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EXPANSIVITY OF A CONTINUOUS SURJECTION

Sung Kyu Choi*, Chin-Ku Chu** and Jong Suh Park***

ABSTRACT. We introduce the notion of expansivity for a continuous 
surjection on a compact metric space, as the positively and negatively 
expansive map. We also prove that some well-known properties about 
positively expansive maps in [2] hold by using our definition.

1. Introduction
The study of positively expansive maps is an interesting subject 

in topological dynamics. Definition of positively extensive maps is 

presented in [2,9] as the following : Let (X, J) be a metric space. A 

continuous surjection f : X X is called positively expansive if there 

exists a constant e > 0 such that if ⑦ 斗 y in X then d(fn(x), fn(y)) > 

e for some non-negative integer n (e is called an expansive constant for 

J). For compact spaces, this is independent of the compatible metrics 

used, although not the expansive constants. Also, a homeomorphism 

f : X X is expansive if there is a constant e > 0 such that ⑦ 구어/ in 

X implies cZ(/n(:r), fn(y)) > e for some integer n. Expansivity is very 

often appearing in several branch of the theory of dynamical systems, 

and it is known that every axiom A diffeomorphism restricted to the 

non-wandering set possesses it [10].

We introduce the concept of expansivity for a continuous surjection 

as the positively and negatively expansive map, that is, for a compact
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metric space (』¥,</), we say that a continuous surjection f : X -스 X 

is expansive if

(1) for any e > Q and x E there exists a 5 > 0 such that 

(7(/(冗), y) < 8 for y E X implies B(x, £)「)/—1 (y) 羊 0, where e) = 

{y G X ： d(x,y) < e},

(ii) there exists a constant e > 0 such that for x,y E X,

d(fn(x),r(、y)—e

for all n G Z implies x = y.

We call the condition (i) as Property B.

In this paper we examine some properties about Property B and 

show that some well-known properties about positively expansive maps 

in [2] hold via our definition. Furthermore, we prove that expansivity 

is preserved under a topological conjugacy.

2. Property B
Let (X, d) be a metric space and / : X —> X be a continuous 

surjection. We say that f has Property B if for any £ > 0 and x E X 

there exists a 5 > 0 such that d(f(x),y) < 8 for y E X implies that 

B(x, 6)n /—1 (y) 羊 0, where B(x, e) = {y E X : d(x7 y) < e}.

Example. Let X = [—1, 너'여] be a subset of the Euclidean space R. 

Then the map f : X — X defined by f(x) = ⑦4 — 2x2 does not have 

Property B.

Before introducing the concept of expansivity for a continuous sur

jection we investigate some properties about Property B.

THEOREM 2.1. (1) Every local homeomorphism has Property B.

(2) Every continuous surjection which has Property B is an open 

map.
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(3) Let X be a connected compact metric space and f : X ~今 X 

be any continuous map. If f has Property B, then f is a surjection.

Proof. (1) Let / : X —今 X be a local homeomorphism and x E X. 

There exists a neighborhood U of x such that f\u • U f(U) is a 

homeomorphism. Also, there exists an 沙 > 0 such that B(⑦，沙) C U. 

For every e with 0 < e < 沙 we have S) C £)) for some

슈 > 0 since /(B(:r,e:)) is a neighborhood of f(x). Since y = f(z) 

for some z E B(rr,<s), 之 G B(j:, e)「) This implies that f has

Property B.

(2) Let U be an open subset of X and y E f(U). Then y = f(x)

for some x E U and B(x,e) C U for some € > 0. There exists a 

슈 > 0 such that d(f(x),z) < 8 implies B(x,s) Pl 0 by

Property B. Since 6)Pl /-1 (之) 羊 0 for every z G B(y, d), we have 

z = f(w) G /(B(rr,£)) C f(U) for some w E B(x,e) D /-1 (z). It 

follows that B(y,6) C f(U) and f(U) is an open set in X.

(3) In view of (2) f(X) is an open set. Also, f(X) is a closed set 

since f is continuous. Hence f(X) = X by the connectedness of X. 

□

Remark. When X is a compact metric space any positively expansive 

open map / : X —> X is a local homeomorphism [2, p. 50].

