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DYNAMICS OF RELATIONS

Jong Suh Park

ABSTRACT. Let X be a compact metric space and let / be a contin
uous illation on X. Let U be an attractor block for f and let A be an 
attractor determined by U. Then there exists a continuous function 
A : X —> [0,1] such that

A-1 (0) = A, A-1 ⑴ = X — B(A, L『), and M(A, f)(x) < X(x)

for all x 6 B(A, U) — A.

1. IntroductionLet (X,d) be a compact metric space and let f :

X —今 X be a continuous map. The following result is well known [4]. ■

THEOREM. Let A be an attractor for f. Then there exists a con

tinuous function h : X —> [0,1] such that

(1) h—乂0) = A and = X — B(A),

(2) < h(x) for all x E B(A) — A, 

where B {A) is a basin of A.

In this paper, we extend this result to the case of a continuous 

relation.

2. Continuous relations
In this paper, X is a compact metric space with a metric d.

DEFINITION 2.1. Let / be a relation on X whose domain is X and 

let x E X.

(1) f is said to be upper semicontinuous at x if for every e > Q 

there exists S > 0 such that d(x, y) < 6 implies /(y) C 5(/(文), 6).
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(2) f is said to be lower semicontinuous at x if for every e > Q

there exists 8 > 0 such that d(x,y) < 8 implies /(^) C e).

(3) f is said to be continuous at ⑦ if / is both upper semicontinuous 

and lower semicontinuous at x.

Throughout this paper, / is a continuous relation on X such that 

f(x) is a closed subset of X for all x E X.

For any continuous fimctio교 e : X —> R, define m(s, /), M(e,/) : 

X —> R by

m(e, f)(x) = and M(s, f)(x) = maxe(y(rr)).

THEOREM 2.1. m(€, f) and M(e, f) are continuous functions.

Proof, Let x E X. Since f(x) is a compact subset of X, there is 

z £ /(⑦) such that e(z) = m(e, f)(x). For any r/ > 0 there exists 

v > Q such that

d(z, y) <v implies e(y) < e(之) + 乃 = m(e, /)(⑦) + r].

Let a G /(rr). Since m(瓦 f)(x) — 77 < m(g,/)(:c) < s(a), there is 

i/a > 0 such that

d(a, y) < i/a implies m(£, — 77 < e(y).

LLefGr) 호(사스 沙cj 포 a neighborhood of f(x). Since f(x) is a compact 

subset of X, there exists〈" > 0 such that B(/(:r),〈) C LLe/O)」히어’ 사) 
Let $ = min{z/, (}. There is d > 0 such that d(x, y) < S implies 
D(f(x)),f(y)) < 厂 Let d(x,y) < 5. Since z 6 f(x) C B(f (丁), 分, 

there is 5 G f(y) such that d(z, b) < ^ < y. Thus e(b) < m(e, f)(x)+r). 

For every p € f(y), since

/(y)CB(/(z),e)cBCf(:z:),(：)C |J B(a，M，

“/(흐)

there is an q 6 f(x) such that d(a,p) < i/a. We have m(e, /)(文) 一 77 < 

e(p). Thus

m(象 /)(⑦ ) 一 7? < m(e,f)(y) < e(b) < m(e, f)(x) + r].

Therefore m(e, f) is continuous at x.

By the similar method, M(e, f) is a continuous function. □
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THEOREM 2.2. f is a closed subset of X x X.

Proof. Let (x,y) E X x X — f. Since f(x) is a compact subset 

of X, 난lere exists e > 0 such that Q = 0. Since

f is continuous at a?, there exists a 5 > 0 such that d(x, z) < 8 

implies D(y(rc), /(^)) < 6. We claim that 8) x Q f = 0. 

