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EXPANSIVITY OF A CONTINUOUS SURJECTION

SuNG Kyu CHor*, CHIN-KU CHU** AND JONG SUH PARK***
. )

ABSTRACT. We introduce the notion of expansivity for a continuous
surjection on a compact metric space, as the positively and negatively
expansive map. We also prove that some well-known properties about
positively expansive maps in [2] hold by using our definition.

1. Introduction

The study of positively expansive maps is an interesting subject
in topological dynamics. Definition of positively extensive maps is
presented in [2,9] as the following : Let (X, d) be a metric space. A
continuous surjection f : X — X is called positively expansive if there
exists a constant e > 0 such that if ¢ # y in X then d(f"(2), f*(y)) >
e for some non-negative integer n (e is called an expansive constant for
f). For compact spaces, this is independent of the compatible metrics
used, although not the expansive constants. Also, a homeomorphism
f: X — X is ezpansive if there is a constant e > 0 such that z # y in
X implies d(f™(z), f*(y)) > e for some integer n. Expansivity is very
often appearing in several branch of the theory of dynamical systems,
and it is known that every axiom A diffeomorphism restricted to the
non-wandering set possesses it [10].

We introduce the concept of expansivity for a continuous surjection

as the positively and negatively expansive map, that is, for a compact
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metric space (X, d), we say that a continuous surjection f : X — X
is ezpansive if ‘

(i) for any ¢ > 0 and = € X, there exists a § > 0 such that
d(f(z),y) <dfory € X implies B(z,e)Nf~1(y) # @, where B(z,¢) =
fye X : dz,y) < e},

(ii) there exists a constant e > 0 such that for z,y € X,

d(f™(z), f*(y)) < e

for all n € Z implies z = y.
We call the condition (i) as Property B.

In this paper we examine some properties about Property B and
show that some well-known properties about positively expansive maps
in [2] hold via our definition. Furthermore, we prove that expansivity

is preserved under a topological conjugacy.

2. Property B

Let (X,d) be a metric space and f : X — X be a continuous
surjection. We say that f has Property B if for any ¢ > 0 and ¢ € X
there exists a 6 > 0 such that d(f(z),y) < é for y € X implies that
B(z,e) N f~1(y) # @, where B(z,¢c) = {y € X : d(z,y) < ¢}

Example. Let X = [-1, _1:_F2ﬁ] be a subset of the Euclidean space R.
Then the map f: X — X defined by f(z) = 2* — 222 does not have
Property B.

Before introducing the concept of expansivity for a continuous sur-

Jjection we investigate some properties about Property B.

THEOREM 2.1. (1) Every local homeomorphism has Property B.

(2) Every continuous surjection which has Property B is an open

map.
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(3) Let X be a connected compact metric space and f : X — X

be any continuous map. If f has Property B, then f is a surjection.

Proof. (1) Let f : X — X be a local homeomorphism and zeX.
There exists a neighborhood U of z such that fly : U — f(U) is a
homeomorphism. Also, there exists an v > 0 such that B(z,v) C U.
For every ¢ with 0 < ¢ < v we have B(f(z),5) C f(B(z,¢)) for some
d > 0 since f(B(z,¢)) is a neighborhood of f(z). Since y = f(z)
for some z € B(z,¢),z € B(z,e) N f~!(y). This implies that f has
Property B.

(2) Let U be an open subset of X and y € f(U). Then y = f(z)
for some z € U and B(z,e) C U for some ¢ > 0. There exists a
§ > 0 such that d(f(z),z) < ¢ implies B(z,e) N f~1(z) # & by
Property B. Since B(z,e)N f~!(2) # @ for every z € B(y,d), we have
z = f(w) € f(B(z,e)) C f(U) for some w € B(z,e) N f~1(z). It
follows that B(y,d) C f(U) and f(U) is an open set in X.

(3) In view of (2) f(X) is an open set. Also, f(X) is a closed set
since f is continuous. Hence f(X) = X by the connectedness of X.