Let X be a compact metric space. A map a : X —今 R is said 

to be upper semicontinuous if for every e > 0 and x E there 

exists a neighborhood U of x such that ct(U) C ( —oo, a(x) +e). And 

a map 0 : JY —> R. is said to be lower semicontinuous if for every 

6 > 0 and x E there exists a neighborhood V of ⑦ such that 

0(V)C(0(z)-6,oo).

We need the following Dowker’s Lemma.

LEMMA 2.2. [7] Suppose that a and cj are, respectively, upper and 
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lower semicontinuous on a paracompact space, and that a(x) < cv(x) 

for every x. Then there is a continuous map r(x) with a(x) < r(x) < 

⑵(⑦) for every x.

THEOREM 2.3. Let (A\d) be a compact metric space. If / : X —> 

X has Property B, then there exists a continuous map 5 : X —> (0, oo) 

such that for every x G X,(/(/(⑦), y) < 8(x) implies 6)Pl/”1 (y) 羊 

0.

Proof. For any £ > 0, define a map 0 : X —> (0, oo) by

/3(x) = sup{?7 > 0 :d(J(x),y) < 77 implies B(:c,ct) Pl 羊 0 

for some 0 < a < e}.

The map /3 is well-defined since there exists an 77 > 0 such that 

d(f(x),y) < 77 implies B(:c,q) Pl /-1(y) 7스 0 by Property B, and 

so 0(⑦) >T]>0.

Let x E X and h < /3(冗). Then 7z < 77 for some 77 > 0 and 

d(f(x),y) < 77 implies B(x^ a) A /-1(y) 羊 0 for some 0 < a < £. If 

we choose 7 with h < 7 < 77, then there exists a neighborhood V of x 

such that f(V) C — y). Also, we choose Q with a < f < <s

and put U = f — a) n V. Then B(:r, a) C B(y, <$) for every y E U. 

If d(f(y), z) < 7, then we have

시(f0), 之) < d(f(x), f(y)) + <f(y), 之) < 7j.

SinceB(>,a)n/-1O) C BQ/, f) Pl f"1 (之), we have BQ/, $) n/-1(>) 羊 

0. There exists R with 0 < a < [ < 6： such that d(f(x), 之) < 7 implies 

B(y사 Cl 羊 0. It follows that /3(y) > 7 > /z. Thus (3 is lower

semicontinuous.

Now, we define a map O on X by 0(密) = 0. Since O(x) < /3(x) 

for every ⑦ G X, the map O is upper semicontinuous. Therefore there
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exists a continuous map S : X (0, oo) such that 0 < 5(:r) < (3(x) 

by Lemma 2.2. This completes the proof. □

Let (X,d) be a compact metric space and C{X) be a set of all 

nonempty closed subsets of X. C(X) becomes a compact metric space 

with the Hausdorff metric H, i.e.,

B) = max{sup d(a, B), sup d(b. A)} 
ft G-A b^B

for 6 C(X). Note that d(x, y) = H(x,y) for all x^y E X if we 

denote one point set by a point.

THEOREM 2.4. Every continuous surjection f : X —今 X has Prop

erty B if and only if f"1 : C(X) —> C(X) is uniformly continuous.

Proof. Let e > 0 be given. Then, in view of Theorem 2.3, there 

exists a continuous map 5 : X —> (0, oo) such that d(f(x),y) < 5(冗) 

implies e) Pl f~(y) 羊 0. Put 6 = min{5(^) > 0 : rr G X}. Let 

A.B e C(X) with H(A, B) < 6. Then A C B(B, 8) and B C B(A, S). 

Let x £ /-1(A). Then /(⑦) E A C There exists sm. y E B

such that d(f(x),y) < 6 < 6(x). Since f has Property B, we have 

B(⑦,£)Pl f-^y) 羊 0, say z G e) Pl Then z) < e

and z G y-1(y) C Hence x G and so J-1 (A) C

Similarly, we have /-1(B) C B(/"1(A),£). Therefore 

f< s, which implies /-1 is uniformly continuous.

