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Abstract 一 Computer-Aided Reliable and Optimal Design (CAROD) system is an efficient tool defining the best compromise 
between cost and safety. Using the concurrent engineering concept, it can supply the designer 두「ith all numerical information 
in the design process. This system integrates several fields such as multidisciplinary optimization, reliability analysis, finite 
element analysis, geometrical modeling, sensitivity analysis and concurrent engineering. When integrating these disciplines, 
many difficulties are found such as model coupling and computational time. In this paper; we propose a new concurrent 
methodology satisfying the liability requirement, allowing the coupling of different models and reducing the computational 
time. Two applications (rotating disk and hook structures) demonstrate that CAROD system can be a practical concurrent 
engineering application for designers.
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1. Introduction

Several computer-aided tools have been introduced 
for engineers in order to satisfy different requirements 
not only to design (z.e. CAD) but also to the broader 
areas of manufacturing (CAM) and enterprise-wide issues 
(CAE) [10, 13]. Based on this philosophy, we provide an 
efficient computer-aided tool, called CAROD(Computer- 
Aided Reliable and Optimal Design), which integrates the 
reliability and the cost requirements into the design 
process. Not only a large amount of mathematical and 
numerical techniques are available in CAROD system 
but also the use of the concurrent engineering concept 
allows us to reduce the design phase and to satisfy cost 
and safety requirements. There are many perceptions 
about the nature of concurrent engineering. For example, 
[7] defined cone나rrent engineering as being "the process 
of forming and supporting multifunctional teams that 
set prod니ct and process parameters early in the design 
phase". Therefore, concurrent engineering is designing 
for cost, safety, performance, manufacturability, assembly, 
availability, ... etc. Therefore, CAROD system integrates 
several fields such as multidisciplinary optimization, 
reliability analysis, finite element analysis, geometrical 
modeling, sensitivity analysis and cone나【rent engineering.

When integrating these disciplines, many difficulties 
can be found such as model coupling and computation이 

time. Multidisciplinary optimization is a way of finding
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the "best" solution, given an objective and a set of 
constraints, where the objective, the constraints and the 
variables come from the knowledge built in different 
disciplines. In the last decade, multi-objective optimization 
has gradually crept in engineering [17]. Topology op
timization, shape optimization, sizing optimization and 
reliability-based design optimization are components 
of multidisciplinary optimization. The Reliability-Based 
Design Optimization(RBDO) is a multi-objective optimi
zation because it extends optimization theory by allowing 
multiple objectives to be "optimized" simultaneously. 
The principle of this concept is to integrate the reliability 
analysis in the design optimization problem in order to 
minimize the cost and to maximize the reliability level. 
Since the introduction of reliability considerations in 
the shape optimization problems allows us to meet cost 
and safety requirements, we propose herein to integrate 
the reliability analysis in the topology optimization 
problem. This integration leads to a really optimal 
topology and design. In the following sections, we present 
the CAROD system and then we explain how each 
component is integrated in the process, a special attention 
is given to the RBDO components. Finally, two en
gineering applications are illustrated in order to show 
the performance of the proposed methodology.

2. CAROD system

In practical applications, the coupling between the 
reliability analyses and the optimization procedures leads 
to very high comp나ting time and weak convergence 
stability. Thus, there is a strong motivation to develop 
efficient techniques with the aim of reducing the
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Fig. 1. Traditional DDO procedure (reliability analysis on the 
optimal solution).

computational time. The traditional Eteterministic Design 
Optimization(DDO) process, which is illustrated in 
Fig. 1, can be realized in two loops. The first loop 
contains three steps:

(1) describe the structural geometry by using suitable 
CAD models,

(2) mesh and evaluate the design model ush?흥 Finite 
Element Analysis(FEA).

(3) apply the Topology Optimization in order to 
eliminate the unnecessary parts in the structure.

The initial geometry may be a pre-defined shape or a 
bulk domain. These steps will be repeated until satisfying 
the constraints and optimizing the cost function. The 
second loop is to optimize a given topology (geometry) 
of the structure. This loop contains three steps:

(1) describe the geometry,
(2) mesh and evaluate the design model,
(3) optimize the structure shape by minimizing an 

objective function such as cost or volume.

Next, when obtaining the optimal design, we analyze 
the reliability level of the optimal solution. However, 
the reliability at the deterministic optimum may be low 
and needs to be improved. The traditional DDO procedure 
can then be improved by integrating the RBDO model, 
which reduced the structure volume in uncritical regions 
and can satisfy the required reliability level. The 
sequential optimization process integrated with RBDO 
model is illustrated in Fig. 2. The 이assic끼 s이iitioii of 
the RBDO is carried out by alternating reliability and 
optimization iterations in two different variable spaces 
(i.e. design and random spaces). For simple shapes, this 
loop essentially contains two sub-problems:

(1) optimize an objective function such as cost or 
volume.