Suppose that E B(:c,d) x BQ/, £)「)/. Since d(x, u) < <J, we 

have D(f(x),f(u)) < e. Since v e f(u) C B(jf(:r), £)and v e B(y,e), 

we have B(j/, 8) x B(f(x),e) 羊 0. This is a contradiction. Thus

e) x B(y, e) Q / = 0. Hence / is a closed subset of X x X. □

THEOREM 2.3. For any compact subset K ofX, f(K) is a compact 

subset of X.

Proof. Let (yn) be a sequence in f(K). There exists a sequence 

(⑦n) in K such that (xn^yn) E f. Let xn x E K and yn y E X. 

Since (xn,yn) e f, we have (x,y) E f = f. Thus y e f(x) C f(K). 

Therefore f(K) is a compact subset of X. □

THEOREM 2.4. For any A G K, we have /(A) = /(A).

Proof. Let y G /(A). There exists x E A such that (x, y) E f. For 

any e > Q there is 5 > 0 such that d(x, z) < 8 implies D(f(x), /(/)) < 

e. Since ⑦ 6 A, we have 5) QA 쿠 0. Let z G B(x^ S) Q A. Since 

(/(⑦, 之) < 6, we have」D(/(：r),/(g)) < e. Since y 6 f(x)Q 乃(/(之),6), 

there exists w E f(z) C /(A) such that d(y, w) < e. Thus we have 

B(y,e) C| /(A) 羊 0. Therefore ye /(A). Hence /(A) C /(』4).

Since /(A) C /(A) and /(A) is a closed subset of X, we have 

7⑵Jc/(효). Thus/(Z) = 7PJ. □

THEOREM 2.5. Let g be a continuous relation on X such that g(x) 

is a closed set of X for all x E X. Then g o f is a continuous relation 

on X.

Proof. Let x E X and e > 0. For every y E f(x) there is g, > 0 

such that

d(y,z) < 8y implies Z>(g⑴),g心)) <

{B(y, T I y e /(X)}is an open cover of /(⑦). Since f(x) is a compact 

set, there exist finitely many yi,••• 丁yn 6 /(⑦) such that f{x) C

(아, 을1). Let 8 = min{을니i = ].,••• ,n}. Since f is continuous



78 JONG SUH PARK

at there exists 77 > 0 such that w) < 77 implies D(/(:c), /(w)) < 

S. Let w) < 77. For every u E g ° f(w) there exists a E X such 

that (w, a) E f and (a,u) E g. Since D(f(x)》f(w)) < 5, we have 

a E f(w) C 5). Thus there is b E f(x) such that d(、a,b) < 8.

Since b e /(⑦) C ULj 쓸9，there is an integer i such that

be B(yi, 읠~). We have

d(yi，이) 江 d(yi,b) + d(b, a) < ■쁘 + 6 < 쁭 + 쁭 = 8yi.

Thus D(g(yi),g(a)) < f. Since u e g(a) C B(g(yi), 틀), there is 

c E g(yi) such that d(u, c) < |. Since yi E f(x), we have c E g o f(x). 

Thus u E B(g o /(文),£)for all u E g o /(w). Therefore g o /(w) C 
乃(으0/(⑦시

For every v G g o f(x) there is af E X such that (⑦, a') G f 

and (a\ v) £ g. Since a! G f(x) C U；Li 호(以心 을')? there exists 

an integer i such that a! G B(yi, g스). Since dQ/i,a') < 오, we 

have Z>(p(yJ,p(a')) < Since v £ g(a') C B(우(切), |), there ex

ists cf E g(yi) such that d(v라 < j. Since f(w)) < 5, we

have a! £ f(x) C B(/(w), J). Thus there exists 6' E f(iv) such that 

d(a',b') < 6. Then

d(yi,bf) < d(yi,af) + <#(«', &') < 쁘 + 쥬 드 '쁨 + 쁭 = 6yi.

