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A b s trac t

A pow erful and easily com puted goodnes s - of - fit t est for P aret o
dist r ibut ion w hich does not depen d on the unkn ow n locat ion an d scale
param et er s is proposed based on the tr an sform ed sam ple Lorenz curv e.
W e com pare the pow er of th e proposed test stat ist ic w ith the other
goodness - of- fit t est s for P aret o dist r ibut ion again st v ariou s altern at iv es
throu gh M ont e Carlo m eth ods .

1. Introduction

A continuou s random v ariable X h as the P areto dist r ibut ion w ith th e locat ion
param et er a , th e scale param et er b , and the shape param et er c if it has a
cum ulat iv e dist ribution funct ion (cdf) of the form

F ( x ) = 1 - [ 1 + (x - a) / b] - c , x c , b , c >0 . (1.1)

T h e P areto dist ribution is an im portant distr ibut ion in st atist ical analy sis ,
incom e, w ealth , and service t im e queu eing sy stem . F isk (1961) cited sev eral
ex am ples of econ om ic dat a w hich follow th e P aret o distr ibut ion . Berger an d
M andelbrot (1963) u sed th e P aret o in stu dies of error clu st er s in com m unicat ion
cir cuit s . H arris (1968) found th e P areto to b e u seful in m odeling service t im es and
in qu euing sy stem s . Kam in sky an d Nelson (1975) show ed h ow the P areto can be
u sed in life t esting , r eliability , an d replacem ent policy . Davis an d F eldst ein (1979)
u sed the P aret o t o m odel surv iv al data ba sed on t im es - to- failur e of an ob serv ed
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sam ple. Law les s (1983) st at ed that th e 3- param eter P aret o distr ibut ion could hav e
a decrea sin g or increasing h azard fun ct ion depen din g on th e param et er s .

Lik es (1969) deriv ed th e uniform ly m inim um v arian ce unbiased est im ator s
(UMVUE ) of the param et er s in the P aret o distr ibut ion . M alik (1970) deriv ed
dist ribution s of the m ax imum likelih ood est im at or s (MLE ) of the param et er s in th e
P areto dist r ibution . Kulldorff an d V annm an (1973) stu died est im at ion of th e
location and scale param et er s of th e P areto dist r ibution . W oo and Kang (1990)
con sidered a m ore general clas s of UMVUE for the funct ion of t w o param et er s in
the P aret o distr ibut ion . Kan g and Ch o (1996) obt ained th e jackknife est im at or and
the g eneralized jackknife est im at or , th e m inim um risk est im at or (MRE ) of tw o
param et er s in th e P aret o dist r ibut ion .

M oothathu (1985) deriv ed the MLE s of the Loren z curv e an d the Gini in dex of
a P areto dist r ibut ion , th eir ex act and asym ptotic dist r ibut ion s and m om ent s .
M oothathu (1990) also obt ained the UMVUE and a strongly con sistent
a sym pt ot ically norm al unbia sed est im at or (S CA NUE ) of th e Loren z curv e, th e Gini
index an d T heil entropy index of a P aret o dist ribution . Kan g an d Ch o (1999)
proposed the sev eral estim ator s of the Loren z curv e in the P aret o distr ibut ion .

U se of the P aret o dist r ibution for pract ical application s can be enhan ced by an
accurat e m eth od of det erm inin g w hether a set of dat a com es from a populat ion
g ov erned by the P areto dist r ibut ion . On e class of goodness - of- fit t est s that can be
u sed for this purpose con sist s of t est s based on th e distance bet w een the
empirical dist r ibut ion function (edf) and the hypothesized cdf. T hree of the bet t er
know n test s in th is class Kolm og orov - Sm irnov (K - S ), An der son - Darling (A - D ),
Cram er - v on Mises (C- vM ) are v alid w hen th ere are no unknow n param et er s in
the hypoth esized distr ibut ion .