(2) compute the system reliability by a particular 
optimization procedure (Fig. 2).

In the RBDO model, additional variables are introduced 
to take account for design uncertainties and randomness. 
Hence, a lot of numerical calculations are required in 
the space of random variables in order to evaluate the 
system reliability. Furthermore, the optimization process 
itself is executed in the space of design variables, which 
are deterministic. Consequently, in order to search for 
the optimal system, the design variables are repeatedly 
changed, and each set of design variables corresponds 
to a new random variable space, which then needs to be 
manipulated to evaluate the system reliability at that point. 
Furthermore, for complex shapes, at each iteration of 
reliability analysis and shape optimization prtxess, CAD 
and FEA models are required. As too many searches 
are needed in the above two spaces, the computational 
time for such an optimization is a great problem. The 
coupling scheme between geometrical modeling, me
chanical modeling, reliability analysis and optimization 
methods represents a real problem. Because of these 
two difficulties, only few researches integrate the RBDO 
model within the design process, especially for large- 
scale problems. In the present work, CAROD system is 
introduced to overcome the above difficulties (i.e. model 
coupling and computational time) for the design of 
complex engineering problems. By using the concurrent 
engineering concepts, the designer can obtain the 
necessary information about the structure during the 
optimization process and so, the design phase is largely 
reduced. CAROD system is defined by the following 
three layers (Fig. 3):

Layer 1 RBDO model: for explicit mechanical models 
(shape optimization and reliability analysis),

Layer 2 Integrated RBDO with CAD and FEA: for 
implicit problems

Layer 3 RBTO model: (topology optimization, 
reHability analysis, FEA and CAD description)
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CAD mod이s Topology Optimization

Finite Element Analysis)

Shape Optimization Reliability Analysis

Fig. 3. CAROD system.

The integration of these layers constitutes the CAROD 
system, which aims to design structures that should be 
economic and reliable by using the concurrent engineering 
concepts (Fig. 3). According to the cone니rrent engineering 
definition, CAROD is getting the right models together 
at the right time to solve design problems.

In order to implement CAROD, we have to relate all 
modules presented in Fig. 3. For example, when using 
ANSYS software, which contains topology and shape 
optimization modules with geometric modeler and FEA, 
we have to implement a reliability algorithm and relate 
it with the other modules. In the next sections, we present 
the integration of each of these CAROD components. A 
rotating disk example shows the advantage of CAROD 
system with respect two the traditional DDO procedure. 
A hook structure demonstrates the efficiency of CAROD 
system with respect to the sequential optimization 
process including RBDO model.

3. Reliability Analysis

The design of structures and the prediction of their 
good functioning lead to the verification of a certain 
number of rules resulting from the knowledge of physical 
and mechanical experience of designers and constructors. 
These rules traduce the necessity to limit the loading 
effects such as stresses and displacements. Each rule 
represents an elementary event and the occurrence of 
several events leads to a failure scenario. The objective 
is the다 to evaluate the failure probability corresponding 
to the occurrence of critical failure modes.

3.1. Importance of safety criteria
In deterministic structural optimization, the designer 

aims to reduce the construction cost without caring 
about the effects of uncertainties concerning materials, 
geometry and loading. In this way, the resulting optimal 
configuration may present a lower reliability level and 
then, leads to higher failure rate. The equilibrium between 
the cost minimization and the reliability maximization 
is a great challenge for the designer. In general design 
problems, we distinguish between two kinds of variables:

(1) the design variables {x} which are deterministic 
variables to be defined in order to optimize the 
design. They represent the control parameters of 

the mechanical system (e.g. dimensions, materials, 
loads) and of the probabilistic model (e.g. means 
and standard-deviations of the random variables),

(2) the random variables {y} which represent the 
structural uncertainties, identified by probabilistic 
distributions. These variables can be geometrical 
dimensions, material characteristics or applied 
external loading.

3.2. Failure probability
In addition to the vector of deterministic variables 

jx) to be used in the system design and optimization, 
the uncertainties are modeled by a vector of stochastic 
physical variables affecting the failure scenario. The 
knowledge of these variables is not, at best, more than 
statistical information and we admit a representation in 
the form of random variables. For a given design rule, 
the basic random variables are defined by their joint 
probability distribution associated with some expected 
parameters; the vector of random variables is noted 
herein {Y} whose realizations are written {y}. The 
safety is the state in which the structure is able to fulfill 
all the functioning requirements (e.g. strength and 
serviceability) for which it is designed. To eval니ate the 
failure probability with respect to a chosen fa山ire 
scenario, a limit state function G({^},{y}) is defined 
by the condition of good functioning of the struct니re. 
In Fig. 4, the limit between the state of failure 
G({x},( j})<0 and the state of safety G({x},(y })>0 
is known as the limit state surface G({x},{y })=0. The 
failure probability is then calculated by:

