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STABILITY OF THE JENSEN’S EQUATION IN A 
HILBERT MODULE OVER A C*—ALGEBRA

Deok-Hoon Boo* and Won-Gil Park**

ABSTRACT. We prove the generalized Hyers-Ulam-Rassias stability 
of linear operators in a Hilbert module over a unital C*-algebra.

Let Ei and E2 be Banach spaces. Consider / : to be a
mapping such that f(tx) is continuous in t 6 R for each fixed x E Ei， 
Assume that there exist constants e > 0 and p 6 [0,1) such that

||/(z + y) - f(z) —/(y)|| 〜(||< 十 ||<)

for all x,y E Ei. Th.M. Rassias [9] showed that there exists a unique 
R-linear mapping T : Ei E2 such that

I")—T(rr)|| 드 쓰||끼I"

for all ⑦ E E》.

In this paper, let A be a unital C*-algebra with norm | • |, 오五 = 

{a E A \ \a\ = 1}, ?서" the set of positive elements in Ai, R+ the set 
of nonnegative real numbers, and aH a left Hilbert A-module with 
norm || - ||. Throughout this paper, assume that (i) F\G : a'H —> 
a3~L are continuous mappings, and that (ii) limn-^Qo 3“nF(3nre) and 
limn—oo 3—nG(3nrr) converge uniformly on aH.

We are going to prove the generalized Hyers-Ulam-Rassias stability 
of linear operators in a Hilbert module over a unital C*-algebra.
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LEMMA 1. Let F : aH —> aH be a mapping for which there exists 
a function (、p : aH x aH ―今 [0,oo) such that

oo
(iii) 烈⑦, y) ：= 乞 3“V(3幅, 3ky) <oo,

k=0
||2F(꽝의) —*(z) _ *⑵)|| g(애)

for all a E U {i} and all x,y E 丁H. Then there exists a unique 
bounded A-linear operator T : aH —> aH such that

1
(iv) \\F(x) -T(x)\\ < 기列⑦,一⑦)+0(—的3⑦))

o

for all x E 人午仁

Proof. Put a = 1 G . By [7, Theorem 1], there exists a unique 
additive mapping T : aH —> a'H satisfying (iv). The mapping T : 
人H —今 aH was given by T(x) = limn—= 페for all x e aH- 

But F(tx) is continuous in t E R for each fixed x € a'H- By the 
same reasoning as the proof of [9, Theorem], the additive mapping 
T : aH —스 a'H is R-linear.

By the assumption, for each a E U {?},

||2F(3nw) _ aF(2.3n-1rr) - aF(4 • 3n-1^)|| < 夕(2 - 3—1以4 - 3n~rj：)

for all x E a午L Using the fact that there exists a K > 0 such that, for 
each a E A and each z E aH, ||a치| < K\a\ • ||끼|, one can show that

|| jaF(2.3『_1,) + - 3"“^) - aF(3nx)\\

1
< -K\a\ . ||2F(3特) _ F(2 - 3n“1rr) - F(4 • 3—느)||

2
< ；夕(2.3—匕,4.3—xz)

for all a G U {i} and all x € aH. So
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\\F(3nax) _ aF(3nx)\\ < \\F(3nax) - |aF(2 • - -aF(4 •

+ |||aF(2.3n-^) + |aF(4 • S71"1^) — aF(3n,)|| 

드 |密(2.3n-1 ⑦,4-3"-1 ⑦)

+ —(^(2-3n"1j：,4-3n"1a：)

for all a €?너‘U{하 and all ⑦ G 소？/. Thus 3~n^F{3nax)^aF(<3nx)\\ —> 
0 as rz —> oo for all a E U {>} and all x 6 aH. Hence 

… = lim 히~ 

n—>oo 3n
lim —
n—>oo 3n = aT(x)

for each a E U {z}. So

T(ax) = |a|T(y으『⑦) 늬이으T(⑦) = aT(x), V<z G』4+(a 羊 0), \/x 6 人九, 

I 이 I 이
T{ix) =iT(x), \/x 6 人午{.