For the converse let e > 0 and x E X. Then there exists a 5 > 0 

such that H(A, B) < 8 implies < e. If we let

d(/O),y) = H(f(x),y) < J, then /-1 (?/)) < e. Since

文 G /-1(/(久)) C B(f~1(y),e), d(x,z) < e for some z G /—(y), and 

so 之 G 6)H It follows that B(⑦,6)D f~1(y) 羊 0. This

means that f has Property B. □
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3. Expansivity
We define the concept of expansivity for a continuous surjection.

Definition. Let (X, d) be a compact metric space. A continuous 

surjection f : X -스 X is expansive if

(i) f has Property B.

(ii) There exists a constant e > 0 such that for x丁y E

d(fn(x\fn(y)) < e

for all n £ Z implies x = y. Such a number e is called an expansive 

constant for f.

There are well-known properties about positive expansivity for a 

continuous surjection in [2, Chapter 2]. We prove some of these prop

erties by using the above definition. Throughout this section (X, d) 

is a compact metric space and / : X —今 X is a continuous surjection.

THEOREM 3.1. If f : X —斗 X is expansive, then fk:X — Xis 

also expansive for all integer k > 1.

Proof. By Theorem unithm, : C(X) —> C{X\ is continuous 

and so (/人)—1 = (f~1 )k : C(X) — C(X) is continuous. Thus fk 

has Property B by Theorem 2.4.

For the converse let e j be an expansive constant for f. There exists 

Q < e < ef such that fl(b)) < ef for all i = 1, 2, • • •，人 一 1

when d(a,b) < e. Suppose that d(fnk(x), fnk(y)) < e for all n G Z. 

When n > 0, we have

己(nf"(z)),nr%/)))= …(z),r …(切)< ef

for all i = 1,2，… , fe — 1. When n < 0,

d(a,b)=<f"(z),.f"(y))
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for some a E fnk(x) and b G fnk{y). We obtain

<f"+九)，/사+九)) 으 d(f (a),f (6))%y

since jP(a) G /"十乂⑦) and /z(6) 6 /새서"(y) for 0 < i < k. Therefore 

d(/n(a:), Jn(j/)) < ef for all n 6 Z. This implies that x = y. □

Let (Xi,cZi) and (』X$，成) be compact metric spaces. We can give a 

metric d on Xi x %沙 which is compatible with the product topology 

of Xi x X2, defined by

서((⑦1,0),(?/1,?/2)) = max{c?i(:ri，的), c?2(:z：2,J/2)}

for all(0,鉛2),(以1,?/：2)6 Xi x X2.

THEOREM 3.2. Let /1 :』¥1 —今 Xi and 九 : 호2 —> 丁G be continuous 

surjections. If and 九 are expansive, then j\ x 九 is also expansive.

Proof. To show that j\ x /么 has Property B let e: > 0 and ，:化) 仁

Xi x X2 - There exist @l > 0 and @2 > 0 such that

서1(/1 (冗1 ),?/i) < 어 implies Bdl(xus) 羊 0

and

成(/2(冗2),?/2)< @2 implies Bd2(x2,e) A f}1 (y2) 羊 0.

Take J = min{di,@2} > 0. Let(#((/i x/2)(⑦i,⑦2), Q/i,J/2)) < <『• Then

스1(/1(冗1),?/1) < d((j\ X /2)(文1,0)，6/!,?/2)) < 쥬 玄 어, 

d2(/2( ⑦2),改) < 己 ((/1 x /2)(文1, ⑦ 2),(?/i,y2)) <8 <82.

Thus we have

之 1 e (:z：i,s) n/f^yi),之2 e 凡2(>2,0 ① /丁⑵么) 
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for some z\ E Xi and 之2 € 사 . Since 己1(立1, 之1) < e and ^2) < 으, 

we obtain(Z((：z：i, 0), (之1, 幻2)) < 引 Since /1(2江) = yi and』2(之2) = 

?/2，Cfi x 九)(之 1, 之2) = (yi；y2). Hence (之1, 之2) 三 匕하((⑦1,久2),으) A(/i x 

f‘2)—1(yi’)y2)and so j\ x /么 has Property B by Theorem 2.4

Now, let ei > 0 and > 0 be expansive constant for fi and 

respectively. Suppose that

d((fi x /2)"(⑦i,0), (/i x f2)"(yi,y2)) < e for all n e Z,

where e = min{ei, 包} > 0. When n > 0, we have

成cfr(zi),/r(yi))<rf((jr(^)jr(^)),(/r(?/i),/r(y2))

= 이Xfi x /2)n(⑦ 1,⑦i),Cfi x』T)(yi,y2))) 

<e<ei.

