal (1992) ). T he condition

that p - 1 >2 ( 1 + 1) is necessary to en sure th at all th e ex pectation ex ist . T he

follow ing result is imm ediate from the abov e deriv at ion .

P ropo s it ion 2 .1 . T he estim ator
2

=
1

+ (
c 0

1

| | X - X 1 | | 2 + 1
) ( X - X 1 )
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w ith 1 >0 domin ates
1
(Lindley ) uniformly un der the quadrat ic loss (1.1)

provided p - 1 >2 ( 1 + 1) .

R e m ark 2 .1 . It is int erest ing to look at v ariou s choice of 1 >0 in the abov e

proposition .

(a ) If 0 < 1 <0 .5 , then
2

domin at es
1

for p 4 .

(b ) If 1 = 1, then 1( p , 1) =
( p - 4

2 )
( p - 5

2 )
. Hence,

2
=

1
+ 2

|| X - X 1 | | 3

1( p , 1) ( X - X 1 ) domin ates
1

w hen ev er p >5 .

(c) If 1 = 2 then 1 (p , 1) = p - 7
2 . In this case,

1
is uniformly

dominated by
2

= X 1 + (1 - p - 3
|| X - X 1 | | 2 + 2 (p - 7)

| | X - X 1 ||4 )( X - X 1 ) for

p >7 .

(2) W hen n = 2 , an d w e w ant to domin at e
2

= X 1 + K 2 ( X - X 1 ) ,

w h ere K 2 = (1 - (p - 3)
| | X - X 1 | | 2 +

c 1

| | X - X 1 ||
2 + 1 ),

ch oose r *
2 =

c 2

|| X - X 1 ||
2 + 2

, w h ere 2 > 1 >0 and c2 is suit able con st ant .

Similar to th e case n = 1, R D (3 , 2) can be deriv ed form (2.6) as

R D ( 3 , 2) = E
c 2

2

T 1 + 2
+

2 c 1c 2

T 1 + ( 1 + 2 ) -
2c 2

T
1 + 2

2

.

F ollow in g the earlier approach , a sufficient condit ion for R D (3 , 2) 0 is

0 < c2 < 2 2
( 1 + 2

2 )

2 (p , 1 , 2) , (2.12)

w h ere

2 (p , 1 , 2) = m in
U {( U - ( 1 + 2

2 ) )

( U - ( 1 + 2) )

1 - c 1
- 1

2 2
- 1

2
( U - ( 1 + 1 + 2

2 ) )

( U - ( 1 + 1 + 2

2 ) ) }
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provided that p - 1 >2 ( 1 + 2) . A gain , th e optimal v alue of c 2 is c 0
2 = 2 2

2

2
2

(p , 1 , 2) .

In g eneral, con sider the estim ator
n

(in (2.1)) w ith

K n = 1 - p - 3
|| X - X 1 || 2 +

n - 1

j = 1

c j

| | X - X 1 | |
2 + j

, (2.13)

w h ere n - 1 > n - 2 > > 1 >0 and 0 <c j < j 2
1 + j

2
j (p , 1, , j ) , j = 1, 2 , ,

n - 1 . T ake r *
n =

c n

| | X - X 1 ||
2 + n

, w here n > n - 1 an d c n is a suit able

con st ant . Similar to the special cases n = 1, 2 , one can get

R D (n + 1, n ) = E U { 1
( u ) [c2

n 2 - ( 1 + ) ( u - ( 1 + n ) )

+ 2c n

n - 1

j = 1
c j 2

- ( 1 +
( j + n )

2 )
( u - ( 1 + j + n

2 ) )

- 2 c n n 2
- ( 1 + n

2 )
( u - ( 1 + n

2 ) )]}. (2.14)

A ll the expect ation s in (2.14) exist prov ided p - 1 >2 ( 1 + n ) . Defin e

n (p , 1 , , n ) as

n ( p , 1, , n ) = m in
U

( U - 1 + n

2 )

( U - 1 + n ) 1 -
n - 1

j = 1
c j

- 1
n 2

- j

2

( U - ( 1 + j + n

2 ) )

( U - ( 1 + n

2 ) )
. (2.15)

T hen a sufficient condit ion for
n + 1

domin ating ov er
n

is

0 < c n < n2
1 + n

2
n (p , 1 , , n ) (2.16)

and the optimal v alu e of c n is c 0
n = n 2

n

2
n (p , 1 , , n ) . T h e minimum in

(2.15) is at t ain ed U = 0 (see Guo an d Pal(1992)). W e now stat e th e m ain theorem
of this section .

T h e orem 2 .1 . An estim ator
n

w ith K n giv en by (2.13) is uniformly

dominated by
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n + 1
=

n
+

c n

| | X - X 1 ||
2 + n

( X - X 1 )

provided p - 1 >2 ( 1 + n ) and c n sat isfies the con dition (2.16).

R em ark 2 .2 . Note that th e funct ion s r n i , i = 1, 2 , , p sat isfy the regularity

con dition of Stein ' s norm al ident ity w hich enables u s to deriv e (2.14).

