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A b s trac t

In this paper w e est ablish biv ariate ex ponentially w eight ed m ov in g
av erag e (EW MA ) control ch art s for aut ocorr elat ed proces ses u sin g
residu al v ect or s . W e fir st deriv e the residual v ector s , th eir ex pectation ,
v ariance- cov ariance m atr ix , then ev alu at e the control ch art b ased on the
av erag e run len gth (A RL ).
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1. Introduction

In st at istical process control, it is u sually a ssum ed on the process output at
differ ent t im es are IID . How ev er , for m any processes the ob serv at ion s are
corr elated an d control ch art s for m onit orin g these processes h av e recent ly receiv ed
m u ch at t ent ion . M any author s su gg est ed fitt ing on appropriate t im e series m odel
t o the proces s an d u sin g residuals as control st at istic on a control ch art (Abraham
and Karth a (1979), Alw an an d Robert s (1988), Your st one an d M ont gom ery (1989),
H arris an d Ross (1991), Box and Ram irez (1992), Lon gn ecker and Ry an (1992),
Ya schin (1993), W ardell et al.(1993), an d Run ger et al.(1995)).

T h ere are m any situation s in w hich the sim ult aneou s control of tw o or m ore
relat ed quality ch aract er ist ics is n eces sary so, m any author s su gg est ed m ult iv ariat e
control chart s (Alt (1985), Jack son (1985), Low ry and M ont gom ery (1995), M a son et
al (1997)). Low ry et al (1992) stu died m ult iv ariat e EW MA chart un der process
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output at differ ent tim es are IID.
Autocorr elat ion is quite com m on in in chemical and process in du str ies and

often sev eral process v ariables are m ea sured and st ored sim ult an eou sly .
Run ger (1996), M ason et al (1996), Bak shi (1998), Negiz and Cin ar (1998) stu died
m ult iv ariat e control chart s for aut ocorr elated processes .

Our objectiv e is t o ev alu ate th e properties of mult iv ariat e EW MA chart w hen
the residu al v ect or s are u sed to m onit or an aut ocorr elat ed process . A sim ple
v ect or tim e series m odel is u sed here to represent the ob serv at ion s from an
aut ocorr elat ed process .

2 . M odeling and Controlling the Proce s s

2 .1 V ector T im e S erie s Proces s M e as ured w ith Random Error
V ector

In this section , a v ect or t im e series process w ith ran dom error v ect or w ill be
dev eloped. Let

x t = t + t , (2.1)

w here t is the ob serv at ion v ect or at tim e t, t is th e process m ean v ector at

t im e t, an d t is the m easurem ent error v ector at t im e t.

It is also as sum ed that t can be described a s a v ect or fir st order

aut oregressiv e (v ect or AR (1)) process w ith proces s lev el , that is (Box and
Jenkin s (1976)),

t = ( - ) + t - 1 + t , (2.2)

w here t ,, the ran dom shock v ect or at t im e t, is as sum ed t o be m ult iv ariat e

n orm ally dist r ibut ed m ean v ector 0 and v arian ce- cov anance m atrix ,
independent of m easurem ent error v ector , and independent of the random shock
v ect or at any other t im e.

T he v ect or AR (1) process ob serv ed w ith m easurem ent error v ect or is
equiv alent to a v ect or fir st - order ant oregressiv e fir st - order m oving av erag e
(v ect or ARMA (1,1)) process (Box and Jenkin s (1976)). T h e ARMA (1, 1) proces s
can be w ritt en a s

( - ) t = ( - ) + ( - ) a t , (2.3)

w here B is a back shift operator such that B x t = x t - 1，an d a t is uncorr elat ed
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and m ult iv ariat e n orm ally distr ibut ed w ith m ean v ector 0 and v arian ce -

cov ariance m atr ix a an d is the m oving - av erage param et er m atr ix and

is the autoregres siv e param et er m atr ix .