O

Remark. When X is a compact metric space any positively expansive

open map f: X — X is a local homeomorphism [2, p. 50].

Let X be a compact metric space. A map a : X — R is said
to be upper semicontinuous if for every ¢ > 0 and =z € X, there
exists a neighborhood U of z such that a(U) C (—o0,a(z) +¢€). And
amap # : X — R is said to be lower semicontinuous if for every
€ > 0 and z € X, there exists a neighborhood V of z such that
B(V) C (B(z) — &, 00).

We need the following Dowker’s Lemma.

LEMMA 2.2. [7] Suppose that a and w are, respectively, upper and
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lower semicontinuous on a paracompact space, and that o(z) < w(z)
for every z. Then there is a continuous map 7(z) with a(z) < 7(z) <

w(z) for every z.

THEOREM 2.3. Let (X,d) be a compact metric space. If f : X —
X has Property B, then there exists a continuous map § : X — (0, 00)
such that for every x € X,d(f(z),y) < &(z) implies B(z,e)Nf~1(y) #
.

Proof. For any ¢ > 0, define a map 8 : X — (0,00) by

B(z) = sup{n > 0:d(f(z),y) < n implies B(z,a) N fHy) £

for some 0 < a < €}.

The map B is well-defined since there exists an n > 0 such that
d(f(z),y) < n implies B(z,a) N f~'(y) # & by Property B, and
so B(z) >n > 0. '

Let z € X and h < B(z). Then h < 7 for some n > 0 and
d(f(z),y) < n implies B(z,a) N f~1(y) # & for some 0 < a < . If
we choose v with h < v < 7, then there exists a neighborhood V of «
such that f(V) C B(f(z),n — 7). Also, we choose £ with @ < £ < ¢
and put U = B(z,{ —a)NV. Then B(z,a) C B(y,§) foreveryy € U.
If d(f(y),z) < ~, then we have

d(f(z),2) < d(f(z), f(y)) + d(f(v),2) <.

Since B(z,a)Nf~1(2) C B(y,&)Nf~1(z), we have B(y,£)N f~1(z) #
@. There exists £ with 0 < o < £ < € such that d(f(z),z) < v implies
B(y,&) N f~1(z) # @. It follows that 8(y) > v > h. Thus 3 is lower
semicontinuous.

Now, we define a map O on X by O(z) = 0. Since O(z) < p(z)

for every x € X, the map O is upper semicontinuous. Therefore there
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exists a continuous map § : X — (0,00) such that 0 < é(z) < B(z)
by Lemma 2.2. This completes the proof. a

Let (X,d) be a compact metric space and C(X) be a set of all
nonempty closed subsets of X. C(X) becomes a compact metric space
with the Hausdorff metric H, i.e.,

H(A, B) = max{sup d(a, B),supd(b, A)}
a€A beB

for A,B € C(X). Note that d(z,y) = H(z,y) for all z,y € X if we

denote one point set by a point.

THEOREM 2.4. Every continuous surjection f : X — X has Prop-
erty B if and only if f~! : C(X) — C(X) is uniformly continuous.

Proof. Let ¢ > 0 be given. Then, in view of Theorem 2.3, there
exists a continuous map ¢ : X — (0,00) such that d(f(z),y) < é(z)
implies B(z,e) N f~(y) # &. Put § = min{é(z) > 0: 2z € X}. Let
A,B € C(X) with H(A,B) < §. Then A C B(B,d) and B C B(A4,4).
Let z € f~'(A). Then f(z) € A C B(B,6). There exists an y € B
such that d(f(z),y) < § < é(z). Since f has Property B, we have
B(z,e) N f~Y(y) # @, say z € B(z,e) N f~(y). Then d(z,2) < ¢
and z € f~!(y) C f~1(B). Hence z € B(f~!(B),¢) and so f~'(4) C
B(f~'(B),e¢). Similarly, we have f~1(B) C B(f~'(A),¢). Therefore
H(f~'(A), f~Y(B)) < ¢, which implies f~! is uniformly continuous.