Similarly, we have 成(/?(文2), JTQ/2)) < =

Suppose n < 0. There exist (에2)€ (/i 乂 /2)n(^i?^2)and 

(bi,b2) e (fl x f2)n(yi,y2)such that

己(On0),(&i,허)) = 己1((/1〉〈 /2)"0i,⑦2),(/i x /2)n(yi,y2)).

Since Xi = /{~n(czi) and ⑦2 = /리오), we obtain

01, ⑦ 2) = (frn(M),f〕n(Cl2)) = (/1〉〈 /2)”"01,凶2).

It follows that (di, a2) 6 (fi X /어)(◎, ⑦么). Also, we have (61,62) € 

(fi x f2)n(yi,y2)by the same manner. Note that

己i(/f(a),/f Q/i)) < di(tzi,6i) < d((ai,(i2),(5i，M)

= d((fi x /2)"(>i,⑦2),(/i x /2)"(yi,y2))

< 匕 < ei
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and

成(/=2)%(物)) 】2.

Therefore we have

di(JT(W)JT(yi)) < e andJ2(JT(0),7TG/2)) < e2

for all E Z. Consequently, we have (:ri,a：2)= (?/i J/2)and the expan

sivity of fi x 九 follows. □

Let (X, d) and (Y, p) be compact metric spaces. A continuous sur

jection / : X —> X is said to be topologically conjugate to a continuous 

surjection g : Y —> F if there exists a homeomorphism h : X Y 

such that h o f = g o h.

We prove that expansivity is preserved under a topological conju

gacy.

THEOREM 3.3. Suppose that f is topologically conjugate to g. If 

f is expansive, then g is also expansive.

Proof. Let € > 0 and y G Y. Since there exists a homeomorphism 

h \ X Y such that ho f = goh and h is uniformly continuous, there 

exists a 5 > 0 such that d(a,b) < 6 implies p(h(a), h(b)) < e. Putting 

x = we have Bd(x^ 8) Pl 羊 0 when d(f(x),z) < 77 for

some 77 > 0. Also, < 77 when p(a,b) < <$ for some

($ > 0 by the uniform continuity of h~1.

Now, let p((g(y),w)) < f for w G F. Then

己(方-1⑵⑵)),方—1(=)) = 己(7(九-1(?/), 方-1H)

= J(/(⑦)，方-1(w)) < 刀

and thus 3^(^, ^)n/-1 (h-1(w)) 羊 0, say u E』3己(:c,(5)0/—1 (方—1 (w)). 

Hence h(u) 6 Bp(y, e) A g~1(w) since = g(h(u)} = w and 
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p(h(:c),/z(?i)) = p(y Ji\uy)< e when d(x^ u) < 5. This implies that g 

has Property B.

Now, let ey be an expansive constant for f. There exists an e > 

0 such that h~x (b)) < ey if p(aj}) < e, by the uniform

continuity of h-1. Suppose that p(gn(x\gn(y)) < e for all n G Z. We 

claim that

d(r(h-wn—V?/))) ☆/

for all 之 E Z. For the case n > 0, it easily follows since

d(fn(h-乂= ⑩/厂1⑴"(z)),—1(改Q/))) < ef.

Let n < 0. There exist a 6 pn(⑦) and b E gn(y) such that p(a,b) = 

이(으"(⑦)川"(?/))• Since 
’ ■ ' - 三

方-1(Z)= h~\g-n(a)) = /-"(—(a))

and

•(y) = h-\g-"(b)) = /-『(•(!>)),

we have h~x{a) E /n(Z『乂⑦)) and 九으1 (6) E Now, we get

< d(h-^alh-\b)) < ef

since p(a,b) = p(gn (x), gn (y)) < e and h-1(b)) < ef.

