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Abstract — Computer-Aided Reliable and Optimal Design (CAROD) system is an efficient tool defining the best compromise
between cost and safety. Using the concurrent engineering concept, it can supply the designer with all numerical information
in the design process. This system integrates several fields such as multidisciplinary optimization, reliability analysis, finite
element analysis, geometrical modeling, sensitivity analysis and concurrent engineering. When integrating these disciplines,
many difficulties are found such as model coupling and computational time. In this paper, we propoese a new concurrent
methodology satisfying the reliability requirement, allowing the coupling of different models and reducing the computational
time. Two applications (rotating disk and hovk structures) demonstrate that CAROD system can be a practical concurrent

engineering application for designers.
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1. Introduction

Several computer-aided tools have been introduced
for engineers in order to satisty different requirements
not only to design (i.e. CAD) but also to the broader
areas of manufacturing (CAM) and enterprise-wide issucs
(CAE) | 10, 13]. Based on this philosophy, we provide an
efficient computer-aided tool, called CAROD(Computer-
Aided Reliable and Optimal Design), which integrates the
reliability and the cost requirements into the design
process. Not only a large amount of mathematical and
numcrical techniques are available in CAROD system
but also the use of the concurrent engineering concept
allows us to reduce the design phase and (o salisly cost
and safety requirements. There are many perceptions
about the nature of concurrent engineering. For example,
[7] defined concurrent engineering as being “the process
of forming and supporting multifunctional teams that
set product and process parameters early in the design
phase”. Therefore, concurrent engineering is designing
for cost, safety, performance, manfacturahility, assembly,
availabilily. ... etc. Therefore, CAROD systcm integrates
several [ields such as mubltidisciplinary optimization,
reliability analysis, finite element analysis, gcometrical
modeling, sensitivity analysis and concurrent engineesing.

When integrating these disciplines, many difficulties
can be found such as model coupling and computational
time. Multidisciplinary optimization is a way of finding
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the “best” solution, given an objective and a set of
constraints, where the objective, the constraints and the
variables come Irom the knowledge built in diffcrent
disciplines. In the last decade, multi-objective optimization
has gradually crepl in cngineering [17]. Topology op-
timization, shape optimization, sizing optimization and
rcliability-based design oplimization are components
of multidisciplinary optimization. The Reliability-Bascd
Design Optimization(RBDO) is a multi-objective optimi-
zation because it extends optimization theory by allowing
multiple objectives to be “optimized” simultancously.
The principle of this concept is (o integrate the reliability
analysis in the design optimization problem in order 1o
minimize the cost and 10 maximize the rchability level.
Since the introduction of rcliability considerations in
the shape oplimization problems allows us (0 meet cost
and safety requircments, we propose herein to inlegrate
the reliability analysis in the topology optimization
problem. This integration leads to a rcally optimal
topology and design. In the [ollowing sections, we present
the CAROD system and then we explain how each
component is integrated in the process, a special attention
is given to the RBDO components. Finally, two en-
gineering applications are illustrated in order to show
the performance of the proposed methodology.

2. CAROD system

In practical applications. the coupling between the
reliability analyses and the optimization procedures leads
to very high computing time and weak convergence
stability. Thus, there is a strong motivation to develop
efficient techniques with the aim of reducing the
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Fig. 1. Traditional DDO procedure (reliability analysis on the
optimal solution).

computational time. The traditional Deterministic Design
Optimization(DDO) process, which is illustrated in
Fig. 1, can be realized in two loops. The first foop
contains three steps:

(1) describe the structural geometry by using suitable
CAD models,

(2) mesh and evaluate the design model using Finite
Element Analysis(FEA).

(3) apply the Topology Optimization in order to
climinate the unnecessary parts in the structure,

The initial geometry may be a pre-defined shape or a
bulk domain. These steps will be repeated until satisfying
the constraints and optimizing the cost function. The
second loop is to optimize a given topology (geometry)
of the structure. This loop contains three steps:

(1) describe the geometry,

(2) mesh and evalnate the design model,

(3) optimize the structure shape by minimizing an
objective (unction such as cost or volume.

Next, when obtaining the optimal design, we analyz¢
the reliability level of the optimal solution. However,
the reliability at the deterministic optimum may be low
and needs to be improved. The traditional DDO procedure
can then be improved by intcgrating the RBDO model,
which reduced the structure volume in uncritical regions
and can satisfy the required reliability level. The
sequential optimization process intcgrated with RBDQ
model is illustrated in Fig. 2. The classical solution of
the RBDO is carried out by alternating reliability and
optimization iterations in two different variabic spaces
(i.e. design and random spaces). For simple shapes, this
loop essentially contains two sub-problems:

(1) optimize an objective function such as cost or
volume.
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Fig. 2. Sequential optimization process including RBDO model.

(2) compute the system reliability by a particular
optimization procedure (Fig. 2).

