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LINEAR OPERATORS IN BANACH MODULES 
OVER A C*—ALGEBRA AND ITS UNITARY GROUP

Chun-Gil Park* and Hee-Jung Wee**

ABSTRACT. In this paper, we prove the generalized Hyers-Ulam- 
Rassias stability of linear operators in Banach modules over a unital 
C*-algebra associated with its unitary group.

Let Ei and E2 be Banach spaces with norms || * || and || • ||, re

spectively. Consider / : to be a mapping such that f(tx) is

continuous in / 6 R for each fixed x E Assume that there exist 

constants e > 0 and p E [0,1) such that

IIW+y) — W)—W)ll 〜(||< 十||<)

for all x,y E Ei. Th.M. Rassias [6] showed that there exists a unique 

R-linear mapping T : E± —스 E2 such that

2f
||/(,) —T(z)|K『치|<

for all x E .

In this paper, let A be a unital C*-algebra with norm | • |, W(A) 

the unitary group of A, and aH a left Hilbert A-module with norm 

|| - ||. Let and be left Banach A-modules with norms || • || and 

|| • II，respectively.

We are going to prove the generalized Hyers-Ulam-Rassias stabil

ity of linear operators in Banach modules over a unital C*—algebra 

associated with its unitary group.
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THEOREM 1. Let f : 八6! —> 匕(? be a mapping for which there exists 

a function <、p : 人匕 x ⑷B -今 [0, oo) such that

oo
(i) G(&y) ：= 匕 2-\?(2바,2切) <oo,

k=0

Ikf(⑦ + y) — JW) — /(m)II G(…)

for all u 6 U{A) and all x,y E Then there exists a unique A-linear 

mapping T : 凶5 ―今 such that

(h) 11/(⑦) - =)11 < |烈…)

for all x G a^.

Proof, Put u = 1 G U{A). By the Gavruta result [2], there exists 

a unique additive mapping T : 人匕 一> aC satisfying (ii). The mapping 

T : aB —> aC was given by T(x) = linin—oo 리3” for all x G 46.

By the assumption, for each u E Z/(A),

||u/(2"z) — 2/(2—< 夕(2—lr,沙-匕)

for all x E aB. And one can show that

|Lf(2"tw) — 2/(2"“1?w)|| <(^(2n"1^,2n“1u^)

for all u E W(A) and all x E a匕. So

||/(2"wr) — 心(2"z)|| 의|/(2"=r) —2/(2—

+ ||2/(2—xw) —w/(2"z)||

으(X2n-1=r, 2"-1") + (刀(2—1 ⑦, 2n~1x)

for all u E Z/(A) and all x E Thus 2~n\\f(2n-ux) — uf(2nx)\\ —> 0 

as n —> 00 for all u E and all x E 刀匕. Hence

、 T( } r f(^nux) uf(2nx)
T(ux) = 11m ——---- = lim ——- -- - = uT(x)

n—>00 2n n-今00 2n
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for all u 6 Z/(A) and all x 6 人匕.
Now let a E A (a 0) and M an integer greater than 4|cz]. Then

. a 1 \a\ 1 2 1
]M[=M^<^\ = 4<1~3 = 3-

By [4, Theorem 1], there exist three elements ui,%, w E W(A) such 

that 3으 = M. + 以2 + ^3- And T(x) = T(3 • |x) = 3T(|:c) for all 

x 6 So T($x) = jT(x) for all x E Thus

\ ~./M _ a 、 ,, _Z1 즈 a 、 M_z즈 a 、
T(az) = T(— • = M • Tg • 3-x) = y 끄(3]旗)

M M
= T(U1^ + U2x + U3X)= —(T(IZ1J：) + T(U2X)+ T(U3X))

o o

= aT(x)

for all x G Obviously, T(Qx) = 0T(j：) for all x 6 46. Hence

T(ax 十 by) = T(ax) + T(by) = aT(x) 十 bT(y)

for all a^b E A and all x,y E 人B. So the unique additive mapping 

T : 凶/3 —> aC is an A-linear mapping. □

THEOREM 2. Let f : 쇼匕 一> 人(7 be a continuous mapping for which 

there exists a function (乃 : 凶匕 X 匕匕 一> [0, ex〉) satisfying (i) such that

ll"> + y)~」f(W - /(?씨/)II < 中(자, y)

for all u E Z/(A) and all x,y E a』匕. If the sequence 주으〉 converges 

uniformly on 46, then there exists a unique continuous A-linear map

ping T : —今 aC satisfying (ii).

Proof. By Theorem 1, there exists a unique A-linear mapping T : 

aB —> aC satisfying (ii). By the continuity of /, the uniform conver

gence and the definition of T, the A-linear mapping T : 匕5 —> is 

continuous, as desired. □
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THEOREM 3. Let h : aH —스 人午1 be a continuous mapping for 

which there exists a function q? : 人乳 x aH —> [0, oo) satisfying (i) 

such that

\\uh(x + y) — h(ux) — 九⑦y)|| < W己 y)

for all u € W(A) and all x,y E aH. Assume that h(2nx) = 2nh(x) for 

江 11 positive integers n and all x E a'H- Then the mapping h : 丁H —> 

aH is a bounded A-linear operator. Furthermore^

(1) if the mapping h : 丁H —> aH satisfies the inequality

||/M>) — 九*(⑦)|| 江오0,文)

for all x € a?心 then the mapping h : 凶九 一> is a self-

adjoint operator,

(2) if the mapping h : 세 —> a'H satisfies the inequality

\\ho — h* o h(x)\[ <x)

