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LINEAR OPERATORS IN BANACH MODULES
OVER A C*-~ALGEBRA AND ITS UNITARY GROUP

CHUN-GIL PARK* AND HEE-JUNG WEE**

ABSTRACT. In this paper, we prove the generalized Hyers-Ulam-
Rassias stability of linear operators in Banach modules over a unital
C*-algebra associated with its unitary group. '

Let Ey and E, be Banach spaces with norms || - || and || - ||, re-
spectively. Consider f : E; — Ej to be a mapping such that f(tz) is
continuous in t € R for each fixed € E,. Assume that there exist
constants € > 0 and p € [0,1) such that

1f(z +y) = f(z) = F)Il < e(ll«]” +ly]1”)

for all z,y € E;. Th.M. Rassias [6] showed that there exists a unique
R-linear mapping T : Ey — E5 such that

2€

1£(@) - T@)l < 55

|l=]1”

for all z € F;. v

In this paper, let A be a unital C*-algebra with norm |- |, U(A)
the unitary group of A, and sH a left Hilbert A-module with norm
Il - ||. Let 4B and 4C be left Banach A-modules with norms || - || and
Il - ||, respectively.

We are going to prove the generalized Hyers-Ulam-Rassias stabil-
ity of linear operators in Banach modules over a unital C*-algebra

associated with its unitary group.
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THEOREM 1. Let f : 4B — AC be a mapping for which there exists
a function ¢ : 4B x 4B — [0, 00) such that

(i) Blz,y) = Y 2R (24, 25y) <oo,
k=0
luf(e +9) - fluz) — fuy)l| <p(z,y)

for allu € U(A) and all z,y € 4B. Then there exists a unique A-linear
mapping T : 4B — 4C such that

(i) £(2) - T(@)]| < 53z, 2)
for all z € 4B.

Proof. Put u =1 € U(A). By the Gavruta result [2], there exists
a unique additive mapping T : 4B — 4C satisfying (ii). The mapping
T : 4B — 4C was given by T(z) = lim, 00 f(g:x) for all z € 4B.

By the assumption, for each u € U(A),

luf(2"z) — 2f(2"uz)l| < (2" "'z, 2" 2)
for all x € 4B. And one can show that
1£(2"uz) — 2f(2"  uz)|| < (2" uz, 2" uz)
for all u € U(A) and all z € 4B. So

1£(2"uz) — uf(2"2)|| <[ f(2"uz) — 2f(2" uz)|
+12£(2" uz) — uf(2"2)
<2 tuz, 2" tuz) + (2" 1z, 2" )

for all w € U(A) and all z € 4B. Thus 27| f(2"uz) — uf(2"z)|| — 0
asn — oo for all u € U(A) and all € 4B. Hence

T(uz) = lim 1202) _ gy 2F2"2)

n—00 on n—00 on

=uT(z)
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for all u € U(A) and all z € 4B.
Now let a € A (a # 0) and M an integer greater than 4|a|. Then

By [4, Theorem 1], there exist three elements u1,us,us € U(A) such
that 34 = uy + uz + us. And T(z) = T(3- iz) = 3T(3z) for all
z € 4B. So T(3z) = T(z) for all z € 4B. Thus

T(az) = T(% Ba) =M T(% 3a) = -"‘31:1”(33“4—35)
= —J-\g—T(ulx + usz + uzz) = %(T(le) + T(uzz) + T(usz))
M M _a
= ?(ul +uz +u3)T(z) = 3 3MT($)
= aT(z)

for all z € 4B. Obviously, T(0z) = 0T(x) for all z € 4B. Hence
T(az + by) = T(az) + T(by) = aT(z) + bT(y)

for all a,b € A and all z,y € 4B. So the unique additive mapping
T : 4aB — 4C is an A-linear mapping. O

THEOREM 2. Let f : 4B — AC be a continuous mapping for which
there exists a function ¢ : AB x 4B — [0, 00) satisfying (i) such that

luf(z +y) — fluz) — fluy)|| < ¢(z,y)
£ )

for all u € U(A) and all z,y € aB. If the sequence =5
uniformly on 4B, then there exists a unique continuous A-linear map-
ping T : 4B — 4C satisfying (ii).

converges

Proof. By Theorem 1, there exists a unique A-linear mapping T :
aB — 4C satisfying (ii). By the continuity of f, the uniform conver-
gence and the definition of T', the A-linear mapping T : 4B — 4C is
continuous, as desired. O
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THEOREM 3. Let h : sH — aH be a continuous mapping for

which there exists a function ¢ : gsH X aH — [0,00) satisfying (i)
such that

luh(z +y) — h(uz) — huy)] < ¢(z,9)

for all u € U(A) and all z,y € 4H. Assume that h(2"z) = 2"h(z) for
all positive integers n and all t € 4H. Then the mapping h : sH —