In the RBDO model, additional variables are introduced
to 1ake account for design uncertainties and randomness.
Hence, a lot of numerical calculations are required in
the space of random variables in order to cvalvate the
system reliability. Furthermote, the optimization process
itself is executed in the space of design variables, which
are deterministic. Consequently, 1n order to search for
the optimal system, the design variables arc repeatedly
changed, and each set of design variables corresponds
to a new random variable space, which then needs to be
manipulated to cvaluate the system reliability at that point.
Furthermore, lor complex shapes, at each iteration of
reliability analysis and shape optimization process, CAD
and FEA models are required. As too many searches
are needed in the above (wo spaces, the computational
timne for such an optimization is a great problem. The
coupling scheme between geometrical modeling, me-
chanical modeling, reliability analysis and optimization
methods represents a real problem. Because of these
two difficelies, only few rescarchers integrate the RBDO
model within the design process, especially for large-
scale problems. In the present work, CAROD system is
introduced to overcome the above difficulties (7.e. model
coupling and computational time) for the design of
complex enginecring problems. By using the concurrent
engineering concepts, the designer can obtain the
necessary information about the structure during the
optimization process and so, the design phase is largely
reduced. CAROD system is defined by the following
three layers (Fig. 3):

Layer 1 RBDO model: for explicit mechanical models
(shape optimization and reliability analysis),

Layer 2 Integrated RBDO with CAD and FEA: for
implicit problems

Layer 3 RBTO model: ({topology optimization,
reliability analysis, FEA and CAD description)
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Reliability Analysis

The integration of these layers constiwles the CAROD
system, which aims to design structures that should be
economic and rchiable by using the concurrent engineering
concepts (Fig. 3). According o the concurrent engineering
definition, CAROD is getting (he right models together
at the right time to solve design problems.

In order to implement CAROD, we have to relate all
modules presented in Fig. 3. For cxample, when using
ANSYS software, which contains topology and shape
optimization modules with geometric modeler and FEA,
we have to implement a reliability algonithm and rclate
it with the other modules. In the next sections. we present
the integration of each of these CAROLD components. A
rotating disk example shows the advantage of CAROD
system with respect two the traditional DDO procedure.
A hook structure demonstrates the efficiency of CAROD
system with respect to the sequential optimization
process including RBDO model.

3. Reliability Analysis

The design of structures and the prediction of their
good functioning lead to the verification of a certain
number of rules resuliing from the knowledge of physical
and mechanical experience of designers and constructors.
These rules (raduce the necessity to limit the loading
effects such as swesses and displacements. Each rule
represents an elementary event and the occurrence of
several events leads to a failure scenario. The objective
is then o evaluate the failure probability corresponding
to the occurrence of critical failure modes.

3.1. Importance of safety criteria

In deterministic structural optimization, the designer
aims to reduce the construction cost without caring
about the cffccts of uncertainties concerning materials,
geomelry and loading. In (his way, the resulting optimal
configuration may present a lower rehabihity level and
then, leads 10 higher failure rate. The equilibrium hetween
the cost minimization and the reliability maximization
is a great challenge for the designer. In general design
problems, we distinguish between two kinds of variables:

(1) the design variables {x) which are deterministic
variables to be defined in order to optimize the
design. They represent the control parameters of
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the mechanical system (¢.g. dimensions, materials,
loads) and of the probabilistic model (e.g. mcans
and standard-deviations ol the random vanables),

(2) the random variables {y)] which represent the
structural uncertainties. identilied by probabilistic
distributions. These variables can be gcometrical
dimensions, material characteristics or applied
external loading.

3.2. Failure probability
In addition to the vector ol deterministic variables
{x} to be used in the system design and optimization,
the uncertaintics are modcled by a vector of stochastic
physical variables atfecting the failure scenario. The
knowledge of thesc variables is not, at best, more than
statistical information and we admit a representation in
the form of random variables. For a given design rulc,
the basic random variables are defined by their joint
probability distribution associated with some expected
parameters; the vector of random variables is noted
herein [ Y} whose rcalizations arc written {yv}. The
safety is the state in which the structure is able to {ullll
all the functioning requircments (e.g. strength and
serviceability) for which it is designed. To evaluate the
failure probability with respect to a chosen failure
scenario, a limit state function G({x}.{y}} is detined
by the condition of good functioning ol the structure.
In Fig. 4, the limit between the state of failure
G({x),{y})<0 and the state of safety G({x}.{y})>0
is known as the limit state surface G({x},{ v })=0. The
failure probability is then calculated by:
P=PHGUxL NS0=], o A Ddy
(D
where P; is (he failure probability, fy,({¥}) 1s the joint
density function of the random variables { Y} and P,[.]
is the probability operator. The evaluation of integral
(1) is nol casy, becausc it represents a very small quantity
and all the necessary information for (he joint density
function are not available. For these reasons, the First
and the Second Ovder Reliability Methods FORM/
SORM [2] have been developed. They are based on the
reliability index concepl, followed by an cstimation of
the failure probability. The invariant reliability index S
was introduced by [4], who proposed to work n the
space of standard independent Gaussian variables instcad

