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STABILITY OF THE JENSEN’S EQUATION IN A
HILBERT MODULE OVER A C*-ALGEBRA

DEok-HooN Boo* AND WON-GIL PARK**

ABSTRACT. We prove the generalized Hyers-Ulam-Rassias stability
" of linear operators in a Hilbert module over a unital C*-algebra.

Let Ey and E; be Banach spaces. Consider f : E; — E5 to be a
mapping such that f(¢z) is continuous in t € R for each fixed z € E;.
Assume that there exist constants e > 0 and p € [0,1) such that

(2 +y) — f(=) = fW)Il < ellel” +[lyl1”)
for all z,y € Ey. Th.M. Rassias [9] showed that there exists a unique
R-linear mapping T : By — E5 such that

2¢
2—2p

If(2) = T(2)|| <

|lz[?

for all z € F;.

In this paper, let A be a unital C*-algebra with norm |- |, A; =
{a € A | |a] = 1}, A the set of positive elements in A;, Rt the set
of nonnegative real numbers, and 4H a left Hilbert A-module with
norm || - ||. Throughout this paper, assume that (i) F,G : aH —
AH are continuous mappings, and that (ii) limp—e0 37" F(3"z) and
lim, 00 37"G(3™x) converge uniformly on 4H.

We are going to prove the generalized Hyers-Ulam-Rassias stability

of linear operators in a Hilbert module over a unital C*-algebra.
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LEMMA 1. Let F: sH — sH be a mapping for which there exists
a function ¢ : 4H X 4H — [0,00) such that

(i) Ble,y) = Y 3750(34,34) <oo,
k=0
2P( ) — aF(2) - aF ()| <e(2,)

for all a € Af U {i} and all z,y € aH. Then there exists a unique
bounded A-linear operator T : sH — asH such that

(iv) IF(z) = T(2)]| < (&2, —z) + &(~z,3z))

Q| =

forallz € 4 H.

Proof. Put a = 1 € Af. By [7, Theorem 1], there exists a unique
additive mapping T : 4H — aH satisfying (iv). The mapping T :
AH — aH was given by T(z) = lim,_e0 F(g:a:) for all z € 2H.
But F(tz) is continuous in t € R for each fixed ¢ € 4H. By the
same reasoning as the proof of [9, Theorem], the additive mapping

T: aH — aH is R-linear.
By the assumption, for each a € A} U {3},

|2F(3"az) — aF(2-3" 'z) —aF(4-3" '2)|| < p(2-3"'2,4-3" " 'z)

for all x € 4H. Using the fact that there exists a K > 0 such that, for
each a € A and each z € 4H, ||az|| < Kla| - ||z||, one can show that

1 1
I §aF(2 23" ) + 5aF(4 3" 1z) — aF(3"2)|
1 |
< 5K|a| ||I2F(3"z) — F(2-3"'z) — F(4-3"12)||
K ’
< %99(2 3nlgp 4. 30 1)

foralla € AT U{i} and all z € 4H. So
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1 1
|F(3"az) — aF(3"2)| < | F(3"az) — JaF(2-3""'z) - ZaF(4-3"a)|
1
+ll5aF(2-3" ) + —;-aF(4 .3""1g) — oF(3"z)||

< -p(2-3" 12,43 12)

N | =

K
+—E;¢(2¢3"_1x,4-3"—1m)

foralla € AfU{i} and all z € 4H. Thus 37"||F(3"az)—aF(3"z)|| —
0asn — oo for all a € AT U {i} and all z € 4H. Hence

F n n
Tlar) = Jim S = i S50

=aT(z)
for each a € AT U {i}. So
a

|al$) :]a[ﬁT'T(x) =aT(z), Ya € AT (a #0), Vz € aH,
T(iz) =1T(z), Vz € sH.

T(az) = |a|T(

* . —- * * — *
For any element a € A, a = ‘H'Ta+z“ 5, and ”Ta and %57 are self-

adjoint elements, furthermore, a = (i"'—';‘—*)"' - (a—+2—“—*)_ + z(ﬁ‘—;:‘—‘)“' —
i(“;f' )~, where (————a+2“* )T, (#)“, (‘L;Z.L‘)“L, and (“;;’.)— are posi-
tive elements (see [2, Lemma 38.8]). So

Tiar) =15 e = (e i e - i) )
(L) + (D) -0 + (55 Tie)
+ (2 ;ia*)_T(—ix)
(L)1) - (L) @) + i) TR)
— (" ;ia*)"T(m)
a+ta a+a* a—a* a—a
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for all a € A and all z € 4H. Hence
T(az + by) = T(az) + T(by) = aT(z) + bT(y)

for all a,b € A and all z,y € 4H. So the unique R-linear mapping
T: 4H — aH is an A-linear operator.

Since F : gH — 4H is continuous and lim,_, 37" F(3"z) con-
verges uniformly on 4H, the A-linear operator T' : sH — aH is
continuous. Hence the A-linear operator T : 4H — 4H is bounded
(see [3, Proposition II.1.1]). So there exists a unique bounded A-linear

operator T': 4’H — sH satisfying (iv), as desired. O

THEOREM 2. Let F,G : 4H — 4H be mappings for which there
exists a function ¢ : sH X gH — [0, 00) satisfying (iii) such that
Laz + ay ‘
I2F(———) — aF(z) —aF(y)]| < »(z,y),

126(X 1) — aG(z) - aGly)]| < (z,y)

for alla € Af U{i} and all z,y € sH. Assume that F(3"z) = 3"F(z)
and G(3"z) = 3"G(z) for all positive integers n and all z € AH.