For the converse let ¢ > 0 and # € X. Then there exists a § > 0
such that H(A,B) < ¢ implies H(f~1(A), f~Y(B)) < e. If we let
A(f(x).5) = H(f(z),y) < b, then H('(f(z), f(y)) < e. Since
z € f71(f(z)) € B(f'(y),¢), d(z,z) < ¢ for some 2z € f~1(y), and
so z € B(z,e) N f7(y). It follows that B(z,e) N f~(y) # @. This
means that f has Property B. O



12 SUNG KYU CHOI, CHIN-KU CHU AND JONG SUH PARK

3. Expansivity

We define the concept of expansivity for a continuous surjection.

Definition. Let (X,d) be a compact metric space. A continuous
surjection f : X — X is expansive if

(1) f has Property B.

(ii) There exists a constant e > 0 such that for z,y € X,

d(f*(z), f"(y)) < e

for all n € Z implies z = y. Such a number e is called an expansive
constant for f.

There are well-known properties about positive expansivity for a
continuous surjection in [2, Chapter 2]. We prove some of these prop-
erties by using the above definition. Throughout this section (X, d)

1s a compact metric space and f: X — X is a continuous surjection.

THEOREM 3.1. If f : X — X is expansive, then f*¥ : X — X is

also expansive for all integer k > 1.

Proof. By Theorem unithm, f~1! : C(X) — C(X) is continuous

and so (f¥)=! = (f )% . C(X) — C(X) is continuous. Thus f*

has Property B by Theorem 2.4.

For the converse let ey be an expansive constant for f. There exists
0 < e < ey such that d(fi(a), f{(b)) < ey for all 4 = 1,2,--- ,k — 1
when d(a,b) < e. Suppose that d(f™*(z), f**(y)) < e for all n € Z.
When n > 0, we have

d(f'(F™ (@), F1(F™ () = d(F™*F (), ¥ (y)) < e
forall: =1,2,--- ,k—1. Whenn <0,

d(a,b) = d(f™*(z), f**(y))
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for some a € f*¥(z) and b € f*¥(y). We obtain
d(f™** (), P (y)) < d(f(a), F1(b)) <5

since f*(a) € f***i(z) and fi(b) € f*+i(y) for 0 < i < k. Therefore
d(f™(z), f*(y)) < es for all n € Z. This implies that ¢ = y. O

Let (X1,d;1) and (X3, d2) be compact metric spaces. We can give a
metric d on X; x X3, which is compatible with the product topology
of X7 x X3, defined by

d(($1,$2), (yl ’ y2)) = ma‘x{dl(whyl)a d2("£~23 yZ)}

for all (z1,z2),(y1,y2) € X1 X Xa.

THEOREM 3.2. Let f1 : X1 — X, and f> : X2 — X5 be continuous

surjections. If f; and f, are expansive, then fi X fo is also expansive.

Proof. To show that f1 x f, has Property B let ¢ > 0 and (z1,z2) €
X7 X X,. There exist 6; > 0 and §, > 0 such that

di(fi(z1),41) < 61 implies By, (z1,€) N i (1) # @
and
da(f2(2),y2) < & implies Ba,(z2,€) N ' (y2) # 2.
Take § = min{d, 63} > 0. Let d(f, x fo)(z1.22). (41,92)) < 6. Then

di(fi(z1),y1) < d((fi x f2)(21,22), (y1,92)) <3 < 0y,
da(fa(22),y2) < d((fi x fo)(z1,22),(y1,y2)) <9 < 6s.