X2 Failure domain
| Failure domain u;

H({x}, {u})=0
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Fig. 4. Physical and normalized spaces.
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of the space of physical variables. The transformation
from the physical variables {y} to the normalized
vanables {u} is given by:

{u}=T(xhiyD) and Di=T'(xb{u}) @

This operator 7(.) is called the probabilistic transformation.
In this standard space, the Jimit state function iakes the
form:

H{{x}EL{u})=G({x}1L{y})=0 3)

In the FORM approximation, the failure probability
is simply evaluated by:

P~d(-f) )

where @(.) is the standard Gaussian cumulated function.
For practical engineenng, equation (4) gives sufficiently
accurate estimation of the failure probability.

3.3. Reliability evaluation

For a given failure scenario, the reliability index B is
evaluated by solving a constrained optimization problem
(Fig. 5).

The calculation of the reliability index can be realized
by:

B=min(J{u} {u}) subject to GUx}{y}<0
(5)

The solution of this problem is called the design point
P’, as illustrated in Fig. 4. When the mechanical model
is defined by numerical methods, such as the finite
element analysis, the evaluation of the reliability implies
a special coupling procedure between both reliability
and mechanical models [11].
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Fig. 5. Calculation of safety index.

4. RBDO Models

For deterministic optimization, many efficient numerical
methods have been developed and applied to different
kinds of structures. But for RBDO problems, the coupling
between the mechanical modeling, the reliability analysis
and the optimization methods represents a very complex
task and leads to very high computational time. The
major difficulty lies m the evaluation of system reliability,
which is carried out by a particular optimization pro-
cedure [3). Efforts werc directed towards developing
efficient techniques | 1, 16] and general proposed programs
10 integrate the reliability analysis for given uncertain
information. These programs and procedures compute
the reliability index of a structure for the defined
failure modes, but do not provide an optimum set of the
design parameters, in order to improve the reliability of
the structure. An enormous amount of computer tme is
also involved n the whole design process. In this section,
we present the sequential (or the classical) RBDO
procedure and the proposed concusrent approach, which
is based on the simultaneous solution of the reliability
and optimization problems.

4.1. Sequential approach

The sequentiall RBDO algorithm which is illustrated
in Fig. 6, is calculated by nesting the two following
sub-problems:

1 - optimization problem under detcrministic and
reliability constraints:

min > fUxD)
subject o : g({xH =0
and C Bxh (e =B (6)

whete f({x}) is the objcctive function, g«({x})=0 are
the associated deterministic constraints, S({x},{u}) is
the reliability index of the structure and f, is the target
reliability.

2 - calculation of the reliability index S({x},{u}):

min cd{ul)
subject to : H({x}.[u}) =0 (7)

where d({«}) is the distance in the normalized random
space and H{{x}.{u}) is the limit state function as
shown in section 3.

The constrained minimization of the objective function
f{x}) is carried out in the physical space of design
variables {x} but the reliability index § is calculated in
the normalized space of random variables {u}, which
are the image of {v} in the standard space.

4.2, Concurrent approach

In order to avoid the high computational tume of the
nested problems given in section 4.1, we propose a new
formulation by combintng deterministic and random



Ghias Kharnnanda et al.

Set the initial peint {Uo}

i
L__,_____/—\\ X
( Evaluate the limit state G X

@culate the safety index 5 )

< o>t | =

H
+
f
[
[
'
'
f
f
s
+
i
[
[
:
.
B
4
f
s
s
i
f
'
f
f
+
B

Fig. 6. Sequential RBDO algorithin (explicit problems).

spaces. The new optimization problem can be expressed
by:

min SFE(xBy D =fUah) - dg(Ax)x))
subject to : G({x}{vH =0

L BUix) ) 2 B

s g({xh) =0 (8)

where F({x}.{y}) is the new form of the objective
function which integrates cost and reliability aspects
and dg({x}.{y}) is the image of d{{«}) in the physical
space. The optimization algorithm. which is illustrated
in Fig. 7, supplies us with all information about the
objective and constraint functions. This algorithim minimizes

Set the initial point
{Xo} and {Yo}

k S
¥

Evaluwate the new objective
function: F(X,Y)=fX).d[(X.Y)
|

Calculate the reliability and
the mechanical constraints

Update {Xo} and [Yg
:w S/
AX, i;],g(f")

.

Yes

STOP

Fig. 7. Concurrent RBDO algorithm.

Evaluate the objective function
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AV, g%y

. sToP —
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Sub-problem (1)

Set the initial point {Xo}

l

Update {Xo})

the function £({x}.{¥}), which is carried out in the hybrid
space ol deterministic variables {x} and random variables
{»}. In the numerical applications, we propose to solve
the concurrent problem either by an extended penalty
function or by the projected gradient method. At the
optimal point. the limit state constraint G({x},{y})=0
must be active for consistent reliability solution. The
other constraints gi({x})= 0 and B({x},{¥})= B, arc not
necessarily active,

For analytical models, the efficiency of the proposed
concurrent approach has been tested on several examples
[9). Furthermore, a hook structure 13 presented in this
paper to show the advantage of the concurrent approach
with respect to the sequential one.