Therefore h』1 (x) = hr1 (y) and so x = y. This means that g is 

expansive. This completes the proof. □

For a continuous surjection f : X ―今 X, we define a set

oo

幻 = {(z,)G IJx：/(z,)=z,+1}

— OO
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and give a metric p on Xf defined by

/ \ 이▼쯔5 d（xi,9i）
p서’이〉= 匕 —w— 

i= — oo

for x =（Xi）,y = （yi） G Xf.

A homeomorphism a : Xf —> Xf defined by（r（（⑦g） = （/（⑦ J） is 

called the shift map determined by /.

LEMMA 3.4. The shift map a : Xf —> Xf is expansive if and only 

if there exists an e > 0 such that for （別）,（曲） G Xf》if d（xi,yi） < e 

for all x £ Z? then （⑦으） = （yi）.

Proof. Let e > 0 be an expansive constant for cr. Let （께 （y『） E Xf 

with d（xi,yi） < j for all i 6 Z. Then, for all 7z £ Z

— OQ

_ 시그 己（⑦7너-/乃 J/n+A:）
= 2： 파

— oo

oo

<E

— oo

Hence （孔） = （yj.

Assume that there exists an e > 0 such that for （文으）,（坑） E Xf, 

d（xi,yj < e implies （xj = （yj. Let （쯔）, （아） G X} with （짜） 羊 （切）. 

Then there exists an integer k such that d（xk,yk） > e. Thus we have

p（計（（xJ）,引（（아））） > d（（/（（쪼））o,甘（（yj）o） = d（xk,yk） > e.

Therefore <t is expansive with an expansive constant e.

（I） 

（이씨）‘

□
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LEMMA 3.5. If f is expansive, then a is expansive.

Proof. Since f is expansive, there exists an e > 0 such that if 

d(fn(x),fn(y)) < e for all 之 G Z, then x = y. Let (:꺄), (卵) G Xf 

with d(xi,yi) < e for all i € Z. For every k E Z and n > 0, since 

fn(xk_n) = xk and fn(yk—n) = yk, we get xk_n G f~n(xk) and 

yk-n e f~n(yk). Thus

d(f-n(xk),f~n(yk)) < d(xk—n,yk—n) < e

and

d(fn(xk),fn(yk)) = 서(a+nj/k+n) < e.

Hence (⑦J = (yi). Therefore cr is expansive by Lemma 3.4. □

Let

oo

파(X,/) = {(<)£ Jpc : /(⑦斗i) = Xi for all i > 0} 

o

and define a map r : ]^im(X. f) —> ^m(X, f) by

r(:roWi,--) = (/(冗0),文0,冗1厂으).

Then the map r is a homeomorphism.

Define a map 中 : Xf —스 ]^m(X, f) by

夕(… ,x —1, 文0, ⑦ 1, … ) = (乞0, 仁 —1, ⑦—2, … ).

Then <p is also a homeomorphism since

^~1(xQ,x1,x2, •••) = (… , 文2, @1, 之0, /(仁0), /200), • • • )•

Since r o 0 = 》o cr, a is topologically conjugate to r. Hence, by 

Lemma 3.5, r is expansive if f is expansive.
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THEOREM 3.6. The closed interval I = [0,1] does not admit ex

pansive maps.

Proof. Let / : / —> I be a continuous surjection and suppose that 

f is expansive. Then r is expansive. Since / is a surjection, we have 

the following properties : There exist a,b E I with 0 < a < 6 < 1 

such that either

(1) /(«) = 0,/(6) = 1, or

(2) f(ci) = 1,/G>) = 0.

For the case (1), we have a contradiction as follows : Since f has at 

least two fixed points and the set of all fixed points of f is not dense in 

I, there are two points u,v E I with u < v such that f(u) = v, f(u) = 

v and f(x) 羊 x for u < x < v. It follows two cases

(1-1) f(x) > x for u < x < or

(1-2) f(x) < x for u < x < v.

We consider the cases (1-1). Note that /|[u,v] cannot be a bijection. 