AH is a bounded A-linear operator. Furthermore,

(1)

if the mapping h : g4H — sH satisfies the inequality

k(@) = b ()] < p(z,2)

for all © € aoH, then the mapping h : g4 H — 4H is a self-

adjoint operator,

(2) if the mapping h : AH — aH satisfies the mequahty

Iho h*(z) — h* o h(z)|| < ¢(z, )

for all x € 4'H, then the mapping h : sH — aH is a normal
operator,

if the mapping h : sH — aH satisfies the inequalities

[hoh*(z) — 2| < ¢(z,2),
I 0 h(z) — 2|l < (a,2)

for all x € gH, then the mapping h : sH — aH is a unitary
operator, and

if the mapping h : sAH — sH satisfies the inequalities

|hoh(z) = h(z)|| < ¢(z,2),
17(z) = h(z)]| < ¢(z,2)

for all x € o'H, then the mapping h : s/H — oH is a projec-

tion.
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Proof. By Theorem 1, there exists a unique A-linear mapping 7T :
4B — 4C satisfying (ii). By the assumption,

T(z) = lim h(2"z) =

n—oo on

h(z)

for all z € 4H, where the mapping T is given in the proof of Theorem
1. Thus the A-linear mapping T : sH — 4H is the mapping h.
But the sequence h_(_g# converges uniformly on 4H. So the A-linear
mapping T : 4H — aH is continuous. Hence the A-linear mapping
T : sH — aH is bounded (see [1, Proposition I1.1.1]). So the mapping
h: aAH — aH is a bounded A-linear operator. -

(1) By the assumption,
[R(2"z) — R*(2"2)|| < ¢(2",2"x)
for all positive integers n and all z € 4H. Thus
27"||h(2"z) — h*(2"ac)|| —0
asn — oo for all z € 4H. Hence
h*(2™x)

h(z) = lim h(2"z) = lim ———= = h*(2)

n—oo 2N n—00 AL

for all € sH. So the mapping h : sH — 4H is a self-adjoint
operator.

The proofs of the others are similar to the proof of (1). O

So the mapping h : 4H — 4H is an element of the C*-algebra
L(aH) of all bounded A-linear operators on oM.

Now we are going to prove the generalized Hyers-Ulam-Rassias
stability of the Jensen’s functional equation in Banach modules over

a unital C'*-algebra associated with its unitary group.
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THEOREM 4. Let f : 4B — 4C be a mapping for which there exists
a function ¢ : AB X 4B — [0,00) such that

(iid) B(e,y) =Y 37%p(3z,8"y) <oo,
=0

k
26 f(E12) - fuz) - f(uy)] <e(z,y)

N

for allu € U(A) and all z,y € oB. Then there exists a unique A-linear
mapping T : 4B — 4C such that

(iv) () = T(2)|| < 3(¢(z; —2) + ¢(—z,3))

LW =

for all x € 4B.

Proof. Put w = 1 € U(A). By [3, Theorem 1], there exists a
| unique additive mapping T : 4B — 4C satisfying (iv). The mapping
T : 4B — 4C was given by T(z) = lim, 0 f(3 2 for all z € AB.

By the assumption, for each u € U(A),

12uf(3"z) — f(2- 3" tuz) — f(4-3"tuz)|| < p(2-3"1z,4-3"12)
for all z € 4B. And one can show that

1 1 1
[ 5f(2.3""1um)+§f(4-3""1u:z,-)—f(3"m;)|| < §¢(2~3"_1u:c, 4-3" uz)

for all u € U(A) and all z € 4B. So

(3" uz) — uf(3"2)]| (3 uz) — 5 F(2 3" ur) — 2 f(4-3"Hua)|

LA 3 ) 4 L) —upane)
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for all u € U(A) and all z € 4B. Thus 37"||f(3"uz) — uf(3"z)|| = 0
as n — oo for all u € U(A) and all z € 4B. Hence

T(ur) = Jim S5 = i 50 =t

for all u € U(A) and all z € 4B.
The rest of the proof is the same as the proof of Theorem 1. O

THEOREM 5. Let f : 4B — 4C be a continuous mapping for which
there exists a function ¢ : 4B X 4B — [0, 00) satisfying (iii) such that

22 = fluz) - fuy)ll < ole,y)

(12 (

for all u € U(A) and all z,y € 4B. If the sequence f(z:z) converges

uniformly on 4B, then there exists a unique continuous A-linear map-

ping T : 4B — 4C satisfying (iv).

Proof. By Theorem 4, there exists a unique A-linear mapping T :
aB — 4C satisfying (iv). By the continuity of f, the uniform conver-
gence and the definition of T, the A-linear mapping T : 4B — 4C is

continuous, as desired. O

THEOREM 6. Let h : 4H — 4H be a continuous mapping for
which there exists a function ¢ : s4H X asH — [0,00) satisfying (iii)

such that
T+y

[12uh( ) = h(uz) = h(uy)|| < ¢(z,y)

for allu € U(A) and all z,y € 4H. Assume that h(3"z) = 3"h(z) for
all positive integers n and all ¢ € 4H. Then the mapping h : sH —
AH is a bounded A-linear operator. Furthermore, the properties,
given in the statement of Theorem 3, hold.

Proof. By Theorem 3, there exists a unique A-linear mapping T :
aB — 4C satisfying (iv).
The rest of the proof is similar to the proof of Theorem 3. a
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