5. RBDO with CAD & FE Models

In the CAROD system (Fig. 3), the coupling between
RBDO, FEA and CAD models is represented by layer
2 as indicated 1n section 2. However, when FEA 1s
involved, the computational time is a serions problem
tor practical applications. Furthermore, for complex
geometries, the computational time will be a big problem
and the coupling hetween several models (the geometrical
modeling, the mechanical modeling, the reliability
analysis and the optimization methods) will be very
difficulr. In this section, we show how the concurrent
RBDQO modet becomes an efficient tool when the finite
clement modcl allows us fo get the sensitivity information
with respect to design and randoin variables. After the
discussion of sensitivity equations in FEA, the concurrent
RBDO is extended to nonlinear problems in order to
demonstrate the efficiency of the concurrent methodology.
Next, we present some difficulties in the complex geo-
metry description when using local optimization variables.



6 Imternational Journal of CAD/ICAM  Vul. 2, No. 1, pp. 1~12

Finally, the advantage of the concurrent RBDQO algorithm
will be presented in order to compare it with the sequential
one, especially for large-scale problems.

5.1 Sensitivity operators

Let us consider the case of RBDO using finite element
model based on a geometrical and material linear clastic
displacement method. For a given failure scenario, the
limit state function is written as:

H{{x}, {ub, {b({x}{u} {gH =0 (9)

where {g] is the nodal displacement vector depending
on the design variables{x} and on the normalized ones
{u}, and {H} is a vector of tesponse parameters associated
with the limit state function, e.g. intemal forces, stresses.
strains or displacements. The nodal displacements are
obtained by using the fact that a lincar elastic (inite
element model 1s additive and the principle of super-
position can be used. This is performed by applying the
psendo-loading technique in which a unit load or a load
proportional to the load F; is introduced for each load
case y=1....,5 in the model. The loads ¥, are then
modeled as stochastic variables F {{u«}), depending on
the stochastic variables ; in the reliability problem.

In the optimization algorithms for the design point
computation, the gradients of G(.) with respect to {u}
are needed. When the pseudo-load vector method is
used w0 obtain the sensitivities of the response {5}, the
finite element equations are written [14]:

(KA {uh)-{g{x {ub} =) {uh)} (A0
where | f} is the vector of external loads and [ K| is the
structural stiffness matrix. For a given value of {x}, the
material derivative dG/du; is obtained by:

dG_dG G| b, ob,dg,,
du; auj !zr’r?b/[ab Zaq,,aujJ (an

where Lz is the dimension of the response vector {b)
and P is the number of nodal degrees of freedom, J¢g,/
du; is selected from d{g}/ du; and obtained from (10}
by

NG} _ e A3 dK]
. =[K] {914 I e }} 12

!

In (11) and (12), the derivatives G/ du;, dG/ b, Ib;
fdw, dbiadq,, off du; and K|/ du, are obtained
either by analytical or numerical approaches. In the
RBDO problem with linear elastic analysis, it is seen
that, at the sub-ileration level, the calculation of the
limit state function and its gradients requires only one
solution of the finite element equihbrium cquations for

each sub-level (i.e. for each {x}), as long as the stiffness
matnx 1s independent of {u}. Furthcemore, the index
sensitivities J B/ dx; arc necessary for the efficient use
of first order oplinization algorithms. It can be calculated
by:

Ip_ ) dG
ax, |dGlox;
o

The gradient 1dG/dul is already known from the
element reliability calculations. dG/du; can be cai-
culated amalytically, semi-analytically or numerically
by finite difference. The derivative @b/ Jdx; is obtained
after the determination ol @G/ dx; which for fixed
values of the design point {u") is written as in (13)
where u; is replaced by x;, G is symmetrical in ; and x;,
see (9). The derivatives dG/Jx;, G/ dby, dbddx; and
Jdb/ dg, are similar to the case in (11). In general, they
are easily obtained from the actual analytical expressions
or by using the finite difference approach. dg,/dx; is
selected from J {g}/ d.x; determined from (10) as:

(13)

h

{f} NENEISPN
[K]{ah Tt (14)

d {f)/ dx;is again obtained analytically or numerically,
It is scen that only one K] is still needed for each
configuration of the structural shape and dimensions,
The main advantage of estimating the scasitivities of 3
using (11), (12), {13) and (14) instead of a simple
numerical fimte difference scheme is that a very large
number of B calculations and stiffness assemblies and
mversions can be avoided, thus reducing considerably
the computational time consumption. Furthermore, the
accuracy problem of taking finite difference in the
iterative solutions 1s avoided. In fact, due (o the multiple
calcutations of the design points, the calculation by finite
difference of the derivative d&/dx will not only be
very expensive, but it will also be inaccurate because
the estimates are obtained by the calculation of finite
difference between iterative solutions. Therefore, semi-
analytical sensitivitics in RBDO become important, and,
due to accuracy, it will in many cases be a fundamental
requirement for the possibifity of obtaining an optimal
solution. It depends on the particular response calculation
technique whether the derivatives of the limit state
function can be calculated most efficiently by numericat
finite difference, semi-analytical or analytical approaches.
An alternative method to determine the derivatives of
the response quantities such as stresses and displacemenus
is the continuum method [6]. In the continuum method,
the derivatives are obtained on the basis of variations
of the continvum equilibrium equations and response
functional. Tt does not require direct access (o the finite
element code to be used. The accuracy is the same as
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the semi-analytical method described above for size
optimization problems, but for shape opumization
problems the continuum method is more stable. For the
concurrent RBDO model, (9) 10 (J4) can be formulaied
by replacing {#} by the vecior }y) and S by dj.

5.2. Efficiency in nonlinear analysis

The sequential model of RBDO including a linear
finite element model is of course the simplest and least
expensive finite element response model, which can be
applied. lu the cases where material or geometrical
nonlinearities in the finite element model are involved,
it is also possible to perform the RBDO but the
computational time will increase significantly because
the iterations must be performed at 3 levels:

1 - deterministic optimization in the design space {x},

2 - reliability analysis in the normalized space {u},

3 - nonlinear equilibrium iterations in the nodal
displacement spacc {¢}.

But (he integrated form of the new concurrent method
allows us to reduce significantly the computational time
with respect to sequential approach In order o prove
the efficiency of this method, et us pul together the
random variables and the design variables in the same
vector {z}={x;,....xs. ¥1,.... ¥n}, where # is the number
of design variables and m is the number of random
variables. The new form of the objective [unction can
be expressed by:

F({zD =f{xpxdd{z}) (15

and its derivative with respect to z, can be written:

U s 2 (=
I PUD, 1oy 28Dy o)

oz, %, dz,
where ¢=1.....n+m. Knowing that the objective function

f{z}} 1s independent of the random vector {y}, we get:

Hleh)  F{ah
. o an

i

and since the derivative ddg({z})/ dz, can easily be
determined. the concurrent method saves the compu-
tational time of the reliability analysis at each deterministic
iteration during the optimization process. Therefore, the
computational time of JF({z})/dz, almost equal to
that of df/ dx;. For nonlinear analysis, the concurrent
RBDO is then very cfficient because the number of
derivatives Is largely reduced and a lot of nonlincar
iterations are avoided.

5.3. Complex geometry
When the RBDO is cartied out for geometrical
vartabics, the CAD model updating is nccessary during
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the design phase. Therelore, the parametrization step
allows us to define the search directions of the optimization
process. In the shape optimization case, these parameters
or directions are chosen among the design variables
that define the gcometry of the boundary domain. In
fact, the shape optimization process is piloted by the
information corresponding to the gecometrical boundary
perturbation. The structural geometry that will be modified
during the optimization process can be described by
several methods such as element list (arcs of circles and
straight segments), Bézier, B-spline or NURBS descrip-
tions. The element list technique is very simple 10
impiement, the design variables such as arc radius and
center, angles or coordinates of straight segment ends
can be chosen as oplimization parameters. The boundary
is described by the assembly of the elements in the list.
The perturbation of the boundary design variables
does not imply the change ol all boundaries. But the
discontinuity in the intersection of the different element
constitutes a major problem lor the optimization procedure.
Because of these discontinuities, the gecomeltric rregulari-
ties ol the boundary influcnce much the evaluation of
certain variable fields delined at the boundary. Thesc
irregularities represent @ serious disadvantage for the
functional munimization, as it creates artificial singularity
in the model. Furthermore, the use of the clement list
such as straight segmemt, curcular are, parabolic curves
represented by mathematical equations, does not ensure
the free change of topology during the oplimization
process. Therefore, it is necessary to describe the structural
geometry by using flexible curves or surfaces, When
using Bézier curves, there exist two ways: the [irst one
consists in using high-degree curves: in the sccond one.
Bézier cwrves of modest order are pieced together using
simple gcometric rules to insure continuity at the different

Joints. For instance. to achieve zero-order continuity at

a Joint, 10 s sufficient to impose the end control points
of the curve (o coincide. First-order continuity can be
obtained by staling tha¢ the cdges of the two polygons
adjacent to the common end point must lie on a straight
line. But, the Bézier curves do not provide local control:
moving any control point will change the shape of
every part of the curve. However, the B-splines are on
one hand that tocal control of the curve shape can be
achieved and on the other hand, that additional control
points can be introduced without ncreasing the degree
of the curve. B-splines ofter more paramcters to the
designer than Bézier curves: the degree can he selected,
as well as the multplicity of control pomnts | 15].
Therefore, the B-spline parametric curves representation
1$ a very attractive tool lor shape optimization by (he
design clement technique.