2 .2 S tep Chang e in the Proces s Lev el

W hen the process is in - control ( = 0 ) , m inim um M SE forecast v ect or

m ade at tim e t for t + 1 is

x t = 0 + ( x t - 0 ) - e t ,

w here e t = x t - x t - 1

= x t - 0 - ( x t - 1 - 0 ) + e t - 1

an d e t is th e residu al v ect or at tim e t. Suppose that th ere is a st ep chang e

from 0 t o 1 in the process lev el bet w een t im e t = k - 1 and k . T h en th e

proces s can be w rit ten as

x t = {
0 - 0 + x t - 1 + a t - a t - 1 , t = k - 1, k - 2 ,

1 - 0 + x t - 1 + a t - a t - 1 , t = k
1 - 1 + x t - 1 + a t - a t - 1 , t = k + 1, k + 2 ,

an d the ex pectation of th e ob serv at ion v ect or x t is

E ( x t ) = {
0 , t = k - 1, k - 2 ,

1 , t = k , k + 1, k + 2 ,

T h erefore the residu al v ect or s are

e t = {
a t , t<k

( 1 - 0 ) + a t , t = k
[ ( I + + 2 + + l - 1)( I - ) + l]( 1 - 0 ) + a t , t = k + l, l = 1, 2 , 3 ,

Since a t is w hite n oise, w e hav e

E ( e t ) = {
0 , t = k - 1, k - 2 ,

1 - 0 , t = k
[ ( I + + 2 + + l - 1)( I - ) + l]( 1 - 0 ) , t = k + 1, k + 2 ,

3 . M ultiv ariate EW MA Ch art of Re s idu al V ectors
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T h e Multiv ariate EW MA control stat ist ic u sin g residual v ect or s is

Y t = ( 1 - ) Y t - 1 + Wt , 0 < 1

w here Wt = [ e t - E ( e t) ] ' - 1
a [ e t - E ( e t) ] .

T he continu ou s - st at e M arkov chain is discr et ized by dividing th e in terv al

b etw een 0 and the control lim it L int o n subinterv als of w idth w = L / n . Let

S j be the m idpoint of th e j th in terv al, j = 1, 2,···, n . S o, Y t is in t ran sient

state j at t im e t if S j -
w
2

< Y t < S j +
w
2

. Brook an d Ev an s (1972) h as show n

that the ARL v ector N w hen the process is in control is g iv en by

N = ( I - R ) - 1 1 ,

w here th e jth elem ent of N represent s the ARL for the process star t s from
state j . T ran sition probability m atr ix , r epresent ed in part it ion ed m atrix
form , for th is M ark ov ch ain can be w ritt en as

P = ( p j k ) = P (goin g t o stat e k | in st at e j )

=
R ( I - R ) 1

0 T 1
,

w here the subm atrix R is a ( n n ) m atrix w hich contain s the tr an sient

probability of goin g from one tran sient st at e t o an other , I is a ( n n )
ident ity m atr ix , 0 is a colum n v ect or of zeros an d 1 is th e colum n v ect or of
ones .

4 . N um eric al Re sult s and Conclu s ions

T h e param et er s , , an d in the t im e series m odel can be est im at ed
from the prelim in ary dat a . F or sim plicity , suppose th at th ose param et er s are
know n . T he follow ing control procedures w ill be com pared on the basis of th eir
A RL perform ances .

(1) =
1

1
, = 0.2, 0.5, 0.8
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(2) =
0 .2 0 . 1

0 . 1 0 .2
, =

0 .3 0 . 1

0 . 1 0 .3
, =

0 .8 0 .5

0 .5 0 .8
,

=
0 .9 0 .8

0 .8 0 .9

(3) 1 = ( )1
0

, 1 = ( )0
1

, 1 = ( )- 1
1

, 1 = ( )2
0

W h en com paring control ch art s , som e kin ds of st andard for com parison is
n eces sary . T h e chart s ar e m at ched for ARL w hen th e process is in control. T his
enables th e perform an ce t o be ev alu ated w h en th e process has shifted aw ay from
it s targ et v alu e. In our com put at ion , the ARL in control w as fix ed t o b e 200.