Then the mappings F, G : 4H — aH are bounded A-linear operators.
Furthermore,

(1) if the mappings F,G : sH — aH satisfy the inequalities

[1F o G(z) — z|| < ¢(z, ),

IG o F(z) - all < p(a,2)
for all x € 4H, then the mapping G is the inverse of the
mapping F,

(2) if the mapping F': sH — aH satisfies the inequality

|1F(z) — F*(2)]| < ¢(z,x)
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for all € oH, then the mapping F : sH — aH is a self-
adjoint operator,

(3) if the mapping F : sH — sH satisfies the inequality
|F'o F*(z) — F* o F(z)|| < ¢(z,z)

for all z € 4H, then the mapping F : g4H — aH is a normal
operator,

(4) if the mapping F : sH — oH satisfies the inequalities

|1F o F*(z) — 2|l < ¢(2,2),
|F* o F(z) — 2|l < ¢(z,2)

for all x € 4 H, then the mapping F : s/H — aoH is a unitary
operator, and

(5) if the mapping F : sAH — aM satisfies the inequalities

|1F o F(z) — F(z)|| < ¢(z,2),

|1F*(2) — F(2)|| < ¢(z,7)

for all © € 4'H, then the mapping F : A"H — AH is a projec-
tion.

Proof. By the same method as the proof of Lemma 1, one can show
that there exists a unique bounded A-linear operator L : s/ H — sH
such that

1G(z) = L(z)|| < 3(¢(e, —2) + §(—=,37))

Wl =

for all z € A'H;

By the assumption,
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for all z € g4H, where the mapping 7' : 4H — 4H is given in the proof
of Lemma 1. Hence the bounded A-linear operators T' and L are the
mappings F' and G, respectively. So the mappings F,G : sH — 4H
are bounded A-linear operators.
(1) By the assumption,
|F o G(3"z) — 3"z| < ¢(3"z,3"z),
|Go F(3"z) —3"z| < ¢(3"2,3"z)
for all positive integers n and all € 4H. Thus
37"||FoG(38"z) —3"z|| — 0,
37"|Go F(3"z) —3"z|| = 0

asn — oo for all z € 4H. Hence

FoG(z) = lim Eﬁ’ﬂiﬁl”,
n—oo 3"
.. GoF(3"z)
GoF(:c)—nh_r)xgo,—-———gg————x

for all z € 4H. So the mapping G is the inverse of the mapping F'.
(2) By the assumption,

[ F(3"z) — F*(3"2)| < ¢(3"z,3"x)
for all positive integers n and all ¢ € 4H. Thus 37"||F(3"z) —
F*(3"z)|| -+ 0 asn — oo for all z € 4H. Hence
F(a) = lim 2870y, F7372)

n—00 3n n—oo 3n =F (:E)
for all z € 4H. So the mapping F is a self-adjoint operator.
The proofs of the other items are similar to the proofs of (1) and

(2). O

From now on, we denote by A;, the set of invertible elements in
A, and assume that A has real rank 0, which means that the set of
invertible self-adjoint elements in A is dense in the set of self-adjoint
elements in A (see [1, 4]).
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THEOREM 3. Let F' : 4H — aH be a mapping for which there
exists a function ¢ : sH X A" — [0,00) satisfying (iii) such that

) — aF(z) — aF(y)|| < ¢(z,y)

for all a € (Ain N Ai") U{:} and all z,y € 4H. Then there exists a
unique bounded A-linear operator T : sH — oH satisfying (iv).

Proof. By the same reasoning as the proof of Lemma 1, there exists
a unique R-linear mapping T : 4H — 4H satisfying (iv).

By the same method as the proof of Lemma 1, one can show that
(1) T(az)= nlgrgo?) "F(3"az) = nlgr;o3 "aF(3"z) = aT(x)
forall a € (Ain NAT)U{i} and all z € o H.

Let b € Af \ Ain. Since A;, N Ay, is dense in A,,, there exists a
sequence {b,, } in A;, N A, such that b,, — b as m — oo, where Ay,
denotes the set of self-adjoint elements in A. Put ¢,, = |b1_m|bm' Then
Cm — llle:basm—%ooandcmEAinﬂAl. Put @ = VCm*Cm-
Then a,, — Vb*b =bas m — oo and a,, € A;pn N Ai”. Thus there
exists a sequence {am} in A;, N AT such that a, — b as m — oo,

and so

lim T(amz) = lim lim 37"F(3"anx)

m—o0 m—00 N—r00

= lim lim 37"F(3"anz) by (ii)

n—00 M—>00

(2) = lim (37" F(3" n}x_r)noo amz)) by (i)

n—o0

= lim 37"F(3"bz)

n—ro0

= T(bz)
for all z € AH. By (1),

3) T(amz) =T (z)|| = llamT(z) = bT(z)|| — 6T (x) — bT(z)|| = 0
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as m — co. By (2),
(4) |37 "F(3"amz) — T(amz)|| — |3~ "F(3"bz) — T(bz)||

as m — oo. By (3) and (4),

1T (bx) — bT'(z)|| <||T(bz) — 37 "F(3"bz)|
+||I37"F(3"bz) — 37" F(3"amz)||
+ H3""F(3"amx) —T(amz)||
(3) | + | T(amz) — 6T (z)||
—||T(bz) — 37" F(3"bz)||
+||I37"F(3"bz) — T(bz)|| as m — oo

—0asn — o0
for all z € 4H. By (1) and (5),
T(azx) = aT(z)

foralla € AT U{i} and all z € 4 H.

The rest of the proof is similar to the proof of Lemma 1. So the
unique R-linear mapping T : 4H — a4H is a bounded A-linear opera-
tor satisfying (iv).

O

Replacing AT U {i} in the statement of Theorem 2 by (A4;, N AT )U
{1}, one can obtain the same results as Theorem 2, under the assump-
tion that A has real rank 0.
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