When using the scquentiab RBDQ procedure with
FEA-CAD model. we nced a high computational time
to solve an implicit model because of several repeated
loops, as illustrated in Fig. 8. However, our concurrent
mcthodoiogy (second layer of CAROD system) will
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v

Sub-problem (1)

Set the initial point {Xo}

¥
Mechanical
\ Analysis
Evaluate the objective function
S

{Update {Xo})

)
N |

Yes
STOP

Calculate the reliability and
the mechanical constraints

AU), &)

Fig. 8. Sequential algorithm for RBDO-FEA-CAD modelimplicit problems).
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Set the initial point
{Xo} and {Yo}

CAD

FEA
Evaluate the new objective
function: FXY)=X)d/XY)

Calculate the reliability and (Update {Xo} and {¥. "}.
the mechanical constraints

AXD), gX)

No

Fig. 9. Concurrent algorithm for RBDO-FEA-CAD model.

efficiently reduce the computatiopal time because of
the decrease of the loops number in the optimization

algorithm (Fig. 9). The computational time will be largely
reduced when solving large-scale problems. In section
5.2, we analytically demonstrated that the computational
time of the gradient calculation of F({x},{y}) almost
equal to that of f{x}. Thus, the concurrent methodology
saves the computational time of the reliability analysis
at each deterministic iteration during the optimization
process. Furthermore, a hook application shows the
efficiency of the concurrent methodology with respect
to the sequential one.

7. RBTO Model

In the classical topology optimization, we search to
minimize the compliance for a given volume of material,
the matcrial density is used as a continuous design
variable. The malerial density and the associated effective
properties are controlied by the mean of shape variables
of microstructure cells. The problem is thus formulated
as:

min v L(w)
subject t0 : au{w,v)=L(v) for all vE H
and D volume =V (18)

In problem 18, we use the energy bilinear from the
internal work and the load linear for the external work.
We minimize the mean compliance in order to achieve
the stiffest structure. Tt is given by:
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L—pr -y

L Iy

p=2p—yr

P=prrpr

Fig. 10. Shape variables in microstructure cells,

L(v)= [frdQ+ [tvdr (19)

€2 r
and the external work is given by:

aw,v) = [ C(d)EAW)ELAVAL (20)
0

where fand ¢ are respectively the body load and surface
traction, &; are the strain tensor components, Cyy, is the
effective stitfness of the microstructure cells and H is
the set of kinematically allowable displacement field.
The problem is defincd on a fixed reference domain €2
and the stiffness Cjy depends on the used design
variablcs.

For a so-called second rank layering, such as the
third cell in Fig. 10, we have the relationship:

T (YA 2n

where gt and y denote the densitics of the layering and
0 is the rotation anglc of the layering. The relation (21)
can be compuled analytically and the volume 1s
evalvaled by :

Volume:_[(,u+ Y-HPA2 (22)
2

Alternative  microstructures  such  as  square or
rectangular holes in square cells can also be used (such
as the first two cells in Fig. 10, the important feature
being the possibility of having density valucs covering
the full interval (0. 1). The optimization problem can
now be solved either by optimality criteria methods or
by duality methods, where the advantage is Lo take into
account the fact that the problem has just one constraint.
The angle 8 of layer rotation is controlled via the
results on optimal rotation of orthotropic materials as
presented in [S]. It turns out that this method allows for
the prediction of the shape of the body and it is
possible to predict placement and shape of holes in the
structure. Our proposal is to introduce the reliability
analysis in the classical topology optimization problem
in order to obtain the optimal topology by introducing

b Iy

p= prpt
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the reliability constraints. This model is called Reliability-
Based Topology Optimization (RBTO). When using this
model, the resuliing optimal topologies arc more reliable
than the resulting classical topologies lor the same
weight of the structares |9].

8. Numerical Applications

Two applications show the interest of CAROD system
with respect 1o the traditional DDO procedure and the
sequential optimization process including the RBDO
model.

8.1. Rotating disk

The first examplc consists of designing an axisymmetric
turbine disk. The meridian cross-section of the disk is
made of four parts, as illustrated in Fig. 11(a): the hub
of uniform thickness, the disk itself, the rim and the
blades. The optimization problem is to find the optimal
shape of the disk and the thickness ol the hub that yield
to minimum weight while satisfying upper limits on
radial and circumfercnuial stresses under thermal and
centrifugal loads.