Thus we have D(g(yi),g(日)) < j. Since cf e g(yi) C B(p(6'), f), 

there exists p G g(bf) such that d(cf,p) < Then

d(、v,p) 江 d(v,cf)-\-d(cf,p) < | + | = 引

Since p E g o /(w), we have v G B(g o /(w),e). Thus g o f(、x) C 

B(g o J(w),£). Therefore we have D(g o f(x),g o /(w)) < 8. Hence 

g o f is continuous at x. □

COROLLARY 2.1. Let n > 0. fn is a continuous relation on X such 

that fn(x) is a closed subset of X for all x E X,

3. Attractors for continuous relations
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DEFINITION 3.1. Let L『 be a nonempty open subset of X, U is 

called an attractor block for f if f(U) C U. An attractor block deter

mines the attractor A where A is defined as A = (刀 • The

basin of A relative to U is the open set defined by

{x G X\fn(x) C U for some n > 0} 

and is denoted as U).

DEFINITION 3.2. Let £ > 0. An e-chain for f is any finite nonempty 

sequence 따 = (a：o, ^i, • • • , xn) of points of X with the property that 

리z：+l,/(⑦i)) < 匕 for all 0 < z < n — 1.

A p-chain for f is any finite nonempty sequence 포 = ((⑦o, J/o), • • • , 

(rcn , yn)) of ordered pairs of points of X with the property that :成十i G 

f(yi) for all 0 < z < 72 — 1.

Let € > 0. Then 따 is said to be an e-p-chain for f if d(xi, y》) < e 

for all 0 < z < n.

LEMMA 3.1. For every e > 0 there exists d > 0 with the property 

that if ((세 아)) is a 6-p-chain for f then (:成) is an e- chain for f.

Proof. For every e > 0 there exists 8 > 0 such that d(x, y) < S im

plies < e. Since 己(짜, 아) < 5, we have 刀(/(짜),/(坑)) <
e. Since ⑦斗1 G f(yi) C 5(/(別),e), we have d(:c斗i,/(乳)) < 6. Thus 

(文i) is an ☆ chain for f. □

For any p-chain ⑴ = ((文0, yo), • • • , (rrn,yn)) define
n 

r(파) = '江 d(xi,yi).

2 = 0

Let y be a nonempty closed subset of X and let F, /) be the 

set of all p-chains for f that begin in Y and end slI x E X, Define 

£(z, y,/)= inf{rw |⑪ e z(z, y,/)}.

Let x EY. Since〔(⑦,:r)) G V, /), we have L(x, F, f) = 0.

Lemma 3.2. If(x,y) G f, then L(y,Y,f) < L(x,Y,f).

Proof. Let 丁 = ((q, J/o), …，(⑦n,：z：)) € Z(x,Y,f) with xQ G Y. 
Define 다' = ((j：o,J/oj, • - • , (⑦n, 文), (y,y)\ Then 重' e Z(⑦, F,/) and

T(포') = d(x0,y0) H---+ d(xn,x) + d(y,y)

= d(xo,yo) H---- F d(xn,x)

= r(n
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Thus we have

드 inf{r(피')빠 e zGr,y,/)}

= inf{r(丁)座 ez(z,y,/)}

= L(x,Y,f).

□

LEMMA 3.3. The map x —> L(x, y, /) is continuous.

Proof. Let x eY. Then L(x^ Y, /) = 0. For any s > 0, B(x,e) is a 

neighborhood of x. For any y 6 B(:c,6：), let 파 = ((⑦川)) G Z(y,Y, f). 

Then L(y,Y, f) < T^) = d(x,y) < e. Thus L(,Y, f) is continuous at 

x.

Let x E X — Y. For any h > 0, since L(x^ K, /) < L(x^ F, /) + 으, 

there exists ① E K, /) such 난］" T(丁) > L(x,Y, f) 十 블. Let 

① = ((⑦o, 2/o), • • • , (:血, ：〔：))• B(j:, j) is a neighborhood of x. For any 

y 仁 f), let 따' = ((짜, J/o), … , On, J/)) e Z{y, V, /). Since

h
|r(丁) 一 r(丁')I = \d(xn,x) — d(xn,y)\ < d(x,y) <

匕

we have
r(丁') — r(따) 으 |r(띠) — r(丁')|<：.