If w e choose 0 < 1 < 2 < < n < n + 1 < <0 .5 , then w e g et {
n

}, a sequ ence

of improv ed estim ator s giving successiv e improv ement s for p 4 (since,
2 ( 1 + n ) <3 n 1).

R e m ark 2 .3 . T he limit in g v alue of {c 0
n } is hard to fin d an alytically due to th e

complicated structure of c 0
n (see (2.15)). H en ce, th e problem of findin g the close

form of the lim it ing est im ator of the sequ ence {
n

} still r em ain s open .

3 . T HE CA S E OF COV A RIA N CE M A T RIX 2 I p ( 2 > 0 unknow n )

In this sect ion , w e ex tend the result s deriv ed in sect ion 2 to th e case w here

cov ariance m atrix is 2 I p , 2 > 0 unkn ow n . Let X an d S be in depen dent

ob serv ation s w ith X ∼N p ( , 2I p) and S∼ 2 2
k . Here w e w ant to est im ate

under the loss funct ion

L ( , ) = || - || 2

2 . (3.1)

A g ain th e u sual est im ator is
0

= X an d the Lindley type estim ator

dominating
0

is
1

= X 1 + (1 - (p - 3) S
( k + 2) || X - X 1 | | 2 ) ( X - X 1 ) , p 4 . (3.2)

W e con struct the sequ ence {
n

} of improv ed estim ator s as follow s . Let
n

= X 1 + K n ( X - X 1 ) , w here

K n = 1- ( p - 3)S
( k + 2) || X - X 1 || 2 +

n - 1

j = 1

c j S
1 + j

2

| | X - X 1 || 2 + j
,

n - 1 > n - 2 > > 1 > 0 (3.3)

and
n + 1

=
n

+ r n =
n

+ r *
n ( X - X 1 ) .
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T hen ,

R D ( n + 1, n ) = R (
n + 1

, ) - R (
n

, )

= 1
2 E [

p

i = 1
r 2

n i + 2
p

i = 1
r n i(

n
i - i) ]

= 1
2 E [

p

i = 1
r 2

n i + 2 (K n - 1) r n i(X i - X ) + 2 2

X i
r n i]. (3.4)

T he last ex pres sion follow s from Stein ' s n orm al identity assumin g th at all the

expect ation s exist . By taking r *
n =

c n S
1 + n

2

| | X - X 1 | | 2 + n
, w h ere c n is a suitable

con st ant and n - 1 > n - 2 > > 1 > 0 , on e can g et

R D ( n + 1, n ) = 1
2 E c 2

n
S

2 + n

|| X - X 1 | |
2 + 2 n

+ 2 2 c n ( p - ( 3 + n ) )

S
1 + n

2

| | X - X 1 ||
2 + n

- 2 c n
(p - 3) S

2 + n

2

( k + 2) || X - X 1 | |
2 + n

+ 2 c n S
1 + n

2
n - 1

j = 1
c j

S
1 + j

2

| | X - X 1 | |
2 + j + n

= E T , S c 2
n

1
T

1 + n
( S

2 ) 2 + n

+ 2 c n (p - (3 + n ) ) 1

T
1 + 2

( S
2 )

1 + n

2

- 2 c n
p - 3

( k + 2) T
1 + n

2

( S
2 )

2 + n

2

+ 2 c n

n - 1

j = 1
c j

1

T
1 +

( j + 2 )
2

( S
2 )

2 +
( j + n )

2 ,

w h ere T = || X - X 1 ||
2 , ( S

2 )∼ 2
k ( ) w ith = || - 1 ||

2 , ( S
2 )∼ 2

k , and

they are in depen dent . Similar to th e previou s sect ion a sufficient con dition for
R D ( n + 1 , n ) 0 is

0 < c n < n
k + p - 1

k + 2 n (p , 1 , , n ) , (3.5)

w h ere
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n (p , 1 , , n ) =
(

(p - 3 - n )
2 ) ( k

2 + 1 + n

2 )

( (p - 3 )
2 - n ) ( k

2 + 1 + n ) {1 - 2( k + 1)
n ( k + p - 1)

n - 1

j = 1
c j

( k
2 + 2 +

( j + n )
2 ) ( ( p - 3)

2 -
( j + n )

2 )

( k
2 + 1 + n

2 ) (
p - 3 - n

2 ) }. (3.6)

T he optim al v alu e c n is c 0
n = n

k + p - 1
2 ( k + 2) n (p , 1 , , n ) .

T h e orem 3 .1 . A n est im ator n of the form (3.3) is uniformly dominat ed by

n + 1
=

n
+ (

c n S
1 + n

2

| | X - X 1 ||
2 + n

) ( X - X 1 ) un der th e loss (3.1) provided

p - 1 >2 ( 1 + n ) an d c n sat isfies the condit ion (3.5).

R e m ark 3 .1 . Note that the funct ion r n i , i = 1 , 2 , , p , sat isfies the

regularity con dition of Stein ' s n orm al ident ity w hich enables u s to deriv e (3.4).

H ere also the qu est ion of conv ergen ce of { n } r em ain s open .
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