for all x € aH^ then the mapping h : 세 —> aH is a normal 

operator^

(3) if the mapping h : 人牛l — satisfies the inequalities

||九 o h*(x) — 씨| < q?(x,x),

\\h* o h(x) — 씨| < 99(^, x)

for all x 6 八午匕 then the mapping h : 丁H —> aH is a unitary 

operator^ and

(4) if the mapping h : aH —> aH satisfies the inequalities

\\h o h(x) — h(x)\\ < 竹(X, ⑦),

||h*(⑦) — Q)|| 으 ⑵>,文)

for all x G 시7心 then the mapping h : —> a?{ is a projec

tion.
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Proof. By Theorem 1, there exists a unique A-linear mapping T : 

aB —> aC satisfying (ii). By the assumption,

그 、 아 h(2nx) 7/ 、

for all x G 人H, where the mapping T is given in the proof of Theorem 

1. Thus the A-linear mapping T : 人H —> 세 is the mapping h. 

But the sequence fe(저37) converges uniformly on a午匕 So the A-linear 

mapping T : 人牛L —> a?{ is continuous. Hence the A-linear mapping 

T : aH —> 人H is bounded (see [1, Proposition II.l.l]). So the mapping 

h : aH ―斗 세 is a bounded A-linear operator.

(1) By the assumption,

||/K2"z) — 方*(2"z)|| < 우(2"z,2"z)

for all positive integers n and all x 6 人H. Thus

2-n\\h(2nx)-h^2nx)\\ —>0

as n —今 oo for all x G aH> Hence

W)=lim6%=linJ=^ = n,)

n—>oo 2n n―今 oo2n 2n

for all x 6 aH. So the mapping h : aH —今 aH is a self-adjoint 

operator.

The proofs of the others are similar to the proof of (1). □

So the mapping h : 人+l —> 세 is an element of the C*-algebra 

匕(刀九) of all bounded A-linear operators on 소?丄
Now we are going to prove the generalized Hyers-Ulam-Rassias 

stability of the Jensen’s functional equation in Banach modules over 

a unital (7*-algebra associated with its unitary group.
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THEOREM 4. Let f : —> xC be a mapping for which there exists

a function 斗〉: 乃匕 X 凶匕 一> [0, oo) such that 

oo

(iii) 오(文, y) ：= 乞 3“\?(3바, 3스y) <oo,

k=0

l|2uf(으；으) 一 으(p(x,y)

for all u £ 2/(A) and all x,y E 凶匕. Then there exists a unique A-linear 

mapping T : 人匕 -弓 such that

(iv) 11/(文) —끄(⑦)11 드 |(=—文)+烈一亂3⑦))

O

for all x G 소匕.

Proof. Put u = 1 E Z/(A). By [3, Theorem 1], there exists a 

unique additive mapping T : 凶5 —> satisfying (iv). The mapping 

T : —斗 aC was given by T(x) = limn-** 시3” for all x E a匕.

By the assumption, for each u E Z/(A),

||2a/(3nz) _ /(2 • 3—i=r) - /(4.3—i=r)|| < (久2 • 3"“lr,4 • 3n"^)

for all x € And one can show that

|||/(2.3—/(3"=r)|| < 愚(2.3—⑤以4-3—三으)

for all u G Z7(A) and all x G ^5. So

||/(3"w) — u/(3"z)|| <\\f[3nux) — |/(2 • 3—— |/(4 • 3— 

1 1
+ || -/(2 • 3—x") + 5/(4 • 3—— u/(3"z)|| 

1
<-(^(2 • 3"-1?w,4 • 3"-1=r)

+ |^(2 - 3—늣,4.3"-弓)
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for all u E Z/(』4) and all x E a匕. Thus 3—n|Lf(3niw) — uf(3nx)^ —> 0 

as n —今 oo for all u G Z/(A) and all x € 凶』!3. Hence

T( 、 r /(3n=r) r w/(3"z) _
T(쌔) = J꾸o —石厂- = 9敗 ”"3^ = "(지

for all u E W(A) and all x E 月5.

The rest of the proof is the same as the proof of Theorem 1. □

THEOREM 5. Let f : 4匕 一> 乃(? be a continuous mapping for which 

there exists a function 斗〉: 八匕 X 月匕 一> [0, oo) satisfying (iii) such that

1|2必(으&으) — f(ux) — /")|| < 平(x,y)

for all u E W(A) and all x,y E If the sequence쯔〉converges 

uniformly on 人匕, then there exists a unique continuous A-linear map

ping T : 乃匕 一今 aC satisfying (iv).

Proof. By Theorem 4, there exists a unique A-linear mapping T : 

aB —> 丄4<? satisfying (iv). By the continuity of //the uniform conver

gence and the definition of T, the A-linear mapping T : 人匕 ―今 凶(7 is 

continuous, as desired. □

THEOREM 6. Let h : aH —> aH be a continuous mapping for 

which there exists a function (乃 : aH x aH —斗 [0,oo) satisfying (iii) 

such that

다2"(으&으) — h〔ux)— 方(씨dll < 夕(⑦川)

for all u G Z/(A) and all x,y E aH. Assume that h(3nx) = 3nh(x) for 

all positive integers n and all x 6 세. Then the mapping h : 人H —> 

a7Y is a bounded A-linear operator. Furthermore, the properties, 

given in the statement of Theorem 3, hold.

Proof, By Theorem 3, there exists a unique A-linear mapping T : 

aB —今 aC satisfying (iv).

The rest of the proof is similar to the proof of Theorem 3. □
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