Pf= Pr[G({x),{y})<0] = f /y({y))^i . --dyn
(])

where 3 is the failure probability,/{y}({y}) is the joint 
density function of the random variables ( Y} and Pr[.] 
is the probability operator. The evaluation of integral 
(1) is not easy, because it represents a very small quantity 
and all the necessary information for the joint density 
function are not available. For these reasons, the First 
and the Second Order Reliability Methods FORM/ 
SORM [2] have been developed. They are based on the 
reliability index concept, followed by an estimation of 
the failure probability. The invariant reliability index g 
was introduced by [4], who proposed to work in the 
space of standard independent Gaussian variables instead

Fig. 4. Physical and normalized spaces.
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of the space of physical variables. The transformation 
from the physical variables {y} to the normalized 
variables {u} is given by:

{u} = T({x},{y}) and {y} = 7“({尤}血}) (2)

This operator T(.) is called the probabilistic transformation. 
In this standard space, the limit state function takes the 
form:

{町)三 G({",{y})=0 (3)

In the FORM approximation, the failure probability 
is simply evaluated by:

Pf 书) (4)

where (风,)is the standard Gaussian cumulated function. 
For practical engineering, equation (4) gives sufficiently 
accurate estimation of the failure probability.

3*3. Reliability evaluation
For a given failure scenario, the reliability index /J is 

evaluated by solving a constrained optimization problem 
(Fig. 5).

The calculation of the reliability index can be realized 
by:

P= J{u}T{u}) subject to G({x},{j})<0

(5)

The solution of this problem is called the design point 
F*, as illustrated in Fig. 4. When the mechanical model 
is defined by numerical methods, such as the finite 
element analysis, the evaluation of the reliability implies 
a special coupling procedure between both reliability 
and mechanical models [11].

4. RBDO Models

For deterministic optimization, many efficient numerical 
methods have been developed and applied to different 
kinds of structures. But for RBDO problems, the coupling 
tetween the mechanical modeling, the reliability analysis 
and the optimization methods represents a very complex 
task and leads to very high computational time. The 
major difHc니£y lies in the evaluation of system reliability, 
which is carried out by a particular optimization pro
cedure [3]. Efforts were directed towards developing 
efficient techniques [1, 16] and general proposed programs 
to integrate the reliability analysis for given uncertain 
information. These programs and procedures compute 
the reliability index of a structure for the defined 
failure modes, but do not provide an optimum set of the 
design parameters, in order to improve the reliability of 
the structure. An enormous amount of computer time is 
also involved in the whole design process. In this section, 
we present the sequential (or the classical) RBDO 
procedure and the proposed concurrent approach, which 
is based on the simultaneous solution of the reliability 
and optimization problems.

4.1. Sequential approach
The sequential RBDO algorithm which is illustrated 

in Fig. 6, is calculated by nesting the two following 
sub-problems:

1 - optimization problem under deterministic and 
reliability constraints:

min : /<{*})
subject to :乱({尤}) VO
효nd : (6)

where i$ the objective function, ^({x})=0 are 
the associated deterministic constraints, P({x},{u}) is 
the reliability index of the structure and & is the target 
reliability.

2 - cak이ilation of the reliability index ^({x},( w}):

min : d({u})
subject to : H({x),(u)) ^0 (7)

where d({u}) is the distance in the normalized random 
space and //((x),{w}) is the limit state function as 
shown in section 3,

The consteained nunimization of the objective function 
y((x}) is carried out in the physical space of design 
variables {尤} but the reliability index g is calculated in 
the normalized space of random variables {"}, which 
are the ima흥© of {>} in the standard space.

42 Concurrent approach
In order to avoid the high computational time of the 

nested problems given in section 4.1, we propose a new 
formulation by combining deterministic and random
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Fig. 6. Sequential RBDO 시gorithm (explicit problems).

spaces. The new optimization problem can be expressed 
by:

n血 :F({x},{y}) =/({%}) - dp({x},{y])
subject to : G({x},(y}) < 0

: 月({x},{") 그&

:gk(M)>0 (8)

where 戶({震},{丿}) is 나le new form of the objective 
function which integrates cost and reliability aspects 
and 徐({尤}，3}) is the image of d({u}) in the physical 
space. The optimization algorithm, which is illustrated 
in Fig. 7, supplies us with all information about the 
objective and constraint functions. This algorithm minimizes

( start

<Setthe initial point 
侦 \Xo\ and {Yo}

Evaluate the new objective 
tactioa: F0,溟为

(Calculate the reliability and 
(the mechanical constraints 
乂 度",g(P

Update {Xo} and {Yo}

Fig. 7. Concurrent RBDO algorithm.

the function F({x}f{v}), which is carried emit in the hybrid 
space of deterministic variables {x} and random variables 
{y}. In the numerical applications, we propose to solve 
the concurrent problem either by an extended penalty 
function or by the projected gradient method. At the 
optimal point, the limit state constraint G({x},(y})=0 
must be active for consistent reliability solution. The 
other constraints 幻:({工})2 0 and)3({x},(y})> & are not 
necessarily active.