Thus
L(y, r, f) < r(^')< r(丁) + ： < l(x, y, /)+ h.

Therefore L(、, F, /) is upper semicontinuous at x.

Suppose that L( , K, /) is not lower semicontinuous at x. There 

exists 0 > 0 such that for every 77 > 0 there is 이 G B(x,rf) such 

that L(y,Y,f) < L(x,Y, f) — (3, For each i, there exists Zi E B(⑦, |) 

such that L(Zi,Y\ f) < K, /) — (3. There is 必 E Z(之i,K,/) such 

that r(^i) < L(x,Y,f) - (3. Let 政 := ((파,애), … , (：z츠,幻)). Define 

必 = («此),… , (文：@文)) 仁 匕(⑦ JS/)- Since 名 느 x, there is i 

such that d(zi^ x) < 틀. Since

|r（臥）一 r（必）| = |d（a그,%）—d（i느, 日
」2
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we have
r(北) — r(必) 으 |r(必) — r(必)|< (.

Thus

£(z,y,/)< r(必) < r(必) + ： < L(x,Y,f)— 빌.

This is a contradiction. Thus L( , F, /) is lower semicontinuous at x. 

Hence L( , F, f) is continuous at x. □

REMARK 3.1. Let x E A. For every k > 1, since x E fk(U), we 

have Lfk(x) = 0.

REMARK 3.2. Let 丁 = ((to J/o), … ? (^n? 2/n)) be an e — p-chain 

for fk with zo G fk(U). Then y0 6 B(zo,e) G B(fk(U),e) G 

B(f(U),e) C U. Since Xi e fk(yo) C fk(U) C fk(lT), we have 

yi G U. By induction, we have yn E U.

LEMMA 3.4. If x E X — U, then Lfk(x) > e for every k.

Proof. Let 파 = ((“, ?/o)，…，(뜌 ⑦)) G Z(x, fk(U,, fk). By the 

above Remark, 파 is not e — p-chain. Thus there is i such that 

d(xi,yi) > e. We have T(파) > d(xi,yi) > e.
Thus E；(z)=Z(z,7따,'?)그. - □

Lemma 3.5. (L^)-1(0) = fk(U) for all k.

Proof. Since Z) = 0 on fk(U), we have fK(U) C (L^)-1(0). It 

suffices to show that x E X — fk(U) implies x E X — (£^)-1(0). Let

重 = (Oo,⑩),…，(〜，⑦)) e Z(x,fk(U)).

If ① is not e — p-chain, then T(丁) > <s. Let T be an £ — p-chain. Since 

y0EB(x0,8)cB(jm,fk)GU,

we have E fk(yo) C fk(U) C fk(U). By induction, we have 

xn E fk(U). Thus

L[(分 = L(x,fk(U),fk) > min{6：,이>,/k(L『))} > 0.

□

For each k > 1. define L\(x) = | ^=0 M(Z4,/^(x). Z) is a 

nonnegative continuous function.
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Lemma 3.6. If (x, y) E /, then 리(y) < L《(x).

Proof. Let (x,y) 6 f. Since y E f(x), we have

= L'k(y) < M(L'k,f)(X).

For 1 < i < k — since fl(y) C /서’乂⑦), we have M(Z&,/Z)Q/) < 
M(L>,7斗15(z). Since ”

M(Lfk, 뚜-今⑴) 으 M(Lf_ fk}(xy江 Lfk(x) = M(Lfk，

we have

k； — 1

끼(以)= 厂£째(아,/2>)
2 = 0

. k-1

K i=0

□

For k > 1, define Lk(우) = min{|Z$(:r), 1}.

Remark 3.3.

(1) Lk is continuous and nonincreasing along f orbits.