Thus we have

z1 € Bdl(wha) N fl_l(yl)az2 € Bd2($275) N f{l(yZ)
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for some z; € X; and z; € X,. Since d1(z1,21) < € and da(z2, 22) < ¢,
we obtain d((z1,z2),(21,22)) < €. Since fi(z1) = y1 and fa(z2) =
y2, (f1 X f2)(21,22) = (y1,¥2). Hence (21, 22) € By, ((z1,72),¢) N (f1 X
f2)"Y(y1,y2) and so f1 X f, has Property B by Theorem 2.4

Now, let e; > 0 and e; > 0 be expansive constant for f; and f,

respectively. Suppose that

d((fr % f2)™(@1,22), (f1 X f)*(91,2)) < € for all n € Z,

where e = min{e;,e2} > 0. When n > 0, we have

di(fi'(z1), f1'(y1)) < d((f1' (1), f5'(22)), (F1 (v1), f2 (y2))
d((f1 x f2)"(z1,21), (f1 X £3")(y1,92)))

ele

l/\

Similarly, we have da(f3(z2), f3(y2)) < es.
Suppose n < 0. There exist (a1,az) € (fi x f2)"(z1,22) and
(b1,b2) € (f1 X f2)™(y1,y2) such that

d((a1,az), (b1, b2)) = di((f1 X f2)™(z1,22), (fi X f2)"(y1,92))-

Since z1 = f] "(a1) and z; = f;5 "(az2), we obtain

(z1,72) = (fy "(a1), f3 "(a2)) = (f1 X f2)""(a1,a2).

It follows that (ai,az2) € (fi X f3)(z1,22). Also, we have (by,b2) €
(f1 X f2)™(y1,y2) by the same manner. Note that

di(fi' (z1), fi'(y1)) < di(ar,b1) < d((ar, az), (b1,b2))

d((f1 x f2)"(z1,22), (fi X f2)"(y1,92))
GS €1

IN
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and
da(f3 (22), f2' (y2)) < ea.

Therefore we have

di(ff' (1), f1' (1)) < e and d2(f3' (22), f7 (y2)) < €2

for all € Z. Consequently, we have (z1,22) = (y1,y2) and the expan-
sivity of f1 x fo follows. O

Let (X, d) and (Y, p) be compact metric spaces. A continuous sur-
Jection f: X — X is said to be topologically conjugate to a continuous
surjection g : ¥ — Y if there exists a homeomorphism A : X — Y
such that ho f = goh.

We prove that expansivity is preserved under a topological conju-

gacy.

THEOREM 3.3. Suppose that f is topologically conjugate to g. If

f is expansive, then g is also expansive.

Proof. Let ¢ > 0 and y € Y. Since there exists a homeomorphism
h : X — Y such that ho f = goh and h is uniformly continuous, there
exists a § > 0 such that d(a,b) < ¢ implies p(h(a), (b)) < €. Putting
z = h™(y), we have By(z,8) N f~1(z) # @ when d(f(z),2) < n for
some 1 > 0. Also, d(h~!(a),h™1(b)) < n when p(a,b) < ¢ for some
¢ > 0 by the uniform continuity of h~1.

Now, let p((g(y),w)) < € for w € Y. Then

(™ (g(y)),h ™" (w)) = d(f(R7(y), h 7" (w))
= d(f(z),h ™ (w)) <7

and thus By(z,8)Nf~1 (A~ (w)) # @, say u € By(z,8)Nf~ (A~ (w)).
Hence h(u) € B,(y,e) N g~ (w) since h(f(u)) = g(h(u)) = w and
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p(h(z),h(v)) = p(y,h(u)) < ¢ when d(z,u) < §. This implies that g
has Property B.

Now, let e; be an expansive constant for f. There exists an e >
0 such that d(h™(a),h™1(b)) < ey if p(a,d)

e, by the uniform

<
<eforalln e Z. We

continuity of h~!. Suppose that p(¢"(z),9"(y))

claim that
d(f (R (), (A7 (y))) < ef

for all z € Z. For the case n > 0, it easily follows since

d(f"(h™(2)), f*(h ™' (y) = d(h 7 (9" (2)),h (9" (¥))) < er-

Let n < 0. There exist a € g"(z) and b € g"(y) such that p(a,b) =
p(g"(2), 9" (y)). Since

and

we have h=1(a) € f*(h~(z)) and h~1(b) € f*(h~'(y)). Now, we get
A(F" (@), £ () < d(h™ (@), k7 (B) < e
since p(a,b) = p(g"(z),9"(y)) < e and d(h™!(a), A7 (b)) < ey.