For analytical models, the efficiency of the proposed 
concurrent approach has been tested on several examples 
[9]. Furthermore, a hook structure is presented in this 
paper to show the advantage of the concurrent approach 
with respect to the sequential one.

5. RBDO with CAD & FE Models

In the CAROD system (Fig. 3), the coupling between 
RBDO, FEA and CAD models is represented by layer 
2 as indicated in section 2. However, when FEA is 
involved, the computational time is a serious problem 
for practical applications. Furthermore, for complex 
geometries, the computational time will be a big problem 
and the coupling between several models (the geometrical 
modeling, the mechanical modeling, the reliability 
analysis and the optimization methods) will be very 
difficult. In this section, we show how the concurrent 
RBDO model becomes an efficient tool when the finite 
element model allows us to get the sensitivity information 
with respect to design and random variables. After the 
discussion of sensitivity equations in FEA, the cone나rrent 
RBDO is extended to nonlinear problems in order to 
demonstrate the efficiency of the concurrent methodology. 
Next, we present some difficulties in the complex geo- 
metiy description when 나sing local optimization variables.
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Finally, the advantage of the concurrent RBDO algorithm 
will be presented in order to compare it with the ^quential 
one, especially for large-scale problems.

5.1. Sensitivity operators
Let us consider the case of RBDO using finite element 

model based on a geometrical and material linear elastic 
displacement method. For a given failure scenario, the 
limit state function is written as:

H({x},{"},{，({x},{爵,{g})}) = 0 (9)

where {q} is the rxjdal displacement vector depending 
on the design variables(x} and on the normalized ones 
{u}, and {b} is a vector of response parameters associated 
with the limit state fiinction, e.g. internal forces, stresses, 
strains or displacements. The nodal displacements are 
obtained by using the fact that a linear elastic finite 
element model is additive and the principle of super
position can be used. This is performed by applying the 
pseudo-loading technique in which a unit load or a load 
proportional to the load Fs is introduced for each load 
case …，S in the model. The loads Fs are then 
modeled as stochastic variables Fv({m}), depending on 
the stochastic variables [샤 in the reliability probiem.

In the optimization algorithms for the design point 
computation, the gradients of G(.) with respect to {u} 
are needed. When the pseudo~load vector method is 
used to obtain the sensitivities of the response {/?}, the 
finite element equations 쵸re written [14]:

[K({x},{町)({町，曹})}，W({x},{"})} (10)

where {/} is the vector of external loads and [K] is the 
structural stiffness matrix. For a given v사ue of {x}, the 
material derivative dG/duj is obtained by:

q으-迎]加3 也丄쁘西A 八1、

du~duj g혀列 g志히 

where LR is the dimension of the response vector {b} 
and P is the mimber of nodal degrees of freedom, dqp/ 
dUj is selected from d{q}/duj and obtained from (10) 
by:

勞디 KJ 씌 .｛硏

(12)

In (11) and (12), the derivatives dG! duj, dGI dbh dbi 
/ du；, dbil dqp, dfl dUj and 3[K]/duj are obtained 
either by analytical or numerical approaches. In the 
RBDO problem with linear elastic analysis, it is seen 
that, at the sub-iteration level, the calculation of the 
limit state function and its gradients requires only one 
solution of the finite element equilibrium equations for 

each sub-level (z.e. for each {x}\ as long as the stiffhes옿 

matrix is independent of {u}. Furthermore, the index 
sensitivities 히丑 3片 are necessary for the efficient use 
of first order optimization algorithms. It can be calculated 
by:

dp__ 1 dG
囱꺼网瓦 (13)

The gradient \dG!duj\ is already known from the 
element reliability calculations. dGI duj can be cal
culated analytically, semi-analytically or numerically 
by finite difference. The derivative db/dxi is obtained 
after the determination of dG/dxi which for fixed 
values of the design point («*) is written as in (13) 
where Uj is replaced by 為，G is symmetrical in uj and 為, 

see (9). The derivatives dGldxh dGI dbi, dbjg and 
3에 dqp are similar to 出。case in (11). In general, they 
are easily obtained from the actual analytical expressions 
or by using the finite difference approach. dqp/ dxi is 
selected from d{q}/ dxi determined from (10) as:

也2 啊上辿
dx, -L J [ g 如

(14)

d (/}/ dxi is again obtained analytically or numerically. 
It is seen that only one [K]이 is still needed for each 
configuration of the structural shape and dimensions. 
The main advantage of estimating the sensitivities of (J 
using (11), (12), (13) and (14) instead of a simple 
numerical finite difference scheme is that a very large 
number of P calculations and stiffness assemblies and 
inversions can be avoided, thus reducing considerably 
the computational time consumption. Furthermore, the 
accuracy problem of taking finite difference in the 
iterative solutions is avoided. In fact, due to the multiple 
calculations of the design points, the calculation by finite 
difference of the derivative db/dxi will not only be 
very expensive, but it will also be inaccurate because 
the estimates are obtained by the calculation of finite 
difference between iterative solutions. Therefore, semi- 
analytical sensitivities in RBDO become important, and, 
due to accuracy, it will in many cases be a fundamental 
requirement for the possibility of obtaining an optimal 
solution. It depends on the particular response calculation 
technique whether the derivatives of the limit state 
function can be calculated most efficiently by numerical 
finite difference, semi-analytical or analytical approaches. 
An alternative method to determine the derivatives of 
the response quantities such as stresses and displacements 
is the continuum method [6J. In the continuum method, 
the derivatives are obtained on the basis of variations 
of the continuum equilibrium equations and response 
functional. It does not require direct access to the finite 
element code to be used. The accuracy is the same as 
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the semi-analytical method described above for size 
optimization problems, 1河 for shape optimization 
problems the continuum method is more stable. For the 
concurrent RBDO model, (9) to (14) can be formulated 
by replacing {u} by the vector {j} and p by dp.

5.2. Efficiency in nonlinear analysis
The sequential model of RBDO in시uding a linear 

finite element model is of course the simplest and lea돊f 
expensive finite element response model, which can be 
applied. In the cases where material or geometrical 
nonlinearities in the finite element model are involved, 
it is also possible to perform 하le RBDO but the 
computational time will increase significantly because 
the iterations must be performed at 3 levels:

1 - deterministic optimization in the design space {x},
2 - reliability analysis in the normalized space {"},
3 - nonlinear equilibrium iterations in the nodal

displacement space {q}.

But the integrated form of the new cone나mnt method 
allows us to reduce significantly the computational time 
with respect to sequential approach In order to prove 
the efficiency of this method, let us p나t together the 
random variables and the design variables in the same 
vector {z} = {xj,…，丿…，)况}, where n is the number 
of design variables and m is the number of random 
variables. The new form of the objective function can 
be expressed by:

(15)

and its derivative with respect to z,q can be written:

、"r 昭3({Z}) I、

5*})+七厂-M*})dF({z}) <{z})
瓦 dzq (16)

뎌『here q=l,,..,n+m. Knowing that the objective function 
/({z}) is independent of the random vector {y), we 응et:

动心})动({町) 5

(17)

and since the derivative dd^({z})/dzq can easily be 
detemiined, the concurrent method saves the compu- 
tation시 time of the reliability analysis at each deterministic 
iteration duriri흥 the optimization process. Therefore, the 
computational time of dF({z])/dzq almost equal to 
that of dfl dxh For nonlinear analysis, the concurrent 
RBDO is then 햫ery efficient beca나se the number of 
derivatives is largely reduced and a lot of nonlinear 
iterations are avoided.

5.3. Complex geometry
When the RBDO is canied out for geometrical 

variables, the CAD model updating is necessary during 

the design phase. Therefore, the parametrization step 
allows us to define the search directions of the optimization 
process. In the shape optimization case, these parameters 
or directions are chosen among the design variables 
that define the geometry of the boundary domain. In 
fact, the shape optimization process is piloted by the 
information corresponding to the geometrical boundary 
perturbation. The structiiraJ geometry that will be modified 
during the optimization process can be described by 
several methods such as element list (arcs of circles and 
straight segments), Bezier, B-spIine or NURBS descrip
tions. The element list technique is very simple to 
implement, the design variables such as arc radius and 
center, angles or coordinates of straight segment ends 
can be chosen as optimization parameters. The boundary 
is described by the assembly of the elements in the list. 
The perturbation of the boundary design variables 
does not imply the change of all boundaries. But the 
discontinuity in the intersection of the different element 
constitutes a major problem for the optimization procMi技e. 
Because of these discontinuities, the geometric irregulaii- 
ties of the boundary influence much the evaluation of 
certain variable fields defined at the boundary. These 
irregularities represent a serious disadvantage for the 
functional minimization, as it creates artificial singularity 
in the model. Furthermore, the use of the element list 
such as straight segment, circular arc, parabolic curves 
represented by mathematical equations, does not ensure 
the free change of topology during the optimization 
process. Therefore, it is necessary to describe the structural 
geometry by using flexible curves or surfaces. When 
using Bezier 이Hves, there exist two ways: the first one 
consists in using high-degree curves; in the second one, 
Bezier curves of modest order are pieced together using 
simple geometric rules to insure continuity at the different 
joints. For instance, to achieve zero-order continuity at 
a joint, it is sufficient to impose the end control points 
of the curve to coincide. First-order continuity can be 
obtained by stating that the ed흠es of the two polygons 
adjacent to the common end point must lie on a straight 
line. But, the Bezier curves do not provide local control: 
moving any control point will change the shape of 
every part of the curve. Howeol the B-splines are on 
one hand that local control of the curve shape can be 
achieved and on the other hand, that additional control 
points can be introduced without increasing the degree 
of the curve. B-splines offer more parameters to the 
designer than Bezier curves: the degree can be selected, 
as well as the multiplicity of control points [15]. 
Therefore, the B-spline parametric curves representation 
is a very attractive tool for shape optimization by the 
design element technique.