For any element a G A, a = 으g으: + i 으&?* and 으g으: and 으〒쓰: are self- 
adjoint elements, furthermore, a = (으느으* )十 — (으g으:)- 十 f (으구*)+ — 

V으그으)—，where (으&으-)4’, (으흐으-)-, (으꾸")+, and (으끄-)— are posi
tive elements (see [2, Lemma 38.8]). So

rp( \ 아刀애 + «*\十 a + a* a — a* + a — a*
T(w) =T((—〒—) 文一 (一5—) ⑦+ >(―주一)十z —z -—후一- x)

2 z 2z 2z
a 4" a* z cz 十 <z* x _ 〒/ x z a — d*x_|_*z. x

=(——y-)+T(z) + (—T(-^) + (——)+T(z^)
2 2 2z

+ (Q)-T(—=)

zCZ 十《广丄우그… x z(Z 十 d*丄 z . . z Cb — d* , _i , .
=(—V—)T(z)— (—끄(z) 十 此一즈一)+r(z) 

2 2 2z
. z a — d* 丄 ~ \

-<-〒—FW)

a + a* 1 a + a* a — a 
=((—y—) -(―丁—)+—〒

-(〒_)-)=)

=aT(x)
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for all a € A and all x G 凶7/. Hence

T(ax 十 by) = T(ax) + T(by) = aT(x) + bT(y)

for all a^b E A and all x,y E 人H. So the unique R-linear mapping 
T : aH —斗 aH is an A-linear operator.

Since F : aH —> a'H is continuous and limn^oo 3~nF(3nx) con
verges uniformly on a?Y, the A-linear operator T : aH —> aH is 
continuous. Hence the A-linear operator T : aH —> a午L is bounded 
(see [3, Proposition IL1.1]). So there exists a unique bounded A-linear 
operator T : a'H —今 세 satisfying (iv), as desired. □

THEOREM 2. Let F\G : 乃九 一> aH be mappings for which there 
exists a function(、p : aH x aH —今 [0, oo) satisfying (iii) such that

||2F(으흥의) _ *(,) _ aF⑵)|匕

l|2G(쓰■三으으) 一 aG(x) — aG(y)\\ <(p(x, y)

for all a E U｛】｝ and all x,y E aH- Assume that F(3nx) = 3nF(x) 
and G(3nx) = 3nG(rc) for all positive integers n and all x G
Then the mappings F\ G : a'H —> aH are bounded A-linear operators. 
Furthermore^

(1) if the mappings F\ G : 凶九 —> 刀H satisfy the inequalities

LFoG(x) — 씨I < W：,x),

||Go F(x) — 께 < ⑵>,x)

for all x G a札 then the mapping G is the inverse of the 
mapping F7

(2) if the mapping F : 八刊 —斗 aH satisfies the inequality

||F(:r) — F*(⑦)|| < 竹(…0
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for all x G aH, then the mapping F : 세 —> 人+l is a self- 
adjoint operator,

(3) if the mapping F : 세 ―今 人午1 satisfies the inequality

||2고。F*(⑦) 一 F* o F(⑦)|| 丕 夕(⑦，父)

for all x 6 a午I then the mapping F : aH ―今 a'H is a normal 
operator^

(4) if the mapping F : aH ―今 a'H satisfies the inequalities

||FoF*(j:) — 께 <(凶…:),

\\F* o F(x) — 찌| <

for all x E a'H, then the mapping F : a'H -> a'H is a unitary 
operator, and

(5) if the mapping F : a'H —> aH satisfies the inequalities

\\F o F(x) - F(x)\\

||2고*(⑦) 一 F(4|| <

for all x 6 세, then the mapping F : aH —今 a午丄 is a projec
tion.

Proof, By the same method as the proof of Lemma 1, one can show 
that there exists a unique bounded A-linear operator L : —> 人｝I
such that

1
IK구(⑦) 一 刀(文)II 드 示(夕(凶 一⑦) + 0(—以 3⑦))

for all x G aH.
By the assumption,

7乃) =』포o 뽀지 =F(찌’ 

아)=』퍄으쁲피 = 유)



30 D. BOO AND W. PARK

for all x E a午仏 where the mapping T : aH —> aH is given in the proof 
of Lemma 1. Hence the bounded A-linear operators T and L are the 
mappings F and G, respectively. So the mappings F\G : aH —> a'H 
are bounded A-linear operators.