Therefore h™'(z) = h™'(y) and so z = y. This means that g is

expansive. This completes the proof. O

For a continuous surjection f : X — X, we define a set

)(f = {(Iz) € H X f(ibz) = .'I?,'_H}
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and give a metric p on Xy defined by
=00

plz,y) = Y, d(gﬁgi)

1=—00

for @ = (2:),y = (yi) € Xy.
A homeomorphism o : Xy — Xy defined by o((z;)) = (f(z;)) is
called the shift map determined by f.

LEMMA 3.4. The shift map o : X; — X is expansive if and only
if there exists an e > 0 such that for (z;),(y;) € Xy, if d(zi,yi) < e
for all « € Z, then (z;) = (y;).

Proof. Let e > 0 be an expansive constant for 0. Let (z;), (v;) € Xy
with d(z;,y;) < § for all + € Z. Then, for all n € Z

d(o™((i))r, o™ ((4:))x)
21k

I
NI INGERINGE

~~

N

=
N

p(o"(zi), 0" (i)

d('rn-i-ka yn+k)
21|

—~
wlo
~—

VAN

Hence (z;) = (yi)-

Assume that there exists an e > 0 such that for (z;),(yi) € Xy,
d(zi,yi) < e implies (z;) = (y;). Let (i), (yi) € Xy with (z;) # (yi)-
Then there exists an integer k such that d(zx,yx) > e. Thus we have

p(o*((2:)), 0% ((4:))) = d(0"((2:))o, " ((4i))o) = d(@k, yx) > e.

Therefore o is expansive with an expansive constant e. g
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-LEMMA 3.5. If f is expansive, then o is expansive.

Proof. Since f is expansive, there exists an e > 0 such that if
d(f™(z), f"(y)) < e for all z € Z, then z = y. Let (z;),(yi) € Xy
with d(z;,y;) < e for all 1 € Z. For every k € Z and n > 0, since
f(@k-n) = zk and f*(yk—n) = yk, we get Tx—n € f~"(zk) and
Yk—n € f7™(yx). Thus

d(f-n(zk)af_n(yk)) < d(xk—nayk—n) <e

and
d(f™(zk), f* (yr)) = d(Tktn, Y4n) S €
Hence (z;) = (yi). Therefore o is expansive by Lemma 3.4. a
Let
im(X, f) = {(z:) € HX : f(zig1) = x; for all i > 0}
0

and define a map 7 : lim(X, f) — lim(X, f) by

T(wo,xla"') = (f(xo),mo,-’l?],-..).

Then the map 7 is a homeomorphism.

Define a map ¢ : Xy — lim(X, f) by
89( S L1, L0, L1, " ) — (10,37—1727—2,"')-
Then ¢ is also a homeomorphism since
o (20, 21,22, ) = (- 22,21, 20, f(20), f(20), ).

Since T o p = ¢ o o, o is topologically conjugate to 7. Hence, by

Lemma 3.5, 7 is expansive if f is expansive.
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THEOREM 3.6. The closed interval I = [0,1] does not admit ex-

pansive maps.

Proof. Let f : I — I be a continuous surjection and suppose that
f is expansive. Then 7 is expansive. Since f is a surjection, we have
the following properties : There exist a,b € I with 0 < a < b <1
such that either

(1) f(@) =0, f(8) = 1, or

(2) f(a) = 1, 5(6) =O0.
For the case (1), we have a contradiction as follows : Since f has at
least two fixed points and the set of all fixed points of f is not dense in
I, there are two points u,v € I with u < v such that f(u) = v, f(u) =
v and f(z) # x for u < ¢ < v. It follows two cases

(1-1) f(z) > z for u < z < v, or

(1-2) f(z) <z foru < z < v.