Lilliefor s (1967, 1969) u sed M ont e Carlo m ethods to con stru ct t ables for th e
m odified K - S t est w hen the param et er s of a n orm al or an expon ent ial dist r ibution
are est im at ed . Green an d H eg azy (1976) con struct ed m odified K - S , A - D, and
C- vM crit ical v alue tables for the uniform , Laplace, Cau chy , an d other
dist ribution s . P ort er III, Colem an , and M oore (1992) m odified K - S , A - D, and
C- vM critical v alu e tables for the P areto dist r ibut ion .

2 . Goodne s s - of - fit T es t s

Let X ( j ) ( j = 1, 2 , , n ) be th e j - th order statist ic based on a random sam ple

X 1 , X 2 , . . . , X n from the P areto dist r ibut ion w ith cdf (1.1). Con sider now th e

case w hen sh ape param eter c is know n an d both th e locat ion param et er a and
the scale param et er b are unknow n . T he b est linear unbiased est im at es (BLUE s )

a and b w ere proposed by Kulldorff an d V annm an (1973).
F or c> 2, th e BLUE s are
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a = x ( 1) -
Y

( n c - 1) ( c - 2) - n cD ) (2.1)

and

b = (x ( 1) - a) ( n c - 1) (2.2)

w h ere

B i = (1 -
2

c( n - i + 1) )B i - 1 , for i = 1, 2 , n ,

B 0 1,

D = ( c + 1)
n - 1

i = 1
B i + ( c - 1)B n ,

Y = ( c + 1)
n - 1

i = 1
B i x ( i) + ( c - 1)B n x ( n ) - D x ( 1) .

F or 2/ n < c 2 and 2/ c is an in teg er , th e BLUE s are

a = x ( 1) -
b

n c - 1
(2.3)

and

b =
( c + 1) ( c + 2 ) ( n c - 1)
( n c - 2)( n c - c - 2) [

n - 2 / c

i = 1
B i x ( i) -

( n c - 2)
( c + 2)

x ( 1)].
(2.4)

T h e BLUE s w ere u sed to fin d the hypothesized cum ulativ e dist r ibut ion funct ion

P i = F (x ( i) , a , b , c) , for i = 1, 2 , , n . T h en th e v alu es of the three m odified test

statist ics w ere calculated.
T h e K - S statist ic w as com put ed from :

D = m ax {D + , D - },

D + = sup 1 i n[P i -
i - 1

n ],

D - = sup 1 i n[ i
n

- P i].

T h e A - D st at ist ic w as comput ed from
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A 2 = - n -
1
n

n

i = 1
(2 i - 1) ( log P i + log (1 - P n + 1 - i) ) .

T h e C- v M w a s com put ed from

W 2 =
1

12 n
+

n

i = 1(P i -
2 i - 1

2n )
2

.

T his procedure w as repeat ed 5,000 t im es for each sam ple size n , each shape

param et er c w ith a = b = 1, an d for all thr ee test s . Crit ical v alues are cont ained in
t able by P ort er III, Colem an , an d M oore (1992). T he null hypothesis th at a set of
sam ple data follow s a P aret o distr ibut ion w ith specified shape param et er c is
r ej ect ed at th e desir ed significan ce lev el if th e calculated v alue of the test stat ist ic
ex ceeds th e table v alue .

T h e Loren z curv e is ex ten siv ely u sed in the stu dy of in equality dist ribution an d
u sed t o be a pow erful t ool for the analy sis of a v ariety of scientific problem s . T h e
Lorenz curv e is giv en by

L ( y ) =
y

0
x dF (x ) / E ( Y )

w h ere Y is a n onneg at iv e incom e v ariable for w hich the m athem atical

expect ation = E ( Y ) ex ist s .

A s sum e that X 1 , X 2 , . . . , X n are positiv e random v ariables w ith order stat ist ics

X ( 1) < <X ( n ) . Let r = [ np ] den ot e the great est in teger les s than or equ al to

np . T hen the sam ple Lorenz curv e (Gail an d Ga st w irth (1978)) is defin ed by

L n (p) =

r = [ np ]

i = 1
X ( i)

n

i = 1
X ( i)

.