When using the sequential RBDO procedure with 
FEA-CAD model, we need a high computational time 
to solve an implicit model because of several repeated 
loops, as illustrated in Fig. 8. However, our concurrent 
methodology (second layer of CAROD system) will
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Fig. 8. Seq如시 al흥withmfeTRBD3-FEALCADm&Iel(implicitp¥oblems).

efficiently reduce the computational time because of 
the decrease of the loops number in the optimization

algorithm (Fig. 9). The computational time will be largely 
reduced when solving large-scale problems. In section
5.2, we analytically demonstrated that the computational 
time of the gradient calculation of F({x},{y}) 인most 
equal to that of/{x}. Thus, the concurrent methodology 
saves the computational time of the reliability analysis 
at each deterministic iteration during the optimization 
process. Furthermore, a hook application shows the 
efficiency of the concurrent methodology with respect 
to the sequential one.

7. RBTO Model

In the classical topology optimization, we search to 
minimize the compliance for a given volume of material, 
the material density is used as a continuous design 
variable. The materid density and die associated effective 
properties are controlled by the mean of shape variables 
of microstructure cells. The problem is thus formulated 
as:

min : L(w)
subject to : ad(yv, v)=L(y) for aHv^H
and : volume V (18)

In problem 18, we use the energy bilinear from the 
internal work and the load linear for the external work. 
We minimize the mean compliance in order to achieve 
the stiffest structure. It is given by：
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Fig. 10. Shape variables in microstructure cells.

L(v) = ^fvdQ+^tvdr (19)
q r

and the external work is given by:

源吼 v) = J C,用(20) 
a

where f and t are respectively the body load and surface 
traction,勻 are the strain tensor components,(膈 is the 
effective stiffness of the microstructure cells and H is 
the set of kinematically allowable displacement field. 
The problem is defined on a fixed reference domain Q 
and the stiffness Cg depends on the used design 
variables.

For a so-called second rank layering, such as the 
third cell in Fig. 10, we have the relationship:

c湫/三q汩(払/O) (21)

where fl and / denote the densities of the layering and 
0 is the rotation angle of the layering. The relation (21) 
can be computed analytically and the volume is 
evaluated by:

Volume = j (m+ y-^dQ (22)

Alternative microstructures such as square or 
rectangular holes in sq나are cells can also be used (such 
as the first two cells in Fig. 10, the important feature 
being the possibility of having density values covering 
the full interval [0, 1]. The optimization problem ca다 

now be solved either by optimality criteria methods or 
by duality methods, where the advantage is to take into 
account the fact that the problem has just one constraint. 
The angle 6 of layer rotation is controlled via the 
results on optimal rotation of orthotropic materials as 
presented in [5]. It turns out that this method allows for 
the prediction of the shape of the body and it is 
possible to predict placement and shape of holes in the 
structure. Our proposal is to introduce the reliability 
analysis in the classical topology optimization problem 
in order to obtain the optimal topology by introd니cing 

the reliability constraints. This model is called Reliability- 
Based Topology Optimizatio다 (RBTO). When using this 
model, the resulting optimal topologies are more r이iable 
than the resulting classical topologies for the same 
weight of the structures [9].

8. Numerical Applications

Two applications show the interest of CAROD system 
with respect to the traditional DDO procedure and the 
sequential optimization process including the RBDO 
model.

8.1. Rotating disk
The first example consists of designing an axisymmetric 

turbine disk. The meridian cross-section of the disk is 
made of four parts, as illustrated in Fig. 11(a): the hub 
of uniform thickness, the disk itself, the rim and the 
blades. The optimization problem is to find the optimal 
shape of the disk and the thickness of the hub that yield 
to minimum weight while satisfying upper limits on 
radial and circumferential stresses under thermal and 
centrifugal loads.