(2) For every x E X, 0 < 丁水 (⑦) < 1.

(3) L 己 (0)=7W

Define L(X) = 乞으 % and A(z) = £으。쓰(•유->).

Remark 3.4.

(1) Since the infinite sums in the above definition are uniformly 

convergent, L and X are continuous.

(2) L is nonincreasing along the orbits of f.

(3) For all x 6 X, 0 < 刀(⑦), A(.r) < 1.

Lemma 3.7. A~1(0) = A.

Proof. Let x 6 A"1 (0). Then A(x) = 0. So that L(x) = 0. Thus 

Lk(x) = 0 for all k. Therefore x G Q으己 fk(U) = A. Let x E A. Then 
L'k(x\ = 0 for all k. So that = 0 for all k. Thus = 0 for 

all k and so L(x) = 0. Thus A(⑦) =0. □
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LEMMA 3.8. A is nonincreasing along the orbits of f.

Proof. Let (x, y) G f • For ev^ry 乞 E /사乂⑦) = /(jP(:z:)), there ex

ists a E fz(x) such that (a, z) E /. Then L(z) < L(a) < M(L, fl)(x). 

Since z is arbitrary, we have

M(L,/=)(=)스 M(L,r')(z).

Since y E f(x), we have fl(y) C /서’乂⑦). Thus

M(L,/<)0/) 드 끼四/…池匕 ⑷心乃位).

Therefore

☆ = f 뽀기M.f 쓰씨H, 

z=0 i=0

which completes the proof. □

LEMMA 3.9. If X E B(A, U) — A7 then X(y) < A(:r) for all y 6 f(x).

Proof. Let (x,y) E /. Since each term in the series defining A is 

no larger at y than it is at it is enough to show that there is one 

of these terms that is actually smaller at y that at x. There are two 

cases. In the first case, x G f(U) — A. Since the definition of A, 

there is a smallest integer k such that x 우 fk(U). Then k > 2 and 

I새:(⑦) > 0. Since x G Li(x) = 0 for all k. Since y G f(x), we 

have

y e S) c 7%.

Then Lk(y) = 0. Thus Lk(y) < 2세:(⑦). Hence A(y) < X(x).

In the remaining case x 6 B(A, U)—f(U), there is a natural number 

i with the property that f*(x) C f(U) — A. By the first case,

M(L,r)(y) < M(L,/=)(,) < M(L,广)(z).

Hence \(y) < A(⑦). □
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Lemma 3.10. A—구⑴ = X — B(』4,(7).

Proof. If ⑦ G X — B(』4, U), then f\x) 主 U- for all i. Thus there is 

yi G /2(究) — U for every i. Since yi 0 17, we have Lfk(yi) > e for all k. 

Then for every fc,

구 k — 1

w아) = ^EM(£U’)(아) = 

j=o

We have I새:(坑) = 1 for all k. Thus L(yi) = 1 and so M(」L,/引⑦) = 1.

Therefore A(rc) = 1. Hence X — B(』4, Z7) C A"1(l).

Let x £ A"1(l). Then M(L,/2)(^) = 1 for all i. Thus there is 

yi G P(⑦) such that

心 (Pi) = = 1-

So Lk(yi) = 1 for all k. In particular, we have LiQ/i) = 1. Suppose 

that x E B(A, U). Then fl(x) C U for some i. Since 坑十丄 E /z+1(^) C 

f(U) C /((7), we have Li(yi十丄) = 0. This is a contradiction. Thus 

x 中 B(』4, l『). Therefore A-1(l) C X — B(』4, l『). Hence A-1(l) = 

x-bIa,u). □
From the above statements, we obtain the following theorem.

THEOREM 3.1. Let U be an attractor block for f and let A be an 

attractor determined by U. Then there exists a continuous function 

A : X —> [0,1] such that

(l)X- 1(0) = A,

(3) M(A. /)(x) < X(x) for all x e B(A, U) — A.
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