Cho e t al. (1999) proposed the tr an sform ed Lorenz curv e that can be u sed in th e
stu dy of sym m etric dist ribution . T he tr an sform ed Lorenz curv e is defin ed by

T L ( p) L (p) - p + 1.

T o t est H 0 :X F ( x ) , Kan g an d Cho (2001) proposed Norm alized S am ple

Lorenz Curv e (N S L C) . T he N S L C is defin ed by

N SL C( p) =
T SL (p)
T SL F (p)

, p = i/ n , i = 1, 2 , , n

w h ere

T SL (p) =

i

j = 1
(X j : n - X 1: n )

n

j = 1
(X j : n - X 1: n )

- p + 1,

T SL F (p) =

i

j = 1
(F - 1( j / ( n + 1) ) - F - 1 ( 1/ ( n + 1) ) )

n

j = 1
(F - 1( j / ( n + 1) ) - F - 1 ( 1/ ( n + 1) ) )

- p + 1 .
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W e propose t est st at ist ic based on N S L C for th e paret o distr ibut ion a s follow s .

T S = N SL C pa r (0 .5)

w h ere

N SL C pa r (p) =
T SL (p )

T SL pa r (p)
, p = i/ n , i = 1, 2 , , n

T SL (p) =

i

j = 1
(X j : n - X 1 : n )

n

j = 1
(X j : n - X 1 : n )

- p + 1,

T SL pa r (p) =

i

j = 1
( ( 1 - j / ( n + 1) ) 1/ c - ( 1 - 1/ ( n + 1) ) 1/ c)

n

j = 1
( ( 1 - j / ( n + 1) ) 1/ c - ( 1 - 1/ ( n + 1) ) 1/ c)

- p + 1 .

3 . T he Simulated Re sult s

T h e ex act dist ribution of th e t est stat ist ic T S is hard t o calculat e. S o, the
crit ical v alues of the t est st at istic T S are obt ained by repeat ing 5,000 t im es for
sam ple size 25 and each shape param et er c . T he T S crit ical v alu e is

0.2051726 (1.213659) for sam ple size 25, significance lev el = 0 .05 , and

c = 1 .0 ( 3 .5) . A pow er com parison w as m ade am on g the K - S , A - D, C- vM , T S
g oodnes s - of - fit t est s for three param eter P aret o dist r ibution w ith only sh ape
param et er specified . T he pow er v alues w ere obtained by g en erating 5,000 ran dom
sam ples of size 25 for each alt ernativ e distr ibut ion s for each test s . T able cont ain s

pow er s for hypoth esized P areto dist r ibut ion shape param et er s c = 1 .0 an d 3.5. T he
proposed t est stat ist ic u su ally ha s greater pow er th an the other t est statist ics . T h e
t est stat ist ic T S provides a pow erful an d easily com puted g oodn ess - of - fit t est for
P areto distr ibut ion w hich does not depend on th e unkn ow n location an d scale
param et er s .

T able 1 . M ont e Carlo pow er est im at es b ased on 5,000 sam ples of size n = 25

u sing significan ce lev el = 0 .05 w ith c = 1 .0

Ex p (0,1) U (0,1) N (0,1) Beta (2,2) W ei(sh ape=3.5)

K - S 0.139 0.958 0.984 0.927 0.985

A - D 0.154 0.943 0.994 0.964 0.991

C- vM 0.165 0.920 0.992 0.956 0.989

T S 0.404 0.999 1.000 0.999 1.000
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T able 2 . M ont e Carlo pow er est im at es b ased on 5,000 sam ples of size n = 25

u sing significan ce lev el = 0 .05 w ith c = 3 .5

Ex p (0,1) U (0,1) N (0,1) Beta (2,2) W ei(shape=3.5)

K - S 0.085 0.760 0.936 0.745 0.924

A - D 0.089 0.881 0.985 0.917 0.982

C- vM 0.095 0.856 0.983 0.920 0.978

T S 0.198 0.996 0.999 0.995 0.999
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