Thus there are two points x1 such that u < x1 < x2 < v and 

/(서) = /(⑦2). If we take y° = /(⑦0) = max{/(:r) : u < x < :r2}, 

then u < x° < x2 < j/°. Thus we can construct a sequence

⑦ QX J• • ’ )> U、Q —— X 今

such that = x(-_1 for i > 1 and ⑦어 —느 'u as n —> oo.

For 0 < 6 < min{j：2 — x° — 아, there exists an JV > 0 such that 

u < x^q <《z + j. Also, there exists 0 < 6 < x幻 — u such that for 

⑦,yez

꼬 一 이 < 28 implies \fn(x) — fn(y)\ < -

for all 0 < n < TV. Putting

서 = X^q — 6, (? — ⑦으 -p 5,
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we have

Lf~(才) 一 r(4)| = Lf씨이 一z0| < f,z = 1,2

since u < c1 < c2 < x2 and \cl — x^\ =(5 < 2d, Thus we obtain

w < ⑦0 — | < fN(』) < ⑦0 + | < ⑦2

and

z = l,2.

Now, we have the following three cases :

(i) /2V+1(c1)) = yQ and /川十乂仁2) < y°, or

(ii) /2V+1(c1) < y° and fN+1(c2) = y°》or

(iii) /八서’1(c1) < y° and /八저’1 (c2) < y°.

We first consider for the cases (i) and (ii). If fN~bi(cl) = y° for some 

i = 1,2, then we can find a sequence

> c； > c$ > … > u,(% = cz

such that /(cj) = c、— for j > 1. We construct a sequence {bj} 

as bj = /八『—J(cz) for 0 < j < TV and 6八『十j — c\ for j > 0. Since 

|cz — ⑦으| = d < 25, we have

I/"(日)一/"(4j| = | 小—n — x(N-n\ < 흐

for 0 < n < TV. Note that

匕 4 *
후 > X(N > ⑦&+i >•••>?』andu+e > ⑦으十5 之 c} > c| > • • • > t仁

Thus we obtain

\bj — Xj | = |cj_；v — 리 < c 
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for j > N. This implies that \bj — 冗이| < 6 for all j > 0. Furthermore, 

we have

= fJ(fN 사)) = r-vr+VcD) = y』(xg)

for J > 0, since /川+1((이) = y° = f(x°).

When n > 0, we have

리>o,bi, … ) = (fn(bo),'' ‘ ,/(MA),@i, … )

and

rn(아,洲,…) = (/『(사),… ,/(文0),사,文?,…).

When 0 尹 j < n, we have

t"(50,&i, … )j = fn~J(bo) and rn(:사,洲, … )j = /n"J(^o)-

Thus /—J(60) = JH) since fJ(b0) = fJ(xQ). When j > n,

r"(b0,bi,…)j = bj-n and r"(새,:zf, …)j = x 으 _n

implies that \bj-n — 사_n| < e < e.

When n < 0, we have

리b(), ‘ • • ) = (흐—mj>l—n, …)

and

r"(사, ,?,•••) = (, 江, 洲네,…).

Thus

""(헤…),7■"(새,,?,•••))< 6

for all n E Z. It follows that (bo, 6i, • … ) = (⑦g, ⑦아, • • •) which is a 

contradiction since b이 羊 ⑦으.
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Next, we consider for the case (iii). If we assume that /저+L(c1) < 

y° and /N+1(c2) < y°, then

= /(/N(4)) = /(^o) = y°-

Since there are c3, c4 such that

서 < c3 < 4 < c4 < c2 and fN+1(c3) = /N+1(c4),

we can find a sequence for i = 3,4,

(가) > 4. … > u.Cq =(?,/(<%) = c}— for j > 1.

Then we also get a contradiction by the same manner for the cases 

(i) and (ii).

For the case (1-2), we can prove similarly by the method for the 

case (1-1).

Finally, we consider the case (2). Since there exist 에么 with a < 

ai < bi < b such that /(«i) = b and /(bi) = a, we have /2(ai) = 0 

and f2(bi) = 1. Since r : ]^m(X,/2) —今 /2) is conjugate to 

r2 : gm(A\ f) —斗 pm(A\ f), r2 is expansive. Hence the remaining 

proof is the same as the proof for the case (1). Consequently, there is 

no expansive map on the closed interval I. □
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