T ables 1- 4 show that ARL of th e biv ariate EW MA control ch art s decrease as

increases , an d decreases as and increase.
In conclu sion , w e driv e residu al v ector , v ariance- cov arian ce m atr ix an d then

con stru ct mult iv ariat e EW MA control st at istic for aut ocorr elated process . Also w e
ev alu at e biv ariat e EW MA control chart s based on the ARL an d ident ify the

relat ion ship am on g , , and ARL.

(T able 1) ARL v alu es for m ultiv ariate EW MA chart s based on residual

v ector s w ith =
0 .2 0 . 1

0 . 1 0 .2
an d =

0 .3 0 .2

0 .2 0 .3

' =0.05 =0.1 =0.3

( 1 0 )

0.2

0.5

0.8

38.458 30.265 30.840

26.303 19.002 16.663

11.602 7.172 4.014

( 0 1 )

0.2

0.5

0.8

25.249 18.105 16.022

17.270 11.622 8.681

7.619 4.740 2.634

(- 1 1 )

0.2

0.5

0.8

9.362 5.794 3.192

5.778 3.317 1.595

1.842 1.077 1.001

( 2 0 )

0.2

0.5

0.8

10.957 6.706 3.672

6.843 3.786 1.719

2.002 1.093 1.001
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(T able 2) ARL v alu es for m ultiv ariate EW MA chart s based on residual

v ect or s w ith =
0 .3 0 . 1

0 . 1 0 .3
an d =

0 .3 0 .2

0 .2 0 .3

' =0.05 =0.1 =0.3

( 1 0 )

0.2

0.5

0.8

72.258 64.940 71.774

8.682 5.926 4.013

26.107 18.670 15.979

( 0 1 )

0.2

0.5

0.8

50.372 42.186 45.680

8.202 5.629 3.792

17.419 11.636 8.568

(- 1 1 )

0.2

0.5

0.8

21.365 14.729 11.673

6.532 4.278 2.615

5.247 2.748 1.276

( 2 0 )

0.2

0.5

0.8

24.354 17.044 14,059

6.298 4.072 2.465

6.191 3.079 1.347

(T able 3) ARL v alu es for m ultiv ariate EW MA chart s based on residual

v ect or s w ith =
0 .8 0 .5

0 .5 0 .8
an d =

0 .3 0 .2

0 .3 0 .2

' =0.05 =0.1 =0.3

( 1 0 )

0.2

0.5

0.8

77.216 70.730 77.999

70.593 63.350 70.376

35.140 26.912 26.482

( 0 1 )

0.2

0.5

0.8

88.769 82.840 91.036

86.426 80.816 89.249

44.801 36.334 37.736

(- 1 1 )

0.2

0.5

0.8

35.255 27.084 26.465

25.545 18.019 15.231

10.343 5.945 2.800

( 2 0 )

0.2

0.5

0.8

31.204 23.363 22.042

22.625 15.638 12.412

9.214 5.296 2.524
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(T able 4) ARL v alu es for m ultiv ariate EW MA chart s based od residual

v ect or s w ith =
0 .9 0 .8

0 .8 0 .9
an d =

0 .3 0 .2

0 .2 0 .3

' =0.05 =0.1 =0.3

( 1 0 )

0.2

0.5

0.8

25.953 18.799 16.696

17.675 12.037 9.150

7.648 4.818 2.735

( 0 1 )

0.2

0.5

0.8

38.794 30.267 30.665

26.355 18.931 16.480

10.648 6.377 3.370

(- 1 1 )

0.2

0.5

0.8

9.280 5.741 3.163

5.760 3.308 1.588

1.818 1.072 1.001

( 2 0 )

0.2

0.5

0.8

7.783 4.921 2.788

5.008 3.068 1.601

1.935 1.091 1.001

Reference s

1. Abraham , B. and Karth a , C.P . (1979). F orecast St ability an d Control Ch art s ,
A S Q C T echn ical Conf id ence T ransact ions, H ous ton, T exas , 675- 680.