The thickness of the rim and attached blades are
considered 1o be fixed with predelcrmined values. Due
to axi-symmetry, only one half-cut of the structure 18
needed to he modeled. In this case, we apply the
Deterministic Design Optimization (DDQO) process and
the CAROD system in order to show the advantage of
the integration of the reliability criteria into the
optimization problecm. The geometric description of the

i Z(ROTATION AXIS)
594-1»* 142 { Feg
) 12
! T HUB ? E)
L DISK | BLADES _2'2_><*_,’
[
b a. DESIGN PROBLEM [ | “RIM } (SYMMETRY
z ¥ | AXIS)
| 8 { i |
1
.
b. DESIGN MODEL <

Fig. 11. Rotating disk configuration.
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design model begins with defining all its boundaries
and selecting appropriate parametric curves, In the present
case many parts of the boundary are required to be
straight segments. Each segment can be considered, for
example, as a particular case of a Bézier curve. The
only curved part of the boundary will be represented by
a B-Spline with 6th order continuity (i.e. degree five).
To control it, nine master nodes are employed, as indicated
in Fig. 11({b). The second step is to subdivide the structurc
into design elements, which is quite obvious for this
problem. As shown in Fig, 1t(b), two design elements
are sufficient to fully describe the moving boundaries,
corresponding to the disk and its hub. The two other
sub-regions, representing the rim and the blades, have a
fixed geometry. Next the design variables must be
selected in order to monitor the acceptable changes in
the shape of the two design elements. It is to remind
that the design variables provide the positions of the
master nodes describing the boundary curves. In this
study, the hub thickness and the disk shape have to be
determined while keeping the rim and blades thickness
constant. Therefore. only numbered 2 through 10 in
Fig. 11(b) will be allowed to move. Finally, the fousth
step consists of expressing constraints restricting the
control node displacements. For exampie the structure
may not move into the negative side of the Z-axis. Also,
all the design elements must keep reasonable aspects.
To facilitate the introduction of these requirements, the
design variables are defined as the distances separating
each moving node from its corresponding reference
node. In addition the move direction of cach control
node is kept constant. In the present case the control
nodes are required to move in the Z direction. With
this definition of the design variables, the geometric
requirements can be casily stated and treated by the
optimization algorithm:

I -the hub must have a uniform thickness: it is
sufficient to impose that the displacements of
nodes 9 and 10 be the same; this is a simple
equality constraint between two variables, which
can be linked to only one parameter before entering
the optimizer;

2 - in order to prevent thc moving nodes to penetrate
the negative Z-space, the design vanables are
imposed to remain positive.

Having constructed a proper design model. involving
onfy 8 independent variables, an finite clement analysis
madel can be created. The Deterministic Design Op-
timization (DDQ) problem is to minimize the structure
volume subject to the mechanical siress constraint G,
-G, = 0, however, the RBDO model aims to minimize
the structural volume subject to the reliability constraint 8
= f3, and the allowable stress one. For this problem, the
target reliability level s also §,=3.8.

Table ) provides the difference between the Deter-

Table 1. Axisymmetric disk results

Model DLO CAROD
V(mm®) 438 10 478 107
B 1.73 3.82
P 42X 107 6.7 10°

Fig. 12. (a) Optimal configuration by DDO process, (b) Optimal
configuration by CAROD system.

ministic Design Optimization(DDO) and the CAROD
system for the rotating disk; Fig. 12 compares the two
optimal designs. Using CAROD system, we increase the
structure volume (weight) by 8.4% with respect to the
volume produced by the DDO model. However, this small
increase will largely improve the reliability level of the
structure: the failure probability Py is reduced for 4.2%
10 0.007%. So. a beuer ratio of reliability per unit cost
is achicved.

8.2. Hook structure

To illustrate (he efficiency of the proposed approach,
the steel hook structure, illustrated in Fig. 13(a), is
analyzed. The hook is supported at its top by a shaft in
the hanging hole of radius R2 and the load is hanged on
the lower circular ae of radius R1. The hook thickness

Fig. 13. Hook models.
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varics lincarly between inner and outer laces: trapezoidal
cross-section is chosen for the lower hanging part and
rectangular cross-sections arc taken for the rest of the
hook. For functioning considerations. the fixed dimensions
are the hanging circular arc radius R1=190 mm, the
hole radius R2=100 mm, the fillet radius R3=100 mm
and the hook height Z=1200 mm. The vsed material is
the construction steel with Young’s modulus £=200 GPa
and allowable stress 6,=235 MPa. The applied load i1s #=
400 kN, which is distributed on the 30 contact elements
al the circular. The hook is modeled by 1602 solid
finite clements with 20-nodes quadratic shape [unctions
that leads 10 6200 nodes with 18600 degrees of freedom
(Fig. 13(b)). In this study. the objective is 10 minimizc
the hook volume under the design constraints, whose the
reliability constraint. To optimizc the structure, the mean
values of the dimensions m,. my, m., my m, my; and
the thickness my,, mp and m; are the control design
parameters. The external applied load 7 and the physical
dimensions «, b, ¢, d. e, f t;, 1, and #; arc the random
variables, which are supposed to be nonnally distributed.
Table 1 gives the RBDO variables, as well as the
corresponding standard-deviations and initial values. In
this problem. we have 19 optimization variables: 10
random varnables {y} and 9 design variables {x}. For
this design, the target reliability level is 8=3.35 with
convergence tolerance equal 10 I. The cquivalent
maximum failure probability is P/=4 % 107,