(1) By the assumption,

||F o G(3nz) — 3n께 <(X3nz, 3"z),

\\G o F(3nz) — 3nz|| < 夕(3nz, 3nz)

for all positive integers n and all x € 人H. Thus 

3-n||FoG(3nz) — 3"z|| ->0, 

3-"||GoF(W)-3n찌| …

as n —oo for all x E 丁H. Hence

그 … r FoG(3"z)
F ° G(x) = hm ------ -- ------ ==,n—>oo ort,
스 …、 GoF(3nx)
G o F(x) = hm ------ --------- = xn—>oo

for all x E a牛L So the mapping G is the inverse of the mapping F.
(2) By the assumption,

||F(3nz) — F*(3nz)|| <(X3nz,3nz)

for all positive integers n and all x G 丁H. Thus 3"~n||F(3n:r) — 
F*(3nrr)|| —> 0 as n —> oo for all x G a* Hence

=、 r F(3nx) r F*(3"z) 아 A
F(z) = lim -느-丄 = lim —느-2 = F*(z)n—>oo n—>oo

for all x E aH- So the mapping F is a self-adjoint operator.
The proofs of the other items are similar to the proofs of (1) and

(2). □

From now on, we denote by Ain the set of invertible elements in 
A, and assume that A has real rank 0, which means that the set of 
invertible self-adjoint elements in A is dense in the set of self-adjoint 
elements in A (see [1, 4]).
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THEOREM 3. Let F : aH —> a'H be a mapping for which there 
exists a function (月 : 八午1 x 세 —> [0, oo) satisfying (iii) such that

1"(으으:으-) — aF(x) — *(切|| <(人x,y)

for all a 6 (八n D ) U {z} and all x,y E Then there exists a
unique bounded A-linear operator T : 세 —> satisfying (iv).

Proof, By the same reasoning as the proof of Lemma 1, there exists 
a unique R-linear mapping T : —今 aH satisfying (iv).

By the same method as the proof of Lemma 1, one can show that

(1) T(ax) = \m^3~nF(3nax) = Jim?3“naF(3nj：) =： aT{x)

for all a E (Ain A ) U {i} and all x G a%.
Let b E \ Ain. Since Ain D Asa is dense in Asa, there exists a 

sequence {bm} in Ain Pl Asa such that —> 6 as m —> oo, where Asa 
denotes the set of self-adjoint elements in A. Put cm = nA"r^m. Then l°m I ______
仁m ―|이 5 = b 瓦S Tn —y OO mid Cm 仁 ^4-zn 仁 刀! • Put dm = V서m *仁m • 
Then am —> \/6*6 = 6 as m —> oo and am E Ain Pl A^. Thus there 
exists a sequence {am} in Ain A such that am -今 5 as m —> oo, 
and so

lim T(amx) == lim lim 3—nF(3namx) m—oo m—oo n—>oo
= lim lim 3~nF(3namx) by (ii) n—>oo m—>oo

(2) = lim (3“nF(3n lim amx)) by (i)

= lim 3~nF(3nbx) n—>oo
= T(bx)

for all x 6 aH. By (1),

(3) \\T(amx)-bT(x)\\ = \\amT(x)-bT(x)\\ _ ||5T(z) — 6T(z)|| = 0 
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as m —> oo. By (2),

(4) ||3"nF(3"amz) — T(amx)\\ —> ||3“"F(3"成) 一 T(bx)\\

as m — oo. By (3) and (4),

||TO) — 6T(z)|| <\\T(bx)-3~nF^nbx)\\

+ ||3-nF(3nH — 3"nF(3namz)||

+ \\3~nF(3namx) — T(amz)||

(5) +||T(amz)—6T(z)||

^\\T(bx)-3~nF^nbx)\\

+ \\3~nF(3nbx) — T(bx)\\ as m —> oc

―^0 aS 71 —■OO

for all x G aH> By ⑴ and (5),

T(ax) = aT(x)

for all a E U {i} and all x E aH.
The rest of the proof is similar to the proof of Lemma 1. So the 

unique R-linear mapping T : aH —> aH is a bounded A-linear opera
tor satisfying (iv).

□

Replacing U {z} in the statement of Theorem 2 by (八冗 Pl ) U 
{>}, one can obtain the same results as Theorem 2, under the assump
tion that A has real rank 0.
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