2. Alt , F . B . (1985). M ult ivaria te Quality Con trol, in Ency clopedia of
St at istical S cien ces 6, John W iley & S on s , N ew York , 110- 122.

3. Alw an , L .C. and Roberet s , H .V . (1988). T im e- S eries M odelin g for St atist ical
Process Control, J ournal of B us in ess and E con om ic S tat is t ics , 6, 87- 95

4. Bak shi, B . R . (1998). Mult iv ariat e P CA w ith A pplication to Multiv ariate
St at istical P roces s M onit orin g , A I ChE J ournal, 44, 1596- 1610.

5. Box , G.E . an d Jenkin s , G.M . (1976). T im e - s er ies A naly s is, F orecas t ing and
Control, H olden - Day , In c, S an F ran cisco, CA .

6. Box , G. an d Ramirez, J . (1992). Cum ulat iv e S core Chart , Quality and
R eliability E ng ineering I n ternational , 18, 17- 27.

7. Brook , D. an d Ev an s , D.A . (1972). An Approach t o the Probability
Dist r ibut ion of CUSUM Run Length , B iom e tr ika , 59, 539- 549.

8. Harris , T ..J . an d Ros s , W .H . (1991). St at ist ical Process Control Procedures
for Correlat ed Ob serv ation s , T he Canad ian J ournal of Chem ical
E ng in eer ing , 69, 48- 57.

9. Jack son , J . E . (1985). Multiv ariate Quality Control, Com m un ications in
S ta tis tics - T heory and M ethods , 14, 2657- 2688.

10. Longnecker , M .T . an d Ry an , T .P . (1992). Chart in g Correlat ed P roces s

111



조교영·안영선

Data , T echn ical R ep ort, No. 166, Departm ent of St at ist ics , T ex as
A &M Univ er sity .

11. Low ry , C. A . and M ontg om ery , D. C. (1995). A Review of Mult iv ariat e
Control Ch art s , I I E T ransactions , 27, 800- 810.

12. Low ry , C. A . and W oodall, W . H . (1992). A Multiv ariate Ex ponent ially
W eight ed M oving Av erag e Control Chart , T echn om etrics , 34, 46- 53.

13. M ason , R . L ., Cham p, C. W ., T racy , N . D., W ierda , S . J ., an d Youn g , J . C.
(1997). A s ses sm ent of Mult iv ariat e Proces s Control T echniques , J ournal
of Quality T echn ology , 29, 140- 143.

14. M ason , R . L ., T racy , N . D., an d Youn g , J . C. (1996). M onitorin g a
Mult iv ariat e St ep P roces s , J ournal of Quality T echn ology , 28, 39- 50.

15. Negiz, A . and Cin ar , A . (1998). M onitorin g of Mult iv ariable Dynam ic
Processes an d S en sor Au diting , J ournal of P rocess Con trol, 8, 375- 380.

16. Run ger , G. C. (1996). Mult iv ariat e St at ist ical Process Control for
Aut ocorrelat ed Proces ses , I n ternat ional J ournal of P rod uct ion R es earch ,
34, 1715- 1724.

17. Run ger , G. C., W illem ain , T . R . an d Prabhu , S .S . (1995). Av erag e Run
Len gth for CUSUM Ch art s A pplied t o Residuals , com m un ications in
S ta tis tics - T heory and M e thods , 25, 273- 282.

18. W ardell, D. G., M oskow it z, H . an d Plante, R . D . (1993). Run Len gth
Distr ibut ion s of Special Cau se Control Ch art s for Correlat ed P roces ses ,
T echn om etrics , 36, 3- 22(w ith discu ssion ).

19. Yashchin , E . (1993). P erform an ce of CUSUM Control S ch em es for S erially
Correlat ed Ob serv at ion s , T echn om etrics , 35, 37- 52.

20. Your stone , S . A . and M ontg om ery , D. C. (1989). A T im e- S eries Approach
t o Discret e Real- T im e P roces s Qu ality Control, Quality and R eliability
E ng in eer ing I n ternational, 5, 309- 317.

112