The thickness of the rim and attached blades are 
considered to be fixed with predetermined values. Due 
to axi-symmetry, only one half-cut of the structure is 
needed to be modeled. In this case, we apply the 
Deterministic Design Optimization (DDO) process and 
the CAROD system in order to show the advantage of 
the integration of the reliability criteria into the 
optimization problem. The geometric description of the
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design model begins with defining all its boundaries 
and selecting appropriate parametric curves. In the present 
case many parts of the boundary are required to be 
straight segments. Each segment can be considered, for 
example, as a particular case of a Bezier curve. The 
only curved part of the boundary will be represented by 
a B~Spline with 6th order continuity (z.e. degree five), 
lb control it, nine master nodes are employed, as indicated 
in Fig. 11(b). The second step is to subdivide the structure 
into design elements, which is quite obvious for this 
problem. As shown in Fig. 11(b), two design elements 
are sufficient to fully describe the moving boundaries, 
corresponding to the disk and its hub. The two other 
sub-regions, representing the rim and the blades, have a 
fixed geometry. Next the desi응n variables must be 
selected in order to monitor the acceptable changes in 
the shape of the two design elements. It is to remind 
that the design variables provide the positions of the 
master nodes describing the boundary curves. In this 
study, the hub thickness and the disk shape have to be 
determined while keeping the rim and blades thickness 
constant. Therefore, only numbered 2 through 10 in 
Fig. 11(b) will be allowed to move. Finally, the fourth 
step consists of expressing constraints restricting the 
control node displacements. For example the structure 
may not move into the negative side of the Z-axis. Also, 
all the design elements must keep reasonable aspects. 
To facilitate the introduction of these requirements, the 
design variables are defined as the distances separating 
each moving node from its corresponding reference 
node. In addition the move direction of each control 
node is kept constant. In the present case the control 
nodes are required to move in the Z direction. With 
this definition of the design variables, the geometric 
requirements can be easily stated and treated by the 
optimization algorithm:

1 - the hub must have a uniform thickness: it is
sufficient to impose that the displacements of 
nodes 9 and 10 be the same; this is a simple 
equality constraint between two variables, which 
can be linked to only one parameter before entering 
the optimizer;

2 - in order to prevent the moving nodes to 꽈eietmte
the negative Z-space, the design variables are 
imposed to remain positive.

Having constructed a proper design model, involving 
only 8 independent variables, an finite element analysis 
model can be created. The Deterministic Design Op
timization (DDO) problem is to minimize the structure 
volume subject to the mechanical stress constraint (為昧 

為M 0, however, the RBDO model aims to minimize 
the structural volume subject to the reliability constraint )3 
2/九 and the allowable stress one. For this problem, the 
target reliability level is also 0=38

Table 1 provides the difference between the Deter-

Thble 1. Axisymmetric disk results

Mod이 DDO CAROD
4.38 x 108 4.78 X 108

p 1.73 3.82
Pf 4.2 x W2 6.7 x 10 s

F谊.12. (a) Optimal configuration by DDO process, (b) Opting 
configuration by CAROD system.

ministic Design Optimization(DDO) and the CAROD 
system for the rotating disk; Fig. 12 compares the two 
optimal designs. Using CAROD system, we increase the 
structure volume (weight) by 8.4% with respect to the 
volume produced by the DDO model. However, this small 
increase will largely improve the reliability level of the 
structure: the failure probability Pf is red니ced for 4.2% 
to 0.007%. So, a better ratio of reliability per unit cost 
is achieved.

8.2. Hook structure
lb illustrate the efficiency of the proposed approach, 

the ste이 hook structure, iHii아in Fig. 13(a), is 
analyzed. The hook is supported at its top by a shaft in 
the hanging hole of radius R2 and the load is hanged on 
the lower circular arc of radius Rl. The hook thickness 
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varies linearly between inner and outer faces: trapezoidal 
cross-section is chosen for the lower hanging part and 
rectangular cross-sections are taken for the rest of the 
hook. For functioning considerations, the fixed dimensions 
are the hanging circular arc radius 人 1=190 mm, the 
hole radius R2=100 mm, the fillet radius 7?3=1OO mm 
and the hook height L=1200 mm. The used material is 
the construction steel with Ybung^ modulus E=20Q GPa 
and allowable stress <yw=235 MPa. The applied load is F= 
400 kN, which is distributed on the 30 contact elements 
at the circular. The hook is modeled by 1602 solid 
finite elements with 20-nodes quadratic shape functions 
that leads to 6200 nodes with 18600 degrees of freedom 
(Fig. 13(b)). In this study, the objective is to minimize 
the hook volume under the design constraints, whose the 
reliability constraint, lb optimize the structure, the mean 
values of the dimensions ma, mh, mCi me,"矿，and 
the thickness mrb mt2 and mz3 are the control design 
parameters. The external applied load F and the physical 
dimensions a, b, c, d, e, / t2 and t3 are the random 
variables, which are supposed to be normally distributed. 
Table 1 gives the RBDO variables, as w이1 as the 
corresponding standard-deviations and initial values. In 
this problem, we have 19 optimization variables: 10 
random variables {y} and 9 design variables {x}. For 
this design, the target reliability level is &=335 with 
convergence tolerance equal to 1. The equivalent 
maximum failure probability is P^=4 X 10 4.