We consider the cases (1-1). Note that f|, . cannot be a bijection.
Thus there are two points z!,z? such that v < z! < z? < v and
f(z) = f(2?). If we take y° = f(2°) = max{f(z) : u < z < 2?2},

then u < 2% < 2% < 4°. Thus we can construct a sequence

:c8>a:i > 2> u, xgzmo,
such that f(29) =29 ; fori > 1 and 2% — u as n — co.
For 0 < ¢ < min{z? — 29, 2% — u}, there exists an N > 0 such that
u <z < u+ 5. Also, there exists 0 < § < 2% — u such that for
z,yel
|z — y| < 26 implies |f"(z) — f"(y)| < %

for all 0 <n < N. Putting

=% -6, P =2% 44,
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we have
PN () = Y@ = 17N () =¥l < 5,i=1,2
since u < ' < ¢? <z? and [¢* — zQ/| = § < 28, Thus we obtain

u < z® — 2<fN( ') < z° +2<x

and
FN () = FAF () <90, i =1,2.
Now, we have the following three cases :
(i) fYH1(e!)) =y and fNH(?) <y, or
(i) FY*(c') <y and fVH(c?) =40, or
(i) fAFH(e!) <y® and FYH(?) <y
We first consider for the cases (i) and (ii). If f¥N*!(c') = y° for some

1 = 1,2, then we can find a sequence
cg>cy>eh > >u, cg=c

such that f(c}) = ¢§_; for j > 1. We construct a sequence {b;}
as b; = fN7I(c') for 0 < j < N and byy; = cz- for 7 > 0. Since
let — 2%| = § < 24, we have

n 3
lf ( ) (‘TN)I = le n x(])\f—n‘ < 5
for 0 < n < N. Note that

€ : :
u+§>w(])\,>x(])\]+1>--->u andute > 2\ +d > ¢ >t > > .

Thus we obtain

bj — 25| = lej-n — 2§

il <e
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for j > N. This implies that |b; — x?| < ¢ for all 7 > 0. Furthermore,

we have
Fi(bo) = F(FN () = PN = P (f(e))) = £ (25)
for j > 0, since fNF1(ct) = y° = f(20).

When n > 0, we have

Tn(b07b17"’) = (fn(bo)a >f(b0)ab07b17"')

and
Tn(mgax(l)a' . ) = (fn(wg)v o )f($0)7x87$(1),' o )

When 0 # j < n, we have
Tn(b07b17 T )j = fn_j(bo) and Tn(.’L‘g,.’L'(l), T )j = fn—j(xO).

Thus f*7I(bo) = f777(23) since fI(bo) = f7(z0). When j > n,

™(bo,b1, -+ ); = bj—pn and 7™(zg, 27, ); = x?_n
implies that |b;_, — ;c(]).__nl <e<e.
When n < 0, we have

Tn(b07b17' ' ) = (b—nabl——'n’ te )

and

0

Tn($87xl’___):($0 ¢ )

—nrT1—ns"
Thus _
p(Tn(bO,bla e )aTn(xg’m(l)a e )) <e€

for all n € Z. It follows that (bg,by,---) = (xg,va:(l),---) which is a

contradiction since by # z9.
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Next, we consider for the case (iii). If we assume that fN+1(c!) <
y° and fN*1(c?) < 40, then

X)) = F(FY (@) = f(a8) = ¢°-
Since there are c3,c* such that
< <2l <t < ?and VTS = VT,
we can find a sequence for 1 = 3,4,
ch>ch.o>u,ch = ci,f(cj-) = cj-_l for j > 1.

Then we also get a contradiction by the same manner for the cases
(i) and (ii).

For the case (1-2), we can prove similarly by the method for the
case (1-1).

Finally, we consider the case (2). Since there exist a1, a2 with a <
a; < by < b such that f(a;) = b and f(b;) = a, we have f%(a;) = 0
and f?(b;) = 1. Since 7 : lim(X, f?) — lim(X, f?) is conjugate to
T2 lim(X, f) — Um(X, f), 72 is expansive. Hence the remaining
" proof is the same as the proof for the case (1). Consequently, there is

no expansive map on the closed interval I. g
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