Sequential approach: The problem can be written in
two sub-problems:

[ - optimization of the objective function:
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Concurrent approach: Using the hybrid reliability-
based design model, we can simplify the two last sub-
problems into one problem:

min D F(xh{yh) =fUah) - dptix)iyh)
subject to G ({x}.{¥})-0,=0

. ﬁ{{.‘?}.{}’}):"lﬁ;

s olx}r-0.%=0 (25)

Table 2 gives the optimal solutions of the two
approaches. By comparing their results, we find that
the optimal solutions are very closc and the reliability
constraint is satislicd for the hybrid and classical
models. In considering the same initial volume V=
0.6688 > 10° mm”* for both approaches, the classical
RBDO approach requires 439 Finite Element Analyses
(FEA) to reach the minimal volume V'=0.2373 < 10°
mm’ and to satisty the targel reliability level S=3.38> 5,
(i.e. 0.9% higher than the target). However, the hybnd
method needs only 84 evaluations to reach the minimal
volume V'=0.2345 x 10® mm" and to satisfy the target
reliability level $=3.37>f (i.e. 0.6% higher than the
target).

At each deterministic ileration, the classical method
nceds a complete reliability analysis in order to calculate
the reliability index. Furthermore, for each rehiability
iteration we need 10 FEA (equal to the random variables
number m=10) that leads to a very high FEA (for this
example: 7 reliability iterations for the first deterministic
iteration and 3 ones for the following optimization
itcrations). By comparing their results, the hybrid mcthod
gives a computational time clearly reduced with respect
to the classical approach (almost 80%). In addition, for
each deterministic iteration, we need a gradicnt calculation

min : . . ,
e : ﬂ{xD . (n+1=10 FEA, n is the design variables number) and
subject to : o({x})-0, =0 - ) _ )
and L Bl () > B 23) onc FEA for evaluating the stresscs. In the hybrid RBDO
' ’ ' : procedure, as demonstrated In section 4, a gradient
. e salculation for the design variables (n+ 1=10 FEA) and
2 - calculation of the reliability inde x : cd o -
y index B({x}.{ud) two FEA (onc for the design variables and the other for
min cd({u}) the random oncs) are necessary for each iteration. Table 4
subject to : H{{x}{u})=0 (24 gives the reduction of the FEA between the two methods,
Table 2. Initial points
Variables {y} a b ¢ da IS / f f fy F
Means {x ) n, my, M, "y m, iy iy Mo Rl 400
Varianees 3 2 4 4 4 4 | 1 | 20
Imitial points 150 100 200 200 200 200 200 200 200 200
Table 3. Scquential and concurrent RBDO results
{x) m, "y, ", ny, m, my M) M 3 400
Seq. RBDO 1110 80,56 196,5 2006 196.1 1547 31.6 1042 10 --
Con. RBDO 110.7 80,00 198.2 1082 198.1 151.0 27.8 13.06 10 --
{y] (J:' bo '('e d' (3* F' l|‘: fga (_1' F!
Seq. RBDO 1110 80,67 19583 196,66 195,13 154,8 30.7 935 10 451

Con. RBDO 110.1 79.50 198,05 198,04

19797 1525 27,6 10 10 427
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Table 4. Efficiency comparison

Model Seq. RBDO Con. RBDO
V(inm®) 2373 10° 2345X 1(°
B 2.38 237
Poger 9 7
Mfiep 3IX09+7 0
Rt 439 84

where ng,, and a4 are the number of deterministic and
reliability iterations, respectively, and n,,y, is the number
of finite element analyses.

The results show that the concurrent method clearly
reduces the computational time particularly for large-
scale problems. The steel hook problem shows the
efliciency of the concurrent RBDO including FE-CAD
models with respect to the sequential one. In the proposed
formulation, the integration of the reliability does not
represent a significant increase of computational time
but makes it very rcasonable.

9. Conclusion

CAROD system is an efficient computer-aided tool,
integrating refiability analysis and concurrent engineering
concepts in the classical design phase. The first
application (rotating disk) shows that when using the
sequential DDO procedure, the reliability level of the
deterministic point is very low with respect to the target
reliability level. However, using CAROD, the solution
respects the required reliability Jevel but with a small
increase of volume. The second application (steel hook
structure) demonstrates the efficiency of the concurrent
RBDO including FE-CAD models with respect to the
sequential one. Furthermore, the efficiency is confirmed
in section 5.2. This new system also allows us 10 use
the concurrent engineering concept as a practical tool
to give all information during the design process. The
coupling of different models is ensured by adapted
protocol allowing the exchange of variable stales and
sensitivities. CAROD system is appropriate to solve
complex engineering problems by supplying the designers
with all information in the design process.
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