Sequential approach: The problem can be written in 
two sub-problems:

1 - optimization of the objective function:

min : fi{x})
subject to :(九({工}) - qW 0
and : 0({사,{".})>& (23)

2 - calculation of the reliability index /3({x},[u}):

min :，』({"})

subject to : H({x},(u}) 0 (24)

Concurrent approach: Using the hybrid reliability
based design model, we can simplify the two la이 sub
problems into one problem:

min : F({x},(y}) =f({x}) - d^{x},{y})
Subject tO : Omax({나,3})Pw=0 

:#(ix},{y}) = & 

:(yk({x})-(yw<Q (25)

Table 2 gives the optimal solutions of the two 
approaches. By comparing their res니Its, we find that 
the optimal solutions are very close and the reliability 
constraint is satisfied for the hybrid and classical 
models. In considering the same initial volume Vo= 
0.6688 x 108 mm3 for both approaches, the classical 
RBDO approach requires 439 Finite Element Analyses 
(FEA) to reach the minimal volume V*=0.2373 X 108 
mm3 and to satisfy the target reliability level 0=3.38그& 

(z.e. 0.9% hi아13 than the target). However, the hybrid 
method needs only 84 eval나ations to reach the minimal 
volume 0.2345 X 108 mm3 and to satisfy the target 
r이iability level 0=337>& (f.e. 0.6% higher than the 
target).

At each deterministic iteration, the classical method 
needs a complete reliability analysis in order to calculate 
the reliability index. Furthermore, for each reliability 
iteration we need 10 FEA (equal to the random variables 
number m=10) that leads to a very high FEA (for this 
example: 7 reliability iterations for the first deterministic 
iteration and 3 ones for the following optimization 
iterations). By comparing their results, the hybrid method 
gives a computational time clearly reduced with respect 
to the classical approach (almost 80%). In addition, for 
each deterministic iteration, we need a gradient calculation 
(〃+l = 10 FEA, n is the design variables number) and 
one FEA for evaluating the stresses. In the hybrid RBDO 
procedure, as demonstrated in section 4, a gradient 
calculation for the design variables (n+1 = 10 FEA) and 
two FEA (one for the design variables and the other for 
the random ones) are necessary for each iteration. Table 4 
gives the reduction of the FEA between the two methods,

Table 2. Initio points

Wriables {y} a b c d e f h h h F

Means {x} mb mc me 叫3 400
Wriances 3 2 4 4 4 4 1 1 1 20
Initial points 150 100 200 200 200 200 200 200 200 200

n미e 3. Sequential and concurrent RBDO results

{x} me 叫i 叫3 400

Seq. RBDO 111,0 80,56 196,5 200,6 196,1 154,7 31,6 10,42 10 —
Con. RBDO 110,7 80,00 198,2 198,2 198,1 151,6 27,8 13,06 10 —

{y}
* a 歩

* c d* * e F* * * * 
h

Seq. RBDO 111,0 80,67 195,83 196,66 195,13 154,8 30,7 9,35 10 451
Con. RBDO 110,1 79,50 198,05 198,04 197,97 152,5 27,6 10 10 427
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T^ble 4. Efficiency comparison

Model Seq. RBDO Con. RBDO
V(mm3) 23.73 X 106 23.45 X 106

p 2.38 2.37
^det 9 7
^fiab 3X9 + 7 0

439 84

where ndet and nre! are the number of deterministic and 
reliability iterations, respectively, and nca!{s is the number 
of finite element analyses.

The results show that the concurrent method clearly 
reduces the computational time particularly for large- 
scale problems. The steel hook problem shows the 
efficiency of the concurrent RBDO including FE-CAD 
models with respect to the sequential one. In the proposed 
formulation, the integration of the reliability does not 
represent a significant increase of computational time 
but makes it very reasonable.

9. Conclusion

CAROD system is an efficient computer-aided tool, 
integrating reliability analysis and concurrent engineering 
concepts in the classical design phase. The first 
application (rotating disk) shows that when using the 
sequential DDO procedure, the reliability level of the 
deterministic point is very low with respect to the target 
reliability level. However, using CAROD, the solution 
respects the required reliability level but with a small 
increase of volume. The second application (steel hook 
structure) demonstrates the efficiency of the concurrent 
RBDO including FE-CAD mod이s with respect to the 
sequential one. Furthermore, die efficiency is confirmed 
in section 52 This new system also allows us to use 
the concurrent engineering concept as a practical tool 
to give all information during the design process. The 
coupling of different models is ensured by adapted 
protocol allowing the exchange of variable states and 
sensitivities. CAROD system is appropriate to solve 
complex engin^ring problems by supplying the designers 
